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Reliable distribution of quantum entanglement over long distances is a central challenge in quantum infor-
mation science, fundamentally limited by decoherence in noisy communication channels. In this work, we
investigate the asymptotic limits of entanglement distribution across homogeneous linear repeater chains with
arbitrary intermediate LOCC processing. We establish a strict dichotomy: the asymptotic preservation of en-
tanglement over arbitrarily long distances is possible if and only if the underlying quantum channel admits a
correctable subspace. For channels lacking such a subspace, we prove that the transmitted state converges ex-
ponentially fast to the set of separable states, rendering standard LOCC filtering insufficient. To counteract this
exponential degradation, we analyze “networks” employing parallel channel uses per link. We derive a funda-
mental lower bound on the required number of parallel channel uses per elementary link, proving that for broad
classes of channels without a correctable subspace, the number of parallel channels per link must scale at least
logarithmically with the number of intermediate stations to sustain a non-zero amount of entanglement. This
provides a code-independent bound for the number of physical links for the considered homogeneous one-way
architecture. For depolarizing noise below the corresponding coding threshold, the logarithmic lower bound is
achievable.

Introduction. Quantum entanglement [1] is a fundamental
resource for a wide array of quantum information processing
tasks, including quantum key distribution [2], quantum tele-
portation [3], and distributed quantum computing [4, 5]. A
central challenge in realizing these technologies is the reliable
distribution of entanglement between distant parties. In re-
alistic scenarios, quantum states must be transmitted through
noisy quantum channels, which inevitably interact with the
environment and induce decoherence. This continuous degra-
dation strictly limits the amount of entanglement that can be
shared and maintained between remote parties.

In the standard entanglement distribution scenario [6–9]
two distant parties, Alice and Bob, have access to a noisy
quantum channel Λ. Alice first prepares a bipartite quantum
state ρ in her laboratory, keeping one subsystem and using the
channel to transmit the other subsystem to Bob. Because the
transmission is imperfect, the channel acts nontrivially on the
particle sent to Bob, while the particle retained by Alice re-
mains unchanged. As a result, the initially prepared state ρ
is transformed into the final bipartite state Λ ⊗ 11[ρ]. Any en-
tanglement initially present in ρ is generally degraded by the
action of the channel, and the properties of Λ determine how
much entanglement can ultimately be shared between the two
parties.

If the noisy channel Λ is used sequentially, the resulting
state shared by Alice and Bob is given by

(Λ ◦ · · · ◦ Λ) ⊗ 11[ρ]. (1)

This setting is relevant, for example, in long-distance quan-
tum communication through a chain of noisy transmission
segments, where the quantum system effectively undergoes
several consecutive applications of the same channel before
reaching Bob. In general, the detrimental effects of noise ac-
cumulate with the number of channel uses, leading to a pro-
gressive degradation of the shared entanglement [10]. In many
physically relevant situations, this entanglement eventually
disappears altogether in the limit of infinitely many channel

applications [11].
To counteract the accumulation of noise, one can introduce

intermediate stations to process the transmitted systems be-
tween successive channel segments. This general principle
underlies quantum repeaters, although different repeater ar-
chitectures employ different physical resources and classical
communication methods [12–18]. Here, we consider a ho-
mogeneous chain in which every elementary link is described
by the same finite-dimensional channel Λ. Each transmission
round consists of a trace-preserving LOCC operation Fi fol-
lowed by an application of Λ⊗ 11. The operations may depend
on all previous measurement outcomes; equivalently, the clas-
sical transcript required for such adaptivity may be included
in the state, see Fig. 1. Denoting the overall transformation
after n rounds by Λn, we have

Λn[ρ] = (Λ ⊗ 11) ◦ Fn ◦ · · · ◦ (Λ ⊗ 11) ◦ F1[ρ]. (2)

For deterministic protocols, our entanglement measure of
choice is the entanglement of formation [19, 20],

Ef(ρAB) = min
{pi,ψ

AB
i }

∑
i

piS
(
TrB ψ

AB
i

)
, (3)

where the minimum is taken over all pure-state decomposi-
tions ρAB =

∑
i piψ

AB
i and S (ρAB) denotes von Neumann en-

tropy. For two-qubit states, Ef is a strictly increasing function
of the concurrence C,

Ef(ρ) = h2

1 +
√

1 −C(ρ)2

2

 , (4)

where h2 is the binary entropy. For the definitions of concur-
rence see Supplementary Material. Thus, for two qubits, con-
vergence of concurrence to zero is equivalent to convergence
of the entanglement of formation to zero.

We say that a deterministic protocol asymptotically pre-
serves entanglement if, for some initial state ρAB and some
admissible sequence of intermediate operations,

lim
n→∞

Ef

(
Λn[ρAB]

)
> 0. (5)
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Figure 1. Entanglement distribution through a noisy channel
with intermediate repeater stations. An initial bipartite state ρAB is
shared between parties A and B. Subsystem A is transmitted through
a sequence of n noisy channel uses Λ, which may be understood as
propagation through n successive transmission segments with inter-
mediate stations located between Alice and Bob. After each channel
use, the parties, possibly assisted by these intermediate stations, may
apply an LOCC filter Fi. The figure illustrates the resulting state in
Eq. (2) for n = 2.

Without intermediate processing, the related problem was
studied in the theory of asymptotically entanglement-saving
channels [21]. Our setting additionally permits arbitrary adap-
tive operations between successive channel uses.

We subsequently consider another transmission architec-
ture in which each occurrence of Λ is replaced by m parallel
uses Λ⊗m. The intermediate operations may include decoding,
quantum error correction, recovery, and re-encoding. Conse-
quently, deterministic error-correction-based third-generation
repeaters form a special case of our model [13]. Concrete
realizations of this architecture include direct one-way pro-
tocols based on teleportation-based error correction, encoded
Bell measurements, block quantum codes, and code concate-
nation [15, 22–27]. Our analysis does not assume any partic-
ular code, decoding procedure, or recovery scheme.

This problem is complementary to the literature on quan-
tum network capacities, routing, and cut-based bounds [28–
32]. These frameworks typically fix a network and optimize
an asymptotic communication rate, allowing general topolo-
gies, adaptive protocols, and different routing strategies. In-
stead, we let the number of links n in a homogeneous chain
grow and ask how the number of physical channels m = m(n)
assigned to every link must scale for the end-to-end entangle-
ment to remain nonzero. Within this setting, we derive code-
independent constraints on asymptotic entanglement distribu-
tion and determine when the resulting resource scaling is tight.
Techniques like network capacities and min-cut bounds do
not directly determine this finite-block scaling with the chain
length.

Single-qubit channels. To begin, we investigate entangle-
ment distribution through a single-qubit quantum channel Λ.
We assume Alice holds a single-qubit memory that she aims to
entangle with Bob’s system across a sequence of n transmis-
sion segments, each linked via the quantum channel Λ. We
recall that the Choi state of Λ is defined as [33]

Γ = (Λ ⊗ 11)(ϕ+), (6)

where |ϕ+⟩ = (|00⟩ + |11⟩)/
√

2 is a Bell state.
We consider the scenario in which the intermediate filter-

ing operations Fi are allowed to be stochastic local operations

and classical communication (SLOCC) [34] rather than deter-
ministic LOCC. This broader framework is important because
probabilistic filters can, upon success, increase the entangle-
ment of the post-selected state which is not possible with de-
terministic LOCC. The key question is thus whether this ad-
ditional freedom provided by SLOCC can preserve a nonzero
amount of entanglement after many sequential applications of
the channel by conditioning on successful filtering events. In
the following, we show that although SLOCC filters may tem-
porarily improve the quality of the surviving states, this does
not overcome the fundamental limitations of the channel: any
such apparent entanglement preservation comes at the price of
a success probability that necessarily decreases with the num-
ber of channel uses. To show this, we use concurrence whose
definition we recall in the Supplementary Material. Note that
going forward, P(C ≥ c, n) denotes the probability that the
final state Λn[ρAB] has concurrence at least c.

Theorem 1. Let Λ be a single-qubit channel and consider an
adaptive n-round protocol in which an SLOCC instrument is
followed by Λ ⊗ 11 in each round. The instrument in round i
may depend on the previous outcomes hi−1 = (x1, . . . , xi−1). If
ρHn denotes the random final state, then, for every c > 0,

Pr
[
C(ρHn ) ≥ c

]
≤

qnC(ρ0)
c

≤
qn

c
, (7)

where q = C[(Λ ⊗ 11)(ϕ+)] is the concurrence of Choi state of
Λ.

The proof of the theorem can be found in the supplemental
materials. If we demand that P(C ≥ c, n) = 1 in Theorem 1,
we recover the following statement.

Corollary 2. For any single-qubit channel Λ the amount of
concurrence decreases as

C(Λn[ρAB]) ≤ qn. (8)

We also note that this corollary has been proven using meth-
ods in [35]. We provide a proof in the supplemental materials.
Concurrence is related with entanglement of formation by the
following inequality:

E f (ρ) ≤ C(ρ). (9)

Thus, if concurrence converges to 0, so does entanglement of
formation. Since a two-qubit state has concurrence one only if
it is a pure maximally entangled state [20], the corresponding
Choi state has rank one, implying thatΛ is unitary. Thus, only
qubit unitary channels lead to preservation of entanglement in
the limit of infinite filter–channel sequence.

This kind of problem was previously studied in two im-
portant aspects. First, in Ref. [10], authors studied under
which conditions an infinite sequence of qubit filter–channel
becomes an entanglement breaking channel. We demand
stronger property, we demand that entanglement of formation
after infinite filter–channel sequence does not converge to 0.
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In Ref. [21], it was shown that, without intermediate opera-
tions, an entanglement of a state does not converge to 0 if and
only if the channel is unitary. Corollary 2 strengthens these
qualitative results by showing that, even when intermediate
LOCC operations are allowed, every nonunitary qubit channel
imposes an exponentially decaying upper bound on the sur-
viving concurrence. Consequently, unitary channels are the
only qubit channels for which such exponential decay can be
avoided.

General channels. We now consider the more general set-
ting in which subsystem A has an arbitrary finite dimension
dA ≥ 2, and the channel Λ acts on HA. This extension goes
beyond the single-qubit case and requires more refined tools,
as two-qubit entanglement monotones such as concurrence are
no longer directly applicable in higher dimensions. In the fol-
lowing, we say that a quantum channel Λ admits a correctable
subspace Hc ⊆ H if there exists a recovery channel R such
that

R ◦ Λ[ψ] = ψ (10)

for all |ψ⟩ ∈ Hc [36].
Having established the necessary groundwork, we now

prove the following theorem.

