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Abstract
Quantum computing is a quickly growing field that is promising various advantages
compared to conventional computing. However, currently stand-alone quantum applications
are scarce and hybrid (quantum-classical) computing is needed, especially in quantum
machine learning (QML). Due to current limitations of quantum computing hardware and
the coupling between HPC and quantum devices, integrating a trained (QML) model in
classical applications is challenging. In this case, it is helpful to couple so-called shadows of
the QML model instead, i.e., classical models that imitate the input-output relations of
QML models such that quantum resources are only needed during the training stage. Here
we consider constructive shadowing processes without an explicit training or regression
stage to avoid rendering the QML model redundant, and apply them to a previously
developed QML model for cloud cover [1] to allow for an efficient coupling to a climate
model. We compare classical interpolation methods to an approximation of the quantum
Fourier model, the representation of the circuit as a partial Fourier series. The encoding
strategy in [1] allows the use of the discrete Fourier transform to efficiently reconstruct the
circuits classically. Truncating the partial Fourier series further reduces the size of the
shadow models. Both methods have the effect of mitigating finite sampling noise under
certain conditions, which yields a motivation to use shadow models also beyond the era of
limited hardware availability. Further, we compute the shadow models on the quantum
system Euro-Q-Exa, based on the IQM Radiance system with superconducting qubits,
where error mitigating effects can also be observed, albeit it is still difficult to distinguish
them from errors connected to the calibration of the system. This work paves the way
towards efficiently employing machine learning models trained on quantum computers
within classical applications.
Keywords: Quantum machine learning, Modeling, Parameterizations, Cloud cover, Classical surrogates, Error
mitigation

1 Introduction
Modeling is ubiquitous in science, but faces scalability issues, for instance going to high
spatial and temporal resolutions. Quantum computing is emerging as an alternative or
complementary approach, for example in the domain of fluid dynamics [2], microscopic
electron transfer [3], or Earth system modeling [4, 5]. Quantum machine learning (QML)
in particular has drawn significant attention in the hopes that it may provide an advantage
to classical machine learning in terms of its high expressivity [6, 7], generalization [8, 9] or
stability of training [10].

Current QML approaches are hybrid, i.e., they rely on classical computers for training.
Once the QML models are trained, they are often applied in a hybrid fashion, for instance,
replacing only a component of a larger classical numerical model. For example, Pastori
et al. [1] develop a QML model for the representation of cloud cover in an Earth system
model (ESM) (a so-called parametrization), with comparable performance to a classical
neural network of a similar size. So far, the evaluation of the developed QML model was
only done offline, i.e., without coupling it to the ESM. For QML models running natively
on a quantum computer to be coupled to a classical simulation, efficient high performance
computing (HPC) - quantum coupling is needed [11]. However, due to the currently limited
quantum hardware availability, the coupling of QML models to the classical model has to
rely on a simulator of a quantum computer, which would slow down the entire simulation
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considerably. In this paper, we demonstrate an alternative method on the example of the
above-mentioned QML cloud cover model [1].

This alternative to coupling a simulated QML model was suggested in [12, 13]. The
authors propose the use of so-called shadow models or classical surrogates. These are clas-
sical models, which reproduce the input-output relations of a trained QML model such that
quantum hardware is only needed for training while the inference is done classically. In [12]
classical surrogates for QML models are defined, which encompass the entire hypothesis
class. Popular surrogation methods are based on the quantum Fourier model, see [14, 15,
16, 17, 12, 18]. Other publications use kernel methods [19, 20] or Gaussian processes [21] to
investigate surrogation. In [13] a more abstract definition beyond classical surrogates is con-
sidered which requires data generated from the quantum model. This makes a distinction
regarding the dequantization of the training stage. Since this is more closely related to our
problem and we are not interested in a surrogation process that allows for a dequantization
of the training stage we use the term shadow model.