Theorem 3. For any quantum channel Λ, there exists a state
ρAB such that

lim
n→∞

Ef(Λn[ρAB]) > 0, (11)

if and only if Λ contains a correctable subspace.

We refer to the supplemental material for the proof.
A related problem was studied in Ref. [21], where the

authors consider asymptotically entanglement-saving (AES)
channels, that preserve a nonzero amount of entanglement af-
ter inifinitely many repeated applications of the channel with-
out intermediate operations. Our setting is more general, since
we allow intermediate LOCC recovery operations. To see that
this leads to a strictly larger class of channels, consider a chan-
nel Λex acting on a four-dimensional system, with Kraus op-
erators

K1 = |2⟩ ⟨0| + |3⟩ ⟨1| , K2 = |0⟩ ⟨2| , K3 = |0⟩ ⟨3| .
(12)

The subspace C = span{|0⟩ , |1⟩} is correctable, since it is
mapped isometrically ontoV = span{|2⟩ , |3⟩}. However,

Λ2
ex(ρ) = Tr(PCρ) |0⟩ ⟨0| + Tr(PVρ) |2⟩ ⟨2| , (13)

which is a measure-and-prepare channel and is therefore en-
tanglement breaking [37]. Hence, Λex is not AES, although
entanglement can be preserved indefinitely by applying a re-
covery operation between successive channel uses. Therefore,
the class characterized in Theorem 3 strictly contains the AES
class.

Theorem 3 establishes a strict qualitative dichotomy for
asymptotic entanglement based entirely on the existence of

a correctable subspace. A natural question that follows is
how the system behaves when such a subspace is absent. In
this regime, the entanglement must vanish, but understand-
ing the rate at which it disappears is crucial for characteriz-
ing the channel’s noise properties. The following theorem
provides a quantitative bound, showing that without a cor-
rectable subspace, the output state converges exponentially
fast to the set of separable states, denoted by S. In the fol-
lowing, ∥X∥1 = Tr

√
X†X denotes the trace norm of a matrix

X.

Theorem 4. For any quantum channel Λ acting on a subsys-
tem A of dimension dA that possesses no correctable subspace,
there exists a constant κ ∈ (0, 1) such that for any initial bipar-
tite state ρAB, the trace distance to the set of separable states
S satisfies

min
σAB∈S

∥Λn[ρAB] − σAB∥1 ≤ 4κn/[2(dA−1)](
√

dA − 1). (14)

We refer to the supplemental material for the proof.
This exponential decay has severe implications for long-

distance quantum communication and entanglement distribu-
tion. If we restrict each connection to a single use of a noisy
channel lacking a correctable subspace, the state inevitably
becomes separable over large distances. To combat this ex-
ponential degradation, we will extend the scenario to paral-
lel uses of channels between the links. By utilizing multiple
channels simultaneously, we can attempt to offset the noise
accumulation. The next theorem illustrates the physical re-
source cost of this approach, quantifying exactly how many
parallel channel uses are required to successfully establish en-
tanglement across a “network” of a given length.

First, we assume that Alice and Bob are connected via lin-
ear “network” consisting of n sequential links. Second, the
connection between any two adjacent nodes is modeled by m
independent identical channels. Third, at each node we can
apply arbitrary LOCC filter, which aims to improve the en-
tanglement between the parties. Specifically, we can apply
decoding, error correction and encoding operations. Conse-
quently, direct one-way idealized quantum repeaters of the 3rd
generation (in classification from [13]) are included as a spe-
cial case of our model. We assume that all LOCC operations
at the repeater stations are noiseless. Since noisy local opera-
tions cannot improve the performance of the protocol, a lower
bound on the number of channel uses per link obtained in this
idealized setting remains valid for realistic noisy repeaters.

Finally, the operational goal is to distribute a bipartite en-
tangled state across the entire “network” such that the end-
point state retains a strictly positive amount of entanglement.
Under these conditions, Theorem 5 provides a lower bound
on the resources required to counter the exponentially fast de-
cay of entanglement: maintaining a nonvanishing amount of
end-to-end entanglement over n links requires m = Ω(log n)
channel uses per elementary link. In the following theorem,
by establishing entanglement between A and B, we mean that:

lim inf
n→∞

E f

(
ρAB

n,m(n)

)
> 0, (15)
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where ρAB
n,m(n) is a state after n segments of a network.

Theorem 5. Assume that we have a quantum “network” con-
sisting of n segments. Assume that we send a bipartite quan-
tum state ρA1···Am |B

0 = ρA|B
0 through this “network”. Each seg-

ment consists of LOCC filter which can perform arbitrary
A × B → A × B LOCC operation in bipartition A|B. After
LOCC filter we have m parallel uses of a channel Λ. If

1. Λ can be decomposed as

Λ = pE + (1 − p)M, (16)

where E is some EB channel and M is an arbitrary
quantum channel, we can establish entanglement at the
output of a “network” only if m scales as:

m = Ω(ln n). (17)

2. Λ is a qudit amplitude damping channel with η j > 0, we
can establish entanglement at the output of the network
only if m scales as:

m = Ω(ln n). (18)

The Kraus operators of a qudit amplitude damping
channel are:

K0 =

d−1∑
j=0

√
q j | j⟩ ⟨ j|

Ki← j =
√
γi← j |i⟩ ⟨ j| ,

(19)

where η j =
∑

i< j γi← j is total decay probability of the
j-th level and q j = 1 − η j is no decay probability. If
for every j > 0 η j > 0 the channel does not have a
correctable subspace.

The complete proof can be found in the supplemental ma-
terial. We provide a brief proof outline here. We first bound
the contraction parameter κ for Λ⊗m. For channels admitting
the decomposition (16), we exploit the existence of a rank-
one Kraus representation of the entanglement-breaking com-
ponent. For the amplitude-damping channel, we instead use
a suitable explicit Kraus representation. We then apply The-
orem 4 and a uniform continuity bound for the entanglement
of formation to relate the distance from the separable set to
the number of physical channels per link m and the number of
links n. Solving the resulting inequality yields the logarithmic
lower bound.

A related logarithmic lower bound was obtained for fault-
tolerant qubit circuits under local i.i.d. noise [38]. They
showed that preserving an arbitrary unknown logical qubit
over n sequential noisy stages requires m = Ω(log n) noisy
physical qubits per stage. Reliable qubit transmission en-
tails the preservation of entanglement with a reference sys-
tem and is therefore closely related to the task considered
here. This result differs from those presented in this paper

in both operational criteria and dimension of the channels in-
volved. Ref. [38] requires the effective channel to approxi-
mate the identity on every input qubit state, whereas we only
require that some input state retain a nonvanishing amount of
entanglement at the very end. Also, their result is restricted to
single-qubit noise, while Theorem 5 applies, under its stated
assumptions, to channels of arbitrary fixed finite dimension.

Every full-Kraus-rank d-dimensional channel, i.e., a chan-
nel of Choi rank d2, can be written in the form (16) [39].
However, not every channel without a correctable subspace
admits such a decomposition. An important example is the
amplitude-damping channel, which is covered separately by
Theorem 5. The theorem therefore applies to broad classes of
physically relevant finite-dimensional channels.

Finally, we show that the logarithmic lower bound is tight
for depolarizing noise below the correctable-error threshold
of the chosen code family. For a family of quantum codes
with linear minimum distance, the failure probability per el-
ementary link decreases exponentially with the number of
physical channels and takes the form e−αm. Hence, over n
links, the total failure probability is bounded by ne−αm, so that
m = O(log n) is sufficient. Together with Theorem 5, this es-
tablishes the optimal scaling m = Θ(log n) within our model.
The full derivation of our achievability result is provided in the
supplemental material. A related measurement-based qLDPC
repeater protocol was recently developed by Shi et al. [40],
who demonstrated constant-yield Bell-state distribution over
arbitrary distances and exponential suppression of the logi-
cal error with increasing code size. Their protocol employs
entanglement distillation and swapping and uses a different
resource accounting; therefore, it does not establish the same
minimal number of physical links statement as Theorem 5, but
provides a complementary qLDPC-based approach to long-
distance entanglement distribution.

Discussion. Our results form a sequence of structural,
quantitative, and operational limitations on long-distance en-
tanglement distribution. Theorem 3 first identifies the ex-
act structural condition under which intermediate determin-
istic LOCC can preserve some entanglement indefinitely: the
channel must possess a nontrivial correctable subspace. The-
orem 4 provides a quantitative statement regarding entangle-
ment preservation in absence of a correctable subspace: the
output approaches the set of separable states exponentially
fast in the number of channel segments, uniformly over the
initial state and regardless of the adaptive intermediate LOCC
operations. By applying theorem 4 to tensor powers of the
channel, theorem 5 provides a physical resource constraint to
counter the exponential decay. For channels with a nonzero
entanglement-breaking component—including all full-Kraus-
rank channels—and for qudit amplitude-damping channels,
theorem 5 proves that maintaining

lim inf
n→∞

Ef

(
ρAB

n,m(n)

)
> 0 (20)

requires

m = Ω(log n). (21)
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Thus, the logarithmic bound is not an isolated network es-
timate, but an operational consequence of the underlying
entanglement-contraction theorem.

A logarithmic lower bound with an analogous scaling was
previously obtained for preserving a single unknown logical
qubit in fault-tolerant circuits subject to local i.i.d. qubit noise
[38]. Theorem 5 instead provides an analogous lower bound
directly in terms of nonvanishing endpoint entanglement and
extends it to the specified classes of channels of arbitrary fixed
finite dimension. For depolarizing noise in the corresponding
correctable regime, quantum-code families with linear min-
imum distance achieve m = O(log n). Together with theo-
rem 5, this establishes the tight scaling

m = Θ(log n) (22)

within the considered model. The converse is independent
of the particular encoding, decoding, recovery operation, or
quantum code employed at the intermediate stations.

The operational meaning of m should be distinguished from
the asymptotic rates studied in general quantum-network ca-
pacity frameworks. Here, m is the number of physical chan-
nels allocated to every elementary link. It need not only repre-
sent m distinct transmission lines operating simultaneously, it
could represent the same physical channel being used sequen-
tially m times, provided the transmitted systems are stored un-
til all relevant physical systems are received. Such serializa-
tion does not improve the resource requirement, but transfers
the bulk of the cost to long-lived quantum memory.

The scope of the result is the homogeneous sequential ar-
chitecture defined above, with noiseless intermediate process-
ing. It captures the idealized logical layer of a broad family of
direct one-way error-correction-based repeaters, as discussed
in the introduction, but is not intended to describe all repeater
architectures. In particular, protocols based on separately
generated elementary-link entanglement, two-way purifica-
tion, and entanglement swapping employ a different resource
model. This includes recent measurement-based distillation
architectures based on locally prepared resource states and
elementary-link Bell pairs [40]. Likewise, genuinely bosonic
encoding schemes [41] are not directly covered by our finite-
dimensional theorems without an effective finite-dimensional
reduction.
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SUPPLEMENTAL MATERIAL

Concurrence

For a two-qubit state ρ the concurrence is defined as [19]

C(ρ) = max{ξ1 − ξ2 − ξ3 − ξ4, 0}, (23)

where ξi are the square roots of the eigenvalues of ρρ̃, arranged
in decreasing order, and

ρ̃ = (σy ⊗ σy)ρ∗(σy ⊗ σy), (24)

where σy is the Pauli y-matrix and ρ∗ denotes complex con-
jugation in the computational basis. For two-qubit states, the
concurrence is directly related to the entanglement of forma-
tion via

Ef(ρ) = h
(

1
2
+

1
2

√
1 −C(ρ)2

)
, (25)

where h(x) = −x log2 x−(1−x) log2(1−x) is the binary entropy
function.

Proof of Theorem 1

In the proof, we employ the concurrence factorization
law [35], which states that for any completely positive trace-
preserving map Λ one has

C
(
(Λ ⊗ 11)[ρAB]

)
≤ C

(
(Λ ⊗ 11)[ϕ+]

)
C(ρAB) = C(Γ) C(ρAB).

(26)
Our protocol consists of n rounds. In each round, an

SLOCC instrument is applied first, followed by the channel
Λ. The SLOCC instrument used in the i-th round may de-
pend on the complete history of all outcomes obtained in the
previous rounds. Let hi−1 = (x1, . . . , xi−1) denote a particular
history before the i-th round. At the beginning of this round,
the parties share the normalized state ρhi−1 . Let

{
F

hi−1
i,xi

}
xi

be the
SLOCC instrument chosen after observing the history hi−1.
The outcome xi occurs with conditional probability

p(xi | hi−1) = Tr
[
F

hi−1
i,xi

(
ρhi−1

)]
, (27)

and the corresponding normalized post-filter state is

σhi =
F

hi−1
i,xi

(
ρhi−1

)
p(xi | hi−1)

, hi = (hi−1, xi). (28)

Since concurrence is an entanglement monotone, it cannot
increase on average under SLOCC. Therefore,∑

xi

p (xi| hi−1) C
(
σhi

)
≤ C

(
ρhi−1

)
. (29)

After the filter, the channel Λ acts on one subsystem. The
state at the end of the i-th round is therefore

ρhi = (Λ ⊗ 11)
(
σhi

)
. (30)

We define

q = C
[
(Λ ⊗ 11)

(
ϕ+

)]
. (31)

The factorization law for concurrence implies, for every out-
come xi,

C
(
ρhi

)
= C

[
(Λ ⊗ 11)

(
σhi

)]
≤ q C

(
σhi

)
. (32)

Multiplying Eq. (32) by p(xi | hi−1) and summing over all
possible outcomes gives∑

xi

p(xi | hi−1)C
(
ρhi

)
≤ q

∑
xi

p(xi | hi−1)C
(
σhi

)
. (33)

Using Eq. (29), we obtain∑
xi

p(xi | hi−1)C
(
ρhi

)
≤ q C

(
ρhi−1

)
. (34)

Let Hi = (X1, . . . , Xi) denote the random history after the i-th
round, and define the random variable

Ci = C
(
ρHi

)
. (35)

For every fixed history hi−1, the left-hand side of Eq. (34) is
precisely the conditional expectation

E [Ci | Hi−1 = hi−1] =
∑

xi

p(xi | hi−1)C
(
ρhi

)
. (36)

Consequently,

E [Ci | Hi−1 = hi−1] ≤ q C
(
ρhi−1

)
(37)

for every possible history hi−1. Equivalently,

E [Ci | Hi−1] ≤ qCi−1. (38)

Taking the expectation of both sides with respect to the ran-
dom history Hi−1 and using the law of total expectations, we
find

E[Ci] = E [E [Ci | Hi−1]]
≤ qE[Ci−1]. (39)

Iterating this inequality over n rounds yields

E[Cn] ≤ qnE[C0] = qnC(ρ0), (40)

where in the last step we used a fact that we start with a fixed
state so there is only one possibility, and therefore expectation
value is equal to the concurrence value itself.

E[Cn] ≤ qnC(ρ0). (41)

Finally, since Cn is a non-negative random variable,
Markov’s inequality gives, for every c > 0,

Pr [Cn ≥ c] ≤
E[Cn]

c

≤
qnC(ρ0)

c

≤
qn

c
. (42)
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Proof of Corollary 2

In this section we present a proof of Corollary 2 using fac-
torization law from [35]. We prove the claim by induction.
Specifically, we establish that

C
(
(11 ⊗ Λn)[ρAB]

)
≤ C(Γ)n C(ρAB). (43)

To do so, we employ the factorization law for concurrence,
which extends to mixed two-qubit states in the form [35]

C
(
(Λ ⊗ 11)[ρAB]

)
≤ C

(
(Λ ⊗ 11)[ϕ+]

)
C(ρAB) = C(Γ) C(ρAB).

(44)
For the base case n = 1, we obtain

C
(
(Λ⊗11)◦F1[ρAB]

)
≤ C(Γ) C

(
F1[ρAB]

)
≤ C(Γ) C(ρAB), (45)

where F1 is an LOCC filter. In the second inequality, we used
the fact that LOCC operations cannot increase concurrence.
We have thus established that Eq. (43) holds for n = 1.

For the induction step, note that

Λn+1[ρAB] = (Λ ⊗ 11) ◦ Fn+1 ◦Λn[ρAB] = (Λ ⊗ 11) ◦ Fn+1[σAB],
(46)

where we defined the state σAB = Λn[ρAB]. Now assume that
Eq. (43) holds for some n. For n + 1, we have

C
(
Λn+1[ρAB]

)
= C

(
(Λ ⊗ 11) ◦ Fn+1[σAB]

)
(47)

≤ C(Γ) C
(
Fn+1[σAB]

)
≤ C(Γ) C(σAB).

By the induction hypothesis,

C(σAB) ≤ C(Γ)n C(ρAB). (48)

Combining the above inequalities, we obtain

C
(
Λn+1[ρAB]

)
≤ C(Γ)n+1 C(ρAB), (49)

which completes the induction.

Proof of Theorem 3

Proof. It is clear to see that if Λ contains a correctable sub-
space then Eq. (11) holds. We will now deal with the reverse
implication.

If Eq. (11) holds, then there must exist an entangled state
ρAB such that

Ef(Λ ⊗ 11[ρAB]) = Ef(ρAB). (50)

See Lemma 6 in the supplemental material for proof. We now
show that this condition implies the existence of a pure entan-
gled state |ψAB⟩ satisfying

Ef(Λ ⊗ 11[ψAB]) = Ef(ψAB). (51)

For this, let {pi, ψ
AB
i } be an optimal pure state decomposi-

tion of ρAB, i.e.,

Ef(ρAB) =
∑

i

piEf(ψAB
i ). (52)

Since Ef does not increase under local operations, for each of
the states |ψAB

i ⟩ we have

Ef(Λ ⊗ 11[ψAB
i ]) ≤ Ef(ψAB

i ). (53)

By contradiction, assume that for all entangled states |ψAB
j ⟩

this inequality is strict, i.e.,

Ef(Λ ⊗ 11[ψAB
j ]) < Ef(ψAB

j ). (54)

Using these assumptions and convexity [42] of Ef we obtain

Ef(Λ ⊗ 11[ρAB]) = Ef

∑
i

piΛ ⊗ 11[ψAB
i ]

 (55)

≤
∑

i

piEf(Λ ⊗ 11[ψAB
i ])

<
∑

i

piEf(ψAB
i ) = Ef(ρAB).

This contradicts Eq. (50), which implies that Eq. (51) is true
for some entangled state |ψ⟩AB.

Let now |ψ⟩AB be an entangled state such that Eq. (51)
holds. In the following, let {Ki} be a set of Kraus operators
corresponding to the quantum channel Λ. We further define
the probabilities qi and pure quantum states ϕAB

i as follows:

qi = Tr
[
Ki ⊗ 11ψABK†i ⊗ 11

]
, (56)

ϕAB
i =

1
qi

Ki ⊗ 11ψABK†i ⊗ 11. (57)

Without loss of generality we assume that qi > 0 for all i.
Consider now the average entanglement of the ensemble

{qi, ϕ
AB
i }: ∑

i

qiEf(ϕAB
i ) =

∑
i

qiS (ϕB
i ). (58)

By the concavity of the von Neumann entropy it holds that

∑
i

qiS (ϕB
i ) ≤ S

∑
i

qiϕ
B
i

 = S (ψB). (59)

Since the von Neumann entropy is strictly concave [43],
Eq. (59) holds with equality if and only if

ϕB
i = ψ

B for all i. (60)

By convexity of the entanglement of formation we further
have

Ef(Λ ⊗ 11[ψAB]) ≤
∑

i

qiEf(ϕAB
i ) =

∑
i

qiS (ϕB
i ). (61)
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Summarizing these arguments, the condition (51) implies that
ϕB

i = ψ
B holds for all i. A similar argument has also been used

in [44].
In the next step we introduce a reference system R. By the

Stinespring dilation theorem [43], for any quantum channel Λ
there exists a unitary URA on RA such that

Λ ⊗ 11[ψAB] = TrR

[
URA

(
|0⟩⟨0|R ⊗ ψAB

)
U†RA

]
(62)

with a pure state |0⟩R. We further define the pure state

|µ⟩RAB = URA

(
|0⟩R ⊗ |ψ⟩AB

)
. (63)

Note that any rank-1 POVM {MR
j } on the reference system

R gives rise to a set of Kraus operators {L j} for the channel Λ,
such that

TrR

[
MR

j µ
RAB

]
=

(
L j ⊗ 11

)
ψAB

(
L†j ⊗ 11

)
. (64)

From the arguments given above we see that Eq. (51) implies
that the following equality holds for all rank-1 POVMs {MR

j }

and all j:

TrRA

[
MR

j µ
RAB

]
= TrRAB

[
MR

j µ
RAB

]
× ψB. (65)

We will now take a closer look at the state µRB. Due to
Eq. (65), it holds that

TrR

[
MR

j µ
RB

]
= TrRB

[
MR

j µ
RB

]
× ψB (66)

for all POVMs {MR
j } and all j. As we show in Lemma 7 in the

supplemental material, this is only possible if µRB is a product
state, i.e.,

µRB = µR ⊗ ψB. (67)