The risk of classical simulatibility is a general problem for the construction of shadow
models. One could easily develop a data-driven model trained on data generated by the
QML model. But if it can be trained also on the original training data set, the classically
trained shadow model acts as a classical competitor, which both the QML and the quantum
trained shadow model need to outperform to justify the quantum approach in the first place.
This is why this work focuses on regression-free approaches, i.e., those for which a shadowing
process is constructive, without the need to train the model. It instead uses the ability to
evaluate the QML model on arbitrary points.

In this paper we examine two distinct approaches. First, we consider a Fourier based
approach where we compute the coefficients via a fast Fourier transform (FFT), a strategy
also considered in [14, 22, 23]. To reduce the size of the shadow model, we truncate the
Fourier series to the frequencies with the N largest coefficients. The experiments show that
for the smaller implementations of the cloud cover parametrization, approximately 10 000
frequencies are sufficient for a good approximation (of around 15 000 to 500 000 frequencies
depending on the circuit structure).

Secondly, we consider interpolation methods whose construction is straightforward when
the basis functions and grid points are chosen appropriately. This approach was chosen to see
how well a set function basis different from the Fourier basis might be a fit for the underlying
data set. Then the interpolation might have a beneficial smoothing effect, especially once
finite sampling noise from the measurements of the quantum circuit is involved.

We consider the evaluation of the circuits both without and with finite sampling noise.
When comparing the QML model evaluated with finite sampling noise, compared to the
shadow models constructed from the QML model evaluated with finite sampling noise, we
observe that both the interpolation methods and the truncated quantum Fourier model can
have an error mitigating effect. Depending on the circuit structure, the number of shots
used, and the details of the shadowing procedure, the mean squared error on the test data
set is lower for the shadow model compared to the QML model evaluated with shot noise
on the test data. The experiments suggest that the shadowing procedures have smoothing
effect on the coefficients leading to an overall mitigation of the mean squared error.

To see how well simulator-trained QML models transfer to quantum hardware, we ran
some experiments on Euro-Q-Exa, a quantum computer based on IQM Radiance with su-
perconducting qubits. We compared the direct evaluation of the QML model trained with
state vector simulation including shot noise to its shadow model. Results shows that the
error-mitigating effect of the shadowing process applies to some degree to hardware noise
as well as shot noise. However, it is still difficult to separate it from the underlying system
error and differences due to the varying degree of the calibration of the quantum computer.

The paper is structured as follows. In Section 2, we give a short overview over the
relevant background, including quantum machine learning, shadow models and the cloud
cover parametrization this work is based on. The methods used in the shadowing process
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are described in Section 3. Approximation results both simulated and on the hardware are
shown in Section 4. We conclude this work with a discussion in Section 5.

2 Background
2.1 A very short introduction to quantum machine learning
Quantum machine learning is, as the name suggests, the adaptation of machine learning from
classical computers to quantum computers. Trainable parameters are added to a quantum
circuit, which are then optimized by hybrid classical-quantum algorithms according to a
suitable loss function. We assume that the reader is familiar with the basics of quantum
computing and its notation and forgo a more detailed introduction into QML at this point,
since there is already an abundance of publications, and refer instead to [24, 25, 26] and for
a comprehensive introduction [27] and references therein.

We consider QML models of the form

fQ(x,θ) = 〈0|U †(x,θ)OU(x,θ)|0〉 (1)

which corresponds to measuring the expectation value of an observable O for a trained
circuit

U(x,θ) = WL(θ)SL(x) · · ·W 1(θ)S1(x)W 0(θ) (2)

for data x ∈ Rd, trainable parameters θ, and L variational layers W j(·), j = {0,…,L} and
encoding layers Sj(·), j = {1, …L }.

There are many different ways to encode classical data into a quantum circuit, most
notably basis encoding, amplitude encoding, and Hamiltonian or angle encoding. The most
common approach for QML seems to be Hamiltonian and angle encoding with a wide array
of publications on data-encoding and data re-uploading available [6, 28, 29, 30, 24, 31, 32].
For Hamiltonian encoding the encoding gates are given by

Sj = e−ixHj (3)

for a given Hermitian operator Hj . A common choice for Hj are the Pauli matrices (also
used in [1]), then denoted by angle encoding, which encodes the input features into single
qubits as rotation angles. For x ∈ Rd the encoding layers are then given as the unitary
operations

S(x) =

d∏
k=1

e−ixkσ
α
k /2 (4)

where σα
k , for α ∈ {x, y, z} is the corresponding Pauli-matrix acting on the k-th qubit.