Recalling that the state µRAB is pure and using Eq. (67), we
see that it is always possible to attach an ancillary system A′

on Alice’s side in a pure state |0⟩A
′

and perform a unitary UAA′

on Alice’s part of the total state |µ⟩RAB ⊗ |0⟩A
′

such that

UAA′
(
|µ⟩RAB ⊗ |0⟩A

′
)
= |ν⟩RA′ ⊗ |ψ⟩AB , (68)

where |ν⟩RA′ is a purification of µR. This implies that the state
µAB ⊗ |0⟩⟨0|A

′

is transformed as follows:

UAA′
(
µAB ⊗ |0⟩⟨0|A

′
)

U†AA′ = |ψ⟩⟨ψ|
AB ⊗ νA′ . (69)

Recalling that µAB = Λ ⊗ 11[ψAB], these arguments imply
that there exists a quantum operation Λ′ on Alice’s subsystem
such that

(Λ′ ◦ Λ) ⊗ 11[ψAB] = ψAB. (70)

Since |ψ⟩AB is entangled, it has a Schmidt decomposition of
the form |ψ⟩AB =

∑
i
√
λi |ii⟩with at least two nonzero Schmidt

coefficients λi. Consider now a pure state |η⟩ of the form

|η⟩ =
∑

i

ci |i⟩A , (71)

where ci are complex coefficients and |i⟩A are local basis states
on Alice’s subsystem for which the state |ψ⟩AB has a nonzero
Schmidt coefficient. Using Lemma 8 in the supplemental ma-
terial, it follows that

Λ′ ◦ Λ[η] = η (72)

and the proof of the theorem is complete. □

Lemma 6. Let Λ be a quantum channel and ρAB an initial
state. If

lim
n→∞

Ef(Λn[ρAB]) > 0, (73)

then there exists an entangled state µAB such that

Ef(Λ ⊗ 11[µAB]) = Ef(µAB). (74)

Proof. Let

c = lim
n→∞

Ef
(
Λn[ρAB]

)
, (75)

so that c > 0 by assumption. Then, for every ε > 0, there
exists N such that ∣∣∣Ef

(
Λk[ρAB]

)
− c

∣∣∣ < ε (76)

for all k > N. In particular, for all k > N we also have∣∣∣Ef
(
Λk+1[ρAB]

)
− c

∣∣∣ < ε. (77)

Now observe that

Λk+1[ρAB] = (Λ ⊗ 11) ◦ Fk+1 ◦Λk[ρAB] = (Λ ⊗ 11)[σAB], (78)

where we define

σAB = Fk+1 ◦ Λk[ρAB]. (79)

Since the entanglement of formation is non-increasing under
LOCC, it follows that

Ef
(
Λk+1[ρAB]

)
≤ Ef(σAB) ≤ Ef

(
Λk[ρAB]

)
. (80)

Combining this with Eqs. (76) and (77), we obtain

c − ε < Ef(σAB) < c + ε, (81)

or equivalently, ∣∣∣Ef(σAB) − c
∣∣∣ < ε. (82)

Using the triangle inequality together with Eq. (78), we
therefore obtain∣∣∣Ef(Λ ⊗ 11[σAB]) − Ef(σAB)

∣∣∣ ≤ ∣∣∣Ef(Λ ⊗ 11[σAB]) − c
∣∣∣ (83)

+
∣∣∣Ef(σAB) − c

∣∣∣ < 2ε.

Since ε > 0 can be chosen arbitrarily small, the proof is com-
plete. □
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Lemma 7. A quantum state ρAB fulfills

TrA

[
MA

i ρ
AB

]
= TrAB

[
MA

i ρ
AB

]
× ρB (84)

for all POVMs {MA
i } on the subsystem A and all i if and only

if ρAB is of the form

ρAB = ρA ⊗ ρB. (85)

Proof. The implication ⇐ is immediate. We now prove the
implication ⇒. Let us write a state ρAB in its Operator-
Schmidt decomposition [45] such that ρAB =

∑
k
√
λkEk ⊗ Fk,

where {Ek} and {Fk} form orthonormal sets of Hermitian op-
erators acting on systems A and B, respectively. Without loss
of generality, we restrict ourselves to λk , 0. We also expand
the operator MA

i in the basis {Eα} as MA
i =

∑
α mαEα, where

mα are real coefficients. We have:

TrA

[
MA

i ρ
AB

]
=

∑
k,α

√
λkmαTr (EkEα) Fk

=
∑

k

√
λkmkFk = Tr

[
MA

i ρ
A
]∑

k

bkFk,
(86)

where in the last equality we used Eq. (84) and Tr
[
MA

i ρ
AB

]
=

Tr
[
MA

i ρ
A
]
. We also decomposed ρB in a basis Fk obtaining

ρB =
∑

k bkFk with real coefficients bk. Coefficient mk satisfies
mk = Tr

(
MA

i Ek

)
. Using this, and comparing coefficients in

Eq. (86) we obtain:

Tr
(
MA

i Ek

)
=

bk
√
λk

Tr
(
MA

i ρ
A
)
. (87)

It must hold for all MA
i , thus Ek =

bk√
λk
ρA. Plugging it into ρAB

we obtain:

ρAB =
∑

k

√
λkEk ⊗ Fk =

∑
k

ρA ⊗ bkFk = ρ
A ⊗ ρB. (88)

□

Lemma 8. Let |ψ⟩AB be a pure entangled state satisfying

(N ⊗ 11)
[
ψAB] = ψAB, (89)

where N is a quantum channel and

|ψ⟩AB =
∑

i

√
λi |i⟩A |i⟩B , (90)

such that |ψ⟩AB has at least two non-zero Schmidt coefficients.
Here, {|i⟩A} and {|i⟩B} denote the Schmidt bases for subsystems
A and B, respectively.

Then, for any pure state |η⟩ belonging to the subspace
spanned by {|i⟩A}, i.e.

|η⟩ =
∑

i

ci |i⟩A , (91)

with ci ∈ C, it holds that

N[η] = η. (92)

Proof. From Eq. (89) and the assumed Schmidt decomposi-
tion of |ψ⟩AB, we obtain∑

i, j

√
λiλ j N

[
|i⟩⟨ j|A

]
⊗ |i⟩⟨ j|B =

∑
i, j

√
λiλ j |i⟩⟨ j|A ⊗ |i⟩⟨ j|B .

(93)

Left multiplying by 11⊗ |k⟩⟨l| and tracing over subsystem B,
we obtain

N
[
|l⟩⟨k|A

]
= |l⟩⟨k|A . (94)

Since N is a quantum channel, it is linear on operators. This
completes the proof. □

Proof of Theorem 4

In the following we consider a pure bipartite state |ψ⟩AB =∑k−1
i=0
√
λi |ii⟩ with Schmidt rank at most k [43, 46], such that

the Schmidt coefficients λi are sorted in non-increasing order.
We define the Gk-concurrence as, (similar quantity was also
defined in [47] )

Gk(ψAB) = k

 k−1∏
i=0

λi


1/k

. (95)

This definition can be extended in a straightforward way also
to non-normalized vectors inHAB. We further define the state

|ϕ⟩+k =
1
√

k

k−1∑
i=0

|ii⟩ (96)

to be maximally entangled state of rank k.
Let us consider a quantum channel Λ. We define:

κ = min
Ki

∑
i

Gk[(Ki ⊗ 11) ϕ+k (K†i ⊗ 11)], (97)

where the minimization is taken over all Kraus decomposi-
tions of Λ. The κ parameter quantifies how good is channel in
entanglement preservation.

Lemma 9. For any pure state |ψ⟩AB with Schmidt rank at most
k and any matrix M onHA, the following equality holds:

Gk[(M ⊗ 11)ψAB(M† ⊗ 11)]

= Gk[(M ⊗ 11) ϕ+k (M† ⊗ 11)] ×Gk(ψAB). (98)

Proof. If k is greater than Schmidt rank of |ψAB⟩ , both sides
of the Eq. (98) are 0. Assume that Schmidt rank of |ψAB⟩ is k.
We can write our state as [45]:

|ψAB⟩ =
∑
i, j

Xi, j |i⟩A | j⟩B =
k∑

i=1

√
λi |ei⟩A | fi⟩B , (99)

where |i⟩A , |ei⟩A are orthonormal bases in spaceHA, | j⟩B , | fi⟩B
are orthonormal bases in space HB and

√
λi are singular val-

ues of X. We further have M ⊗ 11 |ψAB⟩ =
∑

i, j(MX)i, j |i⟩A | j⟩B .
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Thus, the Schmidt coefficients of M⊗11 |ψAB⟩ are singular val-
ues of MX.

Let

SA = span{|e1⟩ , . . . , |ek⟩}, SB = span{| f1⟩ , . . . , | fk⟩}
(100)

be the Schmidt supports on subsystems A and B, respectively.
Let

Xk = diag
( √

λ1, . . . ,
√
λk

)
(101)

be the coefficient matrix represented in the corresponding
Schmidt bases, and let

Mk := M|SA : SA → HA (102)

be the restriction of M to the Schmidt support. The nonzero
singular values of MX coincide with the singular values of
MkXk. Singular values of MkXk satisfy [48]:

k∏
i=1

σi(MkXk) =
√

det
(
X†k M†k MkXk

)
=

√
det(M†k Mk)

√
det(X†k Xk) =

k∏
i=1

si

k∏
i=1

√
λi,

(103)

where si are singular values for a matrix Mk. Using above re-
lation we can obtain formula for Gk-concurrence.

Gk[(M ⊗ 11)ψAB(M† ⊗ 11)] = k

 k∏
i=1

s2
i

k∏
i=1

λi


1/k

=

 k∏
i=1

s2
i


1/k

Gk(ψAB). (104)

Substituting ψAB = ϕ+k in Eq. (104), we see that

Gk[(M ⊗ 11) ϕ+k (M† ⊗ 11)] =

 k∏
i=1

s2
i


1/k

. (105)

Plugging it into Eq. (104) finishes the proof. □

Proposition 10. For a pure state |ψ⟩AB with Schmidt rank at
most k and a local quantum operation Λ which has no cor-
rectable subspace the state Λ ⊗ 11[ψAB] can be written as

Λ ⊗ 11[ψAB] =
∑

i

pi |ϕi⟩⟨ϕi|
AB (106)

where each state |ϕi⟩
AB has Schmidt rank at most k and∑

i

piGk(ϕAB
i ) = κsGk(ψAB) (107)

with κs < 1.

Proof. Let {Ki} be a set of Kraus operators for Λ. Using
Lemma 9, we have∑

i

Gk[(Ki ⊗ 11)ψAB(K†i ⊗ 11)] (108)

=
∑

i

Gk[(Ki ⊗ 11)ϕ+k (K†i ⊗ 11)] ×Gk(ψAB).

As we prove in Lemma 11, for any quantum channel Λ which
has no correctable subspace, the set of Kraus operators {Ki}

can always be chosen such that∑
i

Gk[(Ki ⊗ 11)ϕ+k (K†i ⊗ 11)] < 1. (109)

Defining

κs =
∑

i

Gk[(Ki ⊗ 11)ϕ+k (K†i ⊗ 11)] (110)

we obtain∑
i

Gk[(Ki ⊗ 11)ψAB(K†i ⊗ 11)] = κsGk(ψAB). (111)

The proof of the proposition is then completed by defining
probabilities pi and pure states |ϕi⟩

AB as follows:

pi = Tr
[
Ki ⊗ 11ψABK†i ⊗ 11

]
, (112)

|ϕi⟩
AB =

1
√

pi
Ki ⊗ 11 |ψ⟩AB , (113)

and noting that∑
i

Gk[(Ki ⊗ 11)ψAB(K†i ⊗ 11)] =
∑

i

piGk(ϕAB
i ). (114)

□

Lemma 11. Any quantum channel Λ which has no cor-
rectable subspace has a set of Kraus operators {Ki} such that
that

κs =
∑

i

Gk[(Ki ⊗ 11)ϕ+k (K†i ⊗ 11)] < 1 (115)

for any k ≥ 2.

Proof. We begin by showing that if Λ does not have a cor-
rectable subspace, then E f (Λ ⊗ 11 |ϕ+k ⟩) < E f (|ϕ+k ⟩). We pro-
ceed by contradiction. Assume that there is no correctable
subspace and that E f (Λ ⊗ 11 |ϕ+k ⟩) = E f (|ϕ+k ⟩) for some k. Re-
peating the steps of the proof of Theorem 3 with ϕ+k in place
of ψAB, we obtain that a correctable subspace must exist. This
contradicts the assumption that no correctable subspace exists.
Therefore, E f (Λ ⊗ 11 |ϕ+k ⟩) < E f (|ϕ+k ⟩).

Let ρ = Λ ⊗ 11(|ϕ+k ⟩). Let us denote by {qi, |ψi⟩} the ensem-
ble decomposition of ρ that minimizes

∑
i qiE f (|ψi⟩). There

exist Kraus operators {Li} such that Li ⊗ 11 |ϕ+k ⟩ ⟨ϕ
+
k | L

†

i ⊗ 11 =
qi |ψi⟩ ⟨ψi| . Additionally, we have

∑
i qiE f (|ψi⟩) < E f (|ϕ+k ⟩).

Consequently, for at least one i there is inequality E f (|ψi⟩) <
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E f (|ϕ+k ⟩). Both the entanglement of formation and the Gk-
concurrence reach their global maximum for pure states if and
only if all their Schmidt coefficients are equal. Therefore, any
pure state |ψi⟩ that is not maximally entangled (i.e. satisfy-
ing E f (|ψi⟩) < E f (|ϕ+k ⟩)) must necessarily satisfy Gk(|ψi⟩) <
Gk(|ϕ+k ⟩). Consequently, since for at least one i there is rela-
tion Gk(|ψi⟩) < Gk(|ϕ+k ⟩), the following inequality must hold∑

i

qiGk(|ψi⟩) < Gk(|ϕ+k ⟩) = 1 (116)

This concludes the proof. □

Consider now a mixed state ρAB which can be written as
ρAB =

∑
j p jψ

AB
j with each of the pure states |ψ j⟩

AB having
Schmidt rank at most k. Using Proposition 10, each of the
states Λ ⊗ 11[ψAB

j ] can be expressed as

Λ ⊗ 11[ψAB
j ] =

∑
i

qiψ
AB
i j , (117)

where the pure states |ψi j⟩
AB have Schmidt rank at most k and∑

i

qiGk(ψAB
i j ) = κsGk(ψAB

j ). (118)

This means that state Λ ⊗ 11[ρAB] can be written as a convex
combination of states |ψi j⟩

AB with probabilities qi p j such that

∑
i j

qi p jGk(ψAB
i j ) = κs

∑
j

p jGk(ψAB
j )

 . (119)

With these results, we can now prove the following proposi-
tion.

Proposition 12. Let Λn be defined as in Eq. (2) and let
ρAB be a mixed state with Schmidt rank at most k. Then,
Λn[ρAB] =

∑
i siϕ

AB
i , where each ϕAB

i has Schmidt rank at most
k and

∑
i siGk(ϕAB

i ) ≤ κn
s , where κs is defined in Eq. (110).

Proof. We will prove this proposition by induction. First, we
show that the above conjecture holds for n = 1. Let {Ki} be a
set of Kraus operators for Λ and {Mi

j ⊗ N i
k} be a set of Kraus

operators for Fi. Let ρAB =
∑

j q j |ϕ
AB
j ⟩ ⟨ϕ

AB
j | , where each

|ϕAB
j ⟩ has Schmidt rank at most k. For n = 1 we have:

Λ1[ρAB] = (Λ ⊗ I)[F1 ◦ ρ
AB] =

∑
i jlg

rlgiq jϕ
AB
i jgl, (120)

such that

|ϕlgi j⟩
AB =

1
√rlgi

(Ki ⊗ I)(Ml ⊗ Ng) |ϕ j⟩
AB , (121)

rlgi = Tr[(Ki ⊗ I)(Ml ⊗ Ng) ϕAB
j (Ml ⊗ Ng)†(Ki ⊗ I)†]. (122)

Note that each |ϕlgi j⟩
AB cannot have higher Schmidt rank than

|ϕAB
j ⟩ . Defining new indices h as h = i jgl we obtain:

Λ1(ρAB) =
∑

h

phϕ
AB
h , (123)

where each ϕAB
h has Schmidt rank at most k.

We have shown the first part of the Proposition for n = 1.
We proceed to the second part for n = 1.∑

i jgl

qi rlgi Gk(ϕAB
lgi j)

=
∑
i jgl

qi Gk((Ki ⊗ I)(Ml ⊗ Ng) ϕAB
i j (Ml ⊗ Ng)†(Ki ⊗ I)†).

(124)

Now, we recall that, see Lemma 9

Gk((Ki ⊗ I)(Ml ⊗ Ng) ϕAB
i j (Ml ⊗ Ng)†(Ki ⊗ I)†)

= Gk((Ki ⊗ I)ϕ+k (Ki ⊗ I)†) Gk((Ml ⊗ Ng)ϕ+k (Ml ⊗ Ng)†)

×Gk(ϕAB
i j ). (125)

Using Eqs. (110), (124) and (125) we get∑
i jgl

q j rlgi Gk(ϕAB
i jgl) ≤

∑
i jh

q jGk((Ki ⊗ I)ϕ+k (Ki ⊗ I)†) Gk(ϕAB
i j )

≤ κs

∑
i j

qiGk(ϕAB
i j )

 ≤ κs. (126)

In the first inequality we used that Gk((Ml ⊗ Ng)ϕ+k (Ml ⊗

Ng)†) ≤ 1.
We have showed that our conjecture holds for n = 1. Let us

assume it holds for some n. Let Λn(ρAB) =
∑

i siΞ
AB
i , where

each ΞAB
i has Schmidt rank at most k because of the induction

assumption. We can write:

Λn+1(ρAB) =Λ ◦ Fn+1 ◦ Λn(ρAB)

= Λ ◦ Fn+1(
∑

i

siΞ
AB
i ) =

∑
ighl

sirghlϕ
AB
ihgl, (127)

where

|ϕhikl⟩
AB =

1√
rhr′lg

(Kh ⊗ I)(Ml ⊗ Ng) |Ξi⟩
AB , (128)

rhgl = Tr[(Kh ⊗ I)(Ml ⊗ Ng)ΞAB
i (Ml ⊗ Nk)†(Kh ⊗ I)†], (129)

where each |ϕhikl⟩
AB has Schmidt rank not greater than k. This

completes the first part of the Proposition. Using the induction
assumption and Eq. (110) , we obtain:∑

ighl

sirghlGk(ϕAB
ihgl) =∑

ighl

siGk((Kh ⊗ I)ϕ+k (Kh ⊗ I)†) Gk((Ml ⊗ Ng)ϕ+k (Ml ⊗ Ng)†)

×Gk(ΞAB
i ) ≤

∑
h

Gk((Kh ⊗ I)ϕ+k (Kh ⊗ I)†)(
∑

siGk(ΞAB
i ))

≤ κn+1
s . (130)

In the last step, we used the induction assumption and
Eq. (110). It completes the proof. □
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Now, let us define the k-Schmidt fidelity of a bipartite pure
state |ψ⟩AB as:

Fk(ψAB) = max
ϕ∈Sk

F(ψAB, ϕAB). (131)

whereSk denotes the set of states that can be expressed as con-
vex combinations of bipartite pure states with Schmidt rank at
most k. Since |ψAB⟩ is pure, the maximum in (131) is attained
by a pure state.

Proposition 13. For a bipartite pure state |ψ⟩AB, the following
holds:

Fk(ψAB) =
k−1∑
i=0

λi, (132)

where λi are Schmidt coefficients of |ψ⟩ in decreasing order.
Additionally, the state |ϕ⟩AB ∈ Sk that achieves the maximum
in Eq. (131) is given by

|ϕ⟩AB =
1√∑k−1
j=0 λ j

k−1∑
i=0

√
λi |ii⟩AB (133)

where |i⟩ are the Schmidt vectors of |ψ⟩.

Proof. Let |ψ⟩ =
∑

i, j Mi j |i⟩ | j⟩ and |ϕ⟩ =
∑

i, j Ni j |i⟩ | j⟩ . Their
inner product can be written as

|⟨ϕ|ψ⟩| =

∣∣∣∣∣∣∣∣
∑
i, j

N∗i jMi j

∣∣∣∣∣∣∣∣ =
∣∣∣∣Tr

(
N†M

)∣∣∣∣ . (134)

Using the von Neumann trace inequality [48], we obtain:

∣∣∣∣Tr
(
N†M

)∣∣∣∣ ≤ d−1∑
i=0

si(N)si(M) =
k−1∑
i=0

si(N)
√
λi, (135)

where si(X) denote the singular values of X in non-increasing
order. In the last step, we used that the singular values of M
are the Schmidt coefficients of |ψ⟩.