2.2 Measurements and finite sampling noise
To evaluate the circuit we measure the expectation value with respect to some observable O
as shown in Eq. (1). On simulators often an idealized setting is used, where the expectation
value is computed exactly. This is no longer possible when moving to real quantum hardware
where the expectation value instead has to be approximated by measuring a finite numbers
of samples from the output state of the circuit, resulting in finite sampling noise, also called
shot noise, where the number of shots refers to the number of samples taken. The noise
follows a multinomial distribution, but can be modeled with a normal distribution N by
the central limit theorem, cf. for example [33, Methods], such that

fNs
Q (x) = fQ(x) +N

(
0,

σ2(x)

Ns

)
(5)

where we have taken Ns samples. The variance σ2(x) depends on the input data x, or
more specifically the state of the circuit for which we compute the expectation value. The
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idealized setting, where the expectation value is computed directly, corresponds to taking
an infinite number of shots.

For training QML models it is important to take this noise into account since a noisy
evaluation of a circuit trained without noise results in an significant error, see Section 4.
However, optimizing circuits in a noisy setting has a significant impact on trainability. This
can, however, be mitigated by employing methods to regularize the variance of shot noise
[34, 33]. The improvements that variance regularization [34] yield for the QML-based cloud
cover parametrization are covered in [1].

2.3 The quantum Fourier model
Since we measure the expectation value to evaluate the circuit, the function fQ : Rd → Rd is
deterministic and real-valued, if one discounts the noise due to measurement. The function
is a partial Fourier series of the form

fQ(x) =
∑
ω∈Ω

cωe
−iω·x (6)

where the spectrum Ω is determined entirely be the data-encoding strategy [6, 30]. In
literature the sign in the exponential is often switched. Due to the symmetry of the spectrum,
both notations can be used. We stick to the current notation, since it follows the common
notation for the discrete Fourier transform and its inverse. The coefficients cω ∈ Cd depend
on the circuit structure and the trainable parameters θ (which we drop here for simplicity).
Since fQ is real-valued, the coefficients obey the symmetry cω = c⋆−ω, which allows us to
alternatively write

fQ(x) =
∑
ω∈Ω+

aω cos(x · ω) + bω sin(x · ω) (7)

with Ω+ ⊂ Ω after removing the ”negative” frequencies, i.e. choosing a subset of Ω, such
that it

1. includes the null vector 0 ∈ Ω+,

2. is complete in the sense that Ω+ ∪ (−Ω+) = Ω and

3. if ω ∈ Ω+ and ω 6= 0, then −ω 6∈ Ω+.
For the one-dimensional case this simplifies to the subset with only the non-negative fre-
quencies, i.e., if Ω = [−L, . . . , L] then we can choose Ω+ = [0, . . . , L]. The coefficients can
be computed with aω = cω + c−ω, bω = −1/i(cω − c−ω) for ω ∈ Ω+.

The spectrum depends on the eigenvalues of the encoding Hamiltonians, in particular it
consists of the differences of all possible sums of eigenvalues of the Hamiltonian Hj , i.e., if
we assume that Hj is diagonal with

Hj =


λj,1 · · · 0
0 λj,2 · · · 0

0 0
. . .

0 0 · · · λj,dj

 (8)

then

Ωℓ =

Λi − Λk, i, k ∈
L∏

j=1

[|1, dj |]

 for Λi = λ1,i1 + · · ·+ λL,iL (9)

for the one-dimensional Fourier series, while for the multivariate case the d-dimensional
Fourier spectrum is given by the Cartesian product over the input dimensions

Ω = Ω1 × · · · × Ωd, (10)

4



see e.g. [32, 18]. In particular this has the result that for ω ∈ Ω, also −ω ∈ Ω. In the
simplest case, where Hj are Pauli matrices, whose eigenvalues are ±1/2, this leads to an
integer-valued, equidistant