Since |ϕ⟩ has Schmidt rank k, the matrix N has rank at most
k, and hence only the first k singular values are non-zero. Ap-
plying the Cauchy–Schwarz inequality, we obtain

k−1∑
i=0

si(N)
√
λi ≤

√√√ k−1∑
i=0

si(N)2

√√√ k−1∑
i=0

λi =

√√√ k−1∑
i=0

λi. (136)

In the last step we used that squares of singular values of
N must add up to 1. Thus, we have the inequality |⟨ϕ|ψ⟩| ≤√∑k−1

i=0 λi. Taking squares we obtain:

|⟨ϕ|ψ⟩|2 ≤

k−1∑
i=0

λi. (137)

We have thus established an upper bound on the fidelity. One
can verify that the bound is saturated by the state given in
Eq. (133), which completes the proof. □

Analogous to the definition of k-Schmidt fidelity for pure
states, we define k-Schmidt fidelity for a bipartite mixed state
ρAB as follows:

Fk(ρAB) = max
σ̃AB∈Sk

F(ρAB, σ̃AB). (138)

Proposition 14. For any pure-state decomposition {pi, ψ
AB
i }

of ρAB it holds that

Fk(ρAB) ≥
∑

i

piFk(ψAB
i ). (139)

Proof. For every pure state |ψAB
i ⟩ appearing in a decomposi-

tion of ρ, there exists a Schmidt-rank-at-most-k state |ϕAB
i ⟩ that

optimally achieves the fidelity, i.e.,

Fk(ψAB
i ) = |⟨ψAB

i |ϕ
AB
i ⟩|

2. (140)

We can always set phases such that inner product ⟨ψAB
i |ϕ

AB
i ⟩ is

non-negative. We obtain:√
Fk(ψAB

i ) = ⟨ψAB
i |ϕ

AB
i ⟩ . (141)

Let us define new probabilities qi such that:

qi =
piFk(ψAB

i )
T

, (142)

where T =
∑

j p jFk(ψAB
j ) is a normalization constant. Let us

define:

σAB =
∑

i

qi |ϕ
AB
i ⟩ ⟨ϕ

AB
i | . (143)

Since every state |ϕAB
i ⟩ has Schmidt rank at most k, σAB ∈ S k.

Let us purify σAB and ρAB. We obtain:

|Ψρ⟩ =
∑

i

√
pi |i⟩R |ψi⟩

AB

|Φσ⟩ =
∑

i

√
qi |i⟩R |ϕi⟩

AB .
(144)

By Uhlmann’s theorem we obtain [49]

F(ρAB, σAB) = max
UR
|⟨Φσ|UR ⊗ 11AB |Ψρ⟩|2, (145)

where maximization is taken over all unitaries UR on purify-
ing system. When we take specific UR = 11R we obtain:

F(ρAB, σAB) ≥ |⟨Φσ|Ψρ⟩|2. (146)

We can further write:

⟨Φσ|Ψρ⟩ =
∑

i

√
piqi ⟨ψ

AB
i |ϕ

AB
i ⟩ (147)

Using Eq. (141) and (142) we obtain:

⟨Φσ|Ψρ⟩ =
∑

i

√
pi

piFk(ψAB
i )

T

√
Fk(ψAB

i ) =∑
i piFk(ψAB

i )√∑
i piFk(ψAB

i )
=

√∑
i

piFk(ψAB
i ).

(148)
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Using relations (146) and (148) we obtain:

F(ρAB, σAB) ≥
∑

i

piFk(ψAB
i ) (149)

Since in Eq. (143) we constructed specific σAB there is a rela-
tion:

max
σ̃AB∈Sk

F(ρAB, σ̃AB) ≥ F(ρAB, σAB) ≥
∑

i

piFk(ψAB
i ), (150)

which completes the proof. Similar technique was used
in [50]. □

For a pure state |ψ⟩ with Schmidt rank at most k, we further
have

λk−1 ≤

 k−1∏
i=0

λi


1/k

=
Gk(ψ)

k
. (151)

Using Proposition 13 we arrive at

Fk−1(ψ) = 1 − λk−1 ≥ 1 −
Gk(ψ)

k
. (152)

Using now Propositions 12 and 14, it follows that the state
Λn[ρAB] can be written as Λn[ρAB] =

∑
i siϕ

AB
i with probabili-

ties si and pure states ϕAB
i having Schmidt rank at most k such

that

Fk−1

(
Λn[ρAB]

)
≥

∑
i

siFk−1

(
ϕAB

i

)
(153)

≥ 1 −
1
k

∑
i

siGk

(
ϕAB

i

)
≥ 1 −

κn
s

k
.

These arguments together with the Fuchs–van de Graaf in-
equality [51] imply that we can bound the trace-distance to
the set Sk−1 as follows:

min
σAB∈Sk−1

∥Λn[ρAB] − σAB∥1 ≤ 2
√

1 − Fk−1
(
Λn[ρAB]

)
≤ 2

κn/2
s
√

k
. (154)

Note now that the overall protocol Λn can always be de-
composed into two protocols Λn2 ◦ Λn1 with n = n1 + n2.
We now define the state νAB

k−1 ∈ Sk−1 to be the closest state to
Λn1 [ρAB]. We further define νk−2 ∈ Sk−2 to be the closest state
to Λn2 [νAB

k−1]. Using triangle inequality and data processing
inequality we find

∥Λn2 ◦ Λn1 [ρAB] − νAB
k−2∥1 ≤ ∥Λn2 ◦ Λn1 [ρAB] − Λn2 [νAB

k−1]∥1
+ ∥Λn2 [νAB

k−1] − νAB
k−2∥1

≤ ∥Λn1 [ρAB] − νAB
k−1∥1

+ ∥Λn2 [νAB
k−1] − νAB

k−2∥1

≤ 2
κn1/2

s
√

k
+

κn2/2
s
√

k − 1

 . (155)

Note that we can decompose the overall protocol Λn into k−1
smaller protocols: Λnk−1 ◦ Λnk−2 ◦ · · · ◦ Λn1 with n =

∑k−1
i=1 ni.

As before, we define the state νAB
k−1 ∈ Sk−1 to be the closest

state to Λn1 [ρAB]. We then define an analogous state for each
ni in the following fashion: let νAB

k−i ∈ Sk−i be the state closest
to Λni [ν

AB
k−i+1]. We obtain

∥Λnk−1 ◦ · · · ◦ Λn2 ◦ Λn1 [ρAB] − νAB
1 ∥1

≤ ∥Λnk−1 ◦ · · · ◦ Λn2 ◦ Λn1 [ρAB] − Λnk−1 ◦ · · · ◦ Λn2 [νAB
k−1]∥1

+ ∥Λnk−1 ◦ · · · ◦ Λn2 [νAB
k−1] − νAB

1 ∥1. (156)

Then using data processing [43], we get

∥Λnk−1 ◦ · · · ◦ Λn2 ◦ Λn1 [ρAB] − νAB
1 ∥1

≤ ∥Λn1 [ρAB] − [νAB
k−1]∥1

+ ∥Λnk−1 ◦ · · · ◦ Λn2 [νAB
k−1] − νAB

1 ∥1. (157)

Using the triangle inequality once more, we get

∥Λnk−1 ◦ · · · ◦ Λn2 ◦ Λn1 [ρAB] − νAB
1 ∥1

≤ ∥Λn1 [ρAB] − [νAB
k−1]∥1

+ ∥Λnk−1 ◦ · · · ◦ Λn3 ◦ Λn2 [ρAB] − Λnk−1 ◦ · · · ◦ Λn3 [νAB
k−2]∥1

+ ∥Λnk−1 ◦ · · · ◦ Λn3 [νAB
k−2] − νAB

1 ∥1. (158)

Then using data processing, we arrive at

∥Λnk−1 ◦ · · · ◦ Λn2 ◦ Λn1 [ρAB] − νAB
1 ∥1

≤ ∥Λn1 [ρAB] − [νAB
k−1]∥1 + ∥Λn2 [νAB

k−1] − [νAB
k−2]∥1

+ ∥Λnk−1 ◦ · · · ◦ Λn3 [νAB
k−2] − νAB

1 ∥1. (159)

Iterating this procedure, we obtain the inequality

∥Λnk−1 ◦ · · · ◦ Λn2 ◦ Λn1 [ρAB] − νAB
1 ∥1

≤ ∥Λn1 [ρAB] − νAB
k−1∥1 +

k−1∑
i=2

∥Λni [ν
AB
k−i+1] − νAB

k−i∥1. (160)

Using (154), we get

min
σAB∈S1

∥Λnk−1 ◦ · · · ◦ Λn2 ◦ Λn1 [ρAB] − σAB∥1 ≤ 2
k−1∑
i=1

κni/2
s

√
k − i + 1

.

(161)

Choosing ni = N and n = N(k − 1) we obtain

k−1∑
i=1

κni/2
s

√
k − i + 1

= κN/2
s

k−1∑
i=1

1
√

k − i + 1
≤ 2κN/2

s (
√

k − 1)

= 2κn/[2(k−1)]
s (

√
k − 1) ≤ 2κn/[2(dA−1)]

s (
√

dA − 1).
(162)

Collecting the above arguments, we thus have

min
σAB∈S1

∥Λn[ρAB] − σAB∥1 ≤ 4κn/[2(k−1)]
s (

√
k − 1). (163)
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Noting that k ≤ dA, we obtain

min
σAB∈S1

∥Λn[ρAB] − σAB∥1 ≤ 4κn/[2(dA−1)]
s (

√
dA − 1). (164)

Taking the optimal Kraus representation of Λ we obtain:

min
σAB∈S1

∥Λn[ρAB] − σAB∥1 ≤ 4κn/[2(dA−1)](
√

dA − 1). (165)

This completes the proof of the theorem.

Proof of Theorem 5.

First part: Assume that the channel Λ admits the decom-
position

Λ = pE + (1 − p)M, 0 < p < 1, (166)

where E is an entanglement-breaking channel and M is an
arbitrary quantum channel.

We will show that, for m parallel uses of Λ, the quantity κ
introduced in Eq. (163) satisfies

κ ≤ 1 − pm (167)

for every k ≥ 2. The bound is uniform with respect to the
choice of the k-dimensional Schmidt support.

Every entanglement-breaking channel admits a Kraus rep-
resentation consisting of rank-one operators[37]. We may
therefore write

E(ρ) =
∑

a

AaρA†a, rank(Aa) = 1,
∑

a

A†aAa = 11.

(168)
Let

M(ρ) =
∑

b

BbρB†b,
∑

b

B†bBb = 11 (169)

be an arbitrary Kraus representation of M. Consequently, a
Kraus representation of Λ is given by{√

p Aa
}
a ∪

{ √
1 − p Bb

}
b
. (170)

Consider now the channel Λ⊗m. Its Kraus operators are ten-
sor products of the single-system Kraus operators. In particu-
lar, the subset of Kraus operators for which all m factors orig-
inate from the entanglement-breaking part is given by

Ra = pm/2Aa1 ⊗ · · · ⊗ Aam , a = (a1, . . . , am). (171)

Since every Aai has rank one, we have

rank(Ra) = 1. (172)

Let |ϕ+k ⟩ be a maximally entangled state of Schmidt rank
k, whose Schmidt support on the transmitted subsystem is an
arbitrary k-dimensional subspace. For every a, the state

(Ra ⊗ 11) |ϕ+k ⟩ (173)

has Schmidt rank at most one. Hence, for every k ≥ 2,

Gk

[
(Ra ⊗ 11)ϕ+k (R†a ⊗ 11)

]
= 0. (174)

Let

qa = Tr
[
(Ra ⊗ 11)ϕ+k (R†a ⊗ 11)

]
(175)

denote the probability of the corresponding Kraus outcome.
The total probability of all outcomes containing only Kraus
operators from the entanglement-breaking part is

∑
a

qa = Tr

∑
a

R†aRa ⊗ 11

 ϕ+k
 (176)

= Tr

pm

∑
a

A†aAa

⊗m

⊗ 11

 ϕ+k
 (177)

= pm. (178)

Let La be a fixed Kraus operators ofΛ⊗m. Since La is a fixed
Kraus representation, we obtain:

κ ≤
∑

a

Gk(La ⊗ 11)ϕ+k (L†a ⊗ 11)) (179)

We now evaluate the average Gk-concurrence associated with
this particular Kraus decomposition. Let IEB denote the set
of outcomes in which all factors originate from E, and let Irest
denote the remaining outcomes. For each outcome α, let qα
be its probability and let θα be the corresponding normalized
state. Since

0 ≤ Gk(θα) ≤ 1, (180)

we obtain

κ ≤
∑
α

qαGk(θα) =
∑
α∈IEB

qαGk(θα) +
∑
α∈Irest

qαGk(θα)

=
∑
α∈Irest

qαGk(θα) ≤
∑
α∈Irest

qα = 1 − pm. (181)

Introducing

γ = − ln p > 0, (182)

we may equivalently write

κ ≤ 1 − e−γm (183)

On the other hand, Eq. (163), applied to the channel Λ⊗m,
gives

min
σAB∈S

∥∥∥ρAB
n,m(n) − σ

AB
∥∥∥

1
≤ 4κn/(2(km−1))

( √
km − 1

)
, (184)

where km is the relevant Schmidt-rank parameter.
It is possible to establish entanglement using a channel if

lim inf
n→∞

E f

(
ρAB

n,m(n)

)
> 0. (185)
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Using lower bound on distance to separable states from
Lemma 15 we obtain:

E2
0

8m2(log2 d)2 ≤ 2
(
1 − e−γm) n

2(km−1)
( √

km − 1
)
. (186)

Equivalently,

(
1 − e−γm) n

2(km−1) ≥
E2

0

16m2(log2 d)2
(√

km − 1
) . (187)

Taking the natural logarithm gives

n
2(km − 1)

ln
(
1 − e−γm)

≥ − ln

16m2(log2 d)2
(√

km − 1
)

E2
0

 .
(188)

Using

ln(1 − x) ≤ −x, 0 < x < 1, (189)

we arrive at

ne−γm

2(km − 1)
≤ ln

16m2(log2 d)2
(√

km − 1
)

E2
0

 . (190)

Consequently,

n ≤ 2(km − 1)eγm ln

16m2(log2 d)2
(√

km − 1
)

E2
0

 . (191)

For a block of m qudits,

km ≤ dm. (192)

It follows that

n ≤ 2dmeγm
[m

2
ln d + 2 ln m +C0

]
≤ C1me(γ+ln d)m (193)

for all sufficiently large m, where C0 and C1 are positive
constants independent of n and m. We used the fact that
m + ln m < Cm for sufficiently large m.

Therefore,

m ≥
1

γ + ln d
W0

(
γ + ln d

C1
n
)
, (194)

where W0 is the principal branch of the Lambert function.
Using[52]

W0(x) = ln x − ln ln x + O
(

ln ln x
ln x

)
, (195)

we obtain

m ≥
ln n − ln ln n
γ + ln d

− O(1) (196)

Thus, preserving a nonvanishing amount of entanglement of
formation requires at least a logarithmic number of parallel
channel uses per link.

Second part:
In the beginning we define a notion that will be used in the

proof. Let P be a projector into a Schmidt support of |ϕ+k ⟩
AB =∑

i

√
1
k |ei⟩

A | fi⟩B . That is P projects onto span(|e1⟩ , · · · , |ek⟩).

Let V be isometry Ck → HA defined by V | j⟩K = |e j⟩
A ,

where superscripts highlight that | j⟩K ∈ Ck and |e⟩Aj ∈ HA.

OperatorV†XV is a k × k matrix on Ck with matrix elements
(V†XV)i j = ⟨ei| X |e j⟩ . We define detP X = det(V†XV). Con-
sequently, detP X is the product of the eigenvalues of the com-
pressionPXP, regarded as an operator on the Schmidt support
PHA.

Let us consider a qudit amplitude damping channel Λ⊗m
AD.

Kraus operators of a single qudit amplitude damping channel
ΛAD are:

K0 =

d−1∑
j=0

√
q j | j⟩ ⟨ j|

Ki← j =
√
γi← j |i⟩ ⟨ j| ,

(197)

where η j =
∑

i< j γi← j is total decay probability of the j-th level
and q j = 1−η j is no decay probability. This kind of amplitude
damping channel was studied in [53].

Assume that we have a Hilbert space with bipartition
A|B = A1 · · · Am|B. Let us consider states with Schmidt rank
at most k. Let us define a maximally entangled state on this
Hilbert space |ϕ+k ⟩ =

1
√

k

∑k−1
i=0 |e⟩i | fi⟩ . Let P be the projec-

tor onto the Schmidt support of |ϕ+k ⟩ , i.e. space spanned by
span(|e⟩1 , · · · |e⟩k).

To upper bound κ we need to find:

κ ≤
∑

i

Gk

(
Li ⊗ 11ϕ+k L†i ⊗ 11

)
, (198)

where Li = Kα1⊗· · ·⊗Kαm is the standard Kraus representation
of Λ⊗m

AD. Let El = L†l Ll. We are interested only by the action
of Ll on the Schmidt support. We can compute it by LlP. We
have (LlP)†LlP = PElP As discussed in Lemma 9, we can
express Gk-concurrence of a single Kraus branch as:

Gk(Ll⊗11ϕ+k L†l ⊗11) =

 k∏
i=1

s2
i (LlP)


1/k

= det
P

(PElP)1/k, (199)

where si(LlP) are singular values of LlP. For fixed P we have:

κ ≤
∑

l

det
P

(PElP)1/k. (200)

We define:

Xl = PElP. (201)

Since
∑

l El = 11, we obtain∑
l

Xl = P (202)
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Now we proceed to find a bound on Eq. (200). We do it us-
ing the eigenvalues {xl, j}

k
j=1 of the operator Xl. The arithmetic

mean of xl, j is al =
1
k Tr(Xl),, while their geometric mean is

detP(Xl)1/k. Using Cartwright-Field inequality [54], we know
that:

al − det
P

(Xl)1/k ≥
1

2kRl

k∑
j=1

(xl, j − al)2, (203)

where Rl = max{xl, j}
k
j=1. Eigenvalues of Xl are bounded by 1.

Therefore, we obtain a bound Rl ≤ 1.
On the subspace PHA, the projector P acts as the identity.

Therefore,

al − [detP(Xl)]1/k ≥
1
2k
∥Xl − alP∥

2
2 . (204)

Summing over all Kraus outcomes l, we obtain∑
l

(
al − [detP(Xl)]1/k

)
≥

1
2k

∑
l

∥Xl − alP∥
2
2 . (205)

Recalling that

Xl = PElP, al =
Tr(PElP)

k
, (206)

we arrive at

1 −
∑

l

detP(PElP)1/k ≥
1
2k

∑
l

∥∥∥∥∥PElP −
Tr(PElP)

k
P

∥∥∥∥∥2

2
.

(207)
We need to derive a lower bound on the right-hand side

of (207). Let us consider the single channel ΛAD. Let D j =

| j⟩ ⟨ j| . We obtain E s
0 = K†0 K0 =

∑d−1
j=0 q jD j. The supersript s

denotes that the operator acts on single party Hilbert space.
For j → i jump, we have E s

i← j = K†i← jKi← j = γi← jD j. Let us
define a set:

I = {0} ∪ {(i← j) : 0 ≤ i < j ≤ d − 1} (208)

For every α ∈ I we have Kraus operator Kα. We define E s
α =

K†αKα. Let T be defined as:

E s
α =

d−1∑
i=0

TαiDi. (209)

Let us assume that every excited level has non-zero probabil-
ity of decay (η j > 0 for every j > 0). Then, T has full column
rank, and hence its smallest singular value is strictly positive,

σmin(T ) > 0. (210)

For convenience, we define

µ := σmin(T )2 > 0. (211)

Let β = (α1, · · ·αm). We have:

Eβ = E s
α1
⊗ · · · ⊗ E s

αm
. (212)

Let z = (z1, · · · , zm), where each zi ∈ {0, 1, · · · , d − 1} and :

Dz = Dz1 ⊗ · · · ⊗ Dzm = |z⟩ ⟨z| . (213)

Similarly to the single operator case:

Eβ = E s
α1
⊗ · · · ⊗ E s

αm

=

d−1∑
z1=0

Tα1z1 Dz1

 ⊗ · · · ⊗
 d−1∑

zm=0

Tαmzm Dzm

 =∑
z

MβzDz.

(214)

In Eq. (214) we have Mβz =
∏m

i=1 Tαizi . Consequently,
M = T⊗m. Since the singular values of a tensor product are
all pairwise products of the singular values of its factors, we
have

σmin(M)2 = σmin

(
T⊗m

)2

= σmin(T )2m = µm.
(215)

Let us define tz = Tr(PDzP) and

Yz = PDzP −
tz
k
P. (216)

We have:

aβ =
1
k

TrXβ =
∑

z

Mβz
tz
k
. (217)

We obtain

Xβ − aβP =
∑

z

MβzYz. (218)

Inequality by the smallest singular value of M gives:∑
β

∥Xβ − aβP∥22 ≥ µ
m
∑

z

∥Yz∥
2
2. (219)

Let us estimate ∥Yz∥
2
2. Expanding Eq. (216) and noting that Yz

is hermitian we obtain:

∥Yz∥
2
2 = Tr[(PDzP −

tz
k
P)2] = Tr[A2

z −
2tz
k

Az +
t2
z

k2P], (220)

where Az = PDzP. Using definition of tz and TrP = k and the
fact that Az is at most rank one, we obtain:

∥Yz∥
2
2 = (1 −

1
k

)t2
z . (221)

Summing over all z we obtain:∑
z

∥Yz∥
2
2 = (1 −

1
k

)
∑

z

t2
z . (222)

We further obtain:∑
z

tz = Tr(P
∑

z

DzP) = TrP = k, (223)
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where we used the fact that
∑

z Dz = 11. Recall that z ∈
(z1, · · · , zm). Each zi can take d possible values. Therefore,
there is dm possible choices of z. Using Cauchy-Schwarz:

(
∑

z

tz)2 ≤ (
∑

z

t2
z )(

∑
z

1) = dm
∑

z

t2
z . (224)

Joining Eqs. (223) and (224) we obtain:∑
z

t2
z ≥

k2

dm . (225)

Substituting it into Eq. (222) we obtain:∑
z

∥Yz∥
2
2 ≥

k(k − 1)
dm (226)

Combining the previous bounds, we obtain

1 −
∑
β

[
detP(PEβP)

]1/k
≥

1
2k

∑
β

∥∥∥Xβ − aβP
∥∥∥2

2

≥
µm

2k

∑
z
∥Yz∥

2
2

≥
µm

2k
k(k − 1)

dm

=
k − 1

2

(
µ

d

)m
.

(227)

Finally, for k = km, we have

κ ≤ 1 −
km − 1

2

(
µ

d

)m
. (228)

As before, we assume that the entanglement of formation
does not vanish asymptotically. Using Lemma 15, we obtain
the following lower bound on the distance to the set of sepa-
rable states:

εn,m ≥
E2

0

8m2(log2 d)2 . (229)

On the other hand, Eq. (163), applied to the block channel
Λ⊗m

AD, gives

εn,m ≤ 2κn/[2(km−1)]
( √

km − 1
)
, (230)

where km is the Schmidt-rank parameter associated with the
input state and satisfies

km ≤ dm. (231)

Consequently,

κ
n

2(km−1) ≤

[
1 −

km − 1
2

(
µ

d

)m
] n

2(km−1)

(232)

≤ exp
[
−

n
2(km − 1)

km − 1
2

(
µ

d

)m
]

(233)

= exp
[
−

n
4

(
µ

d

)m]
(234)

= exp
[
−

nµm

4dm

]
, (235)

where we used the inequality 1 − x ≤ e−x.
It follows that

εn,m ≤ 2
( √

km − 1
)

exp
[
−

nµm

4dm

]
. (236)

Using √
km − 1 ≤

√
km ≤ dm/2, (237)

we obtain

εn,m ≤ 2dm/2 exp
[
−

nµm

4dm

]
. (238)

Combining the lower and upper bounds on εn,m gives

E2
0

8m2(log2 d)2 ≤ 2dm/2 exp
[
−

nµm

4dm

]
. (239)

Equivalently,

exp
[
−

nµm

4dm

]
≥

E2
0

16m2(log2 d)2dm/2 . (240)

Taking the natural logarithm yields

nµm

4dm ≤
m
2

ln d + 2 ln m +C0, (241)

where

C0 := ln
16(log2 d)2

E2
0

 (242)

is independent of n and m. Therefore,

n ≤ 4
(

d
µ

)m [m
2

ln d + 2 ln m +C0

]
. (243)

For all sufficiently large m, the expression in square brack-
ets is upper bounded by a constant times m. Hence, there
exists a constant C1 > 0, independent of n and m, such that

n ≤ C1m
(

d
µ

)m

. (244)

Defining

a := ln
(

d
µ

)
> 0, (245)

we can write

n ≤ C1meam. (246)

Multiplying both sides by a/C1, we obtain

a
C1

n ≤ (am)eam. (247)
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Since the function x 7→ xex is increasing for x > 0, the princi-
pal branch of the Lambert function gives

m ≥
1
a

W0

(
a

C1
n
)
. (248)

Using the asymptotic expansion[52]

W0(x) = ln x − ln ln x + O
(

ln ln x
ln x

)
, (249)

we finally arrive at

m ≥
ln n − ln ln n

ln(d/µ)
− O(1). (250)

Therefore, preserving a nonvanishing amount of end-to-end
entanglement requires

m = Ω(ln n). (251)

Lemma 15. Let ρAB
n,m(n) denote the final state produced by a

protocol using m parallel channel uses per link and n sequen-
tial links. We define its trace distance from the set of separable
states as

εn,m :=
1
2

min
σAB∈S

∥∥∥ρAB
n,m(n) − σ

AB
∥∥∥

1
. (252)

The factor 1/2 is introduced so that εn,m ∈ [0, 1]. There is the
following implication:

lim inf
n→∞

E f

(
ρAB

n,m(n)

)
> 0⇒ εn,m ≥

E2
0

8m2(log2 d)2 , (253)

where E0 is defined by:

E f

(
ρAB

n,m(n)

)
≥ E0 (254)

for all n ≥ n0.

We first convert this assumption into a lower bound on εn,m.
Let σn,m ∈ S be a separable state attaining the minimum in
the definition of εn,m, and define

δn,m :=
√
εn,m

(
2 − εn,m

)
. (255)

By the uniform continuity bound for the entanglement of for-
mation [55],∣∣∣E f (ρn,m) − E f (σn,m)

∣∣∣ ≤ δn,m log2 Dm+
(
1 + δn,m

)
h2

(
δn,m

1 + δn,m

)
,

where Dm is the smaller local dimension and h2 denotes the
binary entropy. Since σn,m is separable, E f (σn,m) = 0. More-
over, dimHA = dm and consequently Dm ≤ dm. Hence

E f (ρn,m) ≤ δn,mm log2 d +
(
1 + δn,m

)
h2

(
δn,m

1 + δn,m

)
. (256)

Using

h2(x) ≤ 2
√

x(1 − x), (257)

we further obtain

E f (ρn,m) ≤ δn,mm log2 d + 2
√
δn,m. (258)

If m(n) remained bounded along an infinite subsequence,
the upper bound from Theorem 4 would imply εn,m(n) → 0
and consequently E f (ρn,m(n)) → 0. Thus, the assumption of
nonvanishing end-to-end entanglement implies that m(n) →
∞.

Since m→ ∞, for all E0 we can choose m0 such that for all
m > m0, the following inequality holds:

m log2 d ≥
8

E0
. (259)

Since E0 can be arbitrary, we can choose it such that:

lim inf
n→∞

E f

(
ρAB

n,m(n)

)
> 0⇒ E f (ρAB

n,m(n)) > E0 (260)

for all sufficiently large n.
Assume that the following inequality holds: δn,m < E0

2m log2 d .
We obtain:

δn,mm log2 d + 2
√
δn,m <

E0

2
+ 2

√
E0

2m log2 d
≤

E0

2
+

E0

2
,

(261)
where in the last step we used Eq. (259). But combina-
tion of Eqs. (258) and (260) states that E0 < E f (ρn,m) ≤
δn,mm log2 d + 2

√
δn,m. This contradiction implies that:

δn,m ≥
E0

2m log2 d
. (262)

Since

δ2
n,m = εn,m

(
2 − εn,m

)
≤ 2εn,m, (263)

we obtain the dimension-dependent lower bound

εn,m ≥
E2

0

8m2(log2 d)2 (264)

for all sufficiently large n.

Achievability of the bound for the depolarizing channel

Consider the d-dimensional depolarizing channel

Λp(ρ) = (1 − p)ρ + p
11
d
. (265)

Using the Weyl twirling identity[45], the channel can equiva-
lently be written as

Λp(ρ) =
(
1 − p +

p
d2

)
ρ +

p
d2

∑
(a,b),(0,0)

WabρW†ab. (266)
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The probability of each non-identity Weyl error is p
d2 , since

there is d2 − 1 possible errors, probability that there will be an
error on some qudit is

q = p
(
1 −

1
d2

)
. (267)

Suppose that one elementary link consists of m parallel and
independent uses ofΛp. Let Xm denote the number of physical
qudits affected by nonidentity Weyl errors in this block. It
follows from Eq. (267) that

Xm ∼ Bin(m, q), (268)

and hence

Pr(Xm = r) =
(
m
r

)
qr(1 − q)m−r. (269)

Assume that there exists a family of quantum codes {Cm},
encoding at least one logical qudit, whose minimum distance
∆m satisfies

∆m ≥ δm (270)

for some constant δ > 0 and all sufficiently large m. A code
with distance ∆m corrects every error supported on at most

tm =
⌊
∆m − 1

2

⌋
(271)

physical qudits[43].
Choose a constant τ such that

q < τ <
δ

2
. (272)

The crucial point is that the code distance grows linearly with
the number of physical qudits. ∆m ≥ δm. Therefore, for every
fixed τ < δ/2 and all sufficiently large m,

⌊τm⌋ ≤
⌊
∆m − 1

2

⌋
. (273)

Hence, every Weyl-error pattern of weight at most ⌊τm⌋ is cor-
rectable. Therefore, the failure probability of the recovery op-
eration on one elementary link satisfies

εm ≤ Pr(Xm > τm). (274)

Since τ > q, the Chernoff-Hoeffding bound gives [56]

εm ≤ exp
[
−mD(τ∥q)

]
, (275)

where

D(τ∥q) = τ ln
τ

q
+ (1 − τ) ln

1 − τ
1 − q

(276)

is the binary relative entropy. We denote

α := D(τ∥q) > 0. (277)
After each elementary link, the corresponding repeater sta-

tion applies the recovery operation and re-encodes the logical
system before transmission through the next link. The proba-
bility εn,m that at least one of the n recovery operations fails is
bounded, by the union bound, as

εn,m ≤ nεm ≤ ne−αm. (278)

For any constant η > 0, choose

m(n) =
⌈
(1 + η) ln n

α

⌉
. (279)

It then follows that

εn,m(n) ≤ n−η, (280)

and consequently

lim
n→∞

εn,m(n) = 0. (281)

To relate this result to entanglement distribution, let the log-
ical input be one half of a maximally entangled logical state
ΦL. If all error patterns are correctable, the state transmitted
through the entire network is exactly ΦL. The final state can
therefore be written as

ρn,m = (1 − ε′n,m)ΦL + ε
′
n,mσn,m, (282)

where ε′n,m ≤ εn,m and σn,m is some quantum state. Conse-
quently,

1
2

∥∥∥ρn,m(n) − ΦL

∥∥∥
1 ≤ εn,m(n) −→ 0. (283)

By the continuity of the entanglement of formation[55],

lim
n→∞

E f
(
ρn,m(n)

)
= E f (ΦL) = log2 dL > 0, (284)

where dL ≥ 2 is the logical dimension.
We have thus shown that

m = O(ln n) (285)

parallel channel uses per elementary link are sufficient. To-
gether with the lower bound of Theorem 5, this establishes
the optimal scaling

m = Θ(ln n) (286)

for depolarizing noise satisfying the condition q < δ/2 for the
chosen family of codes.
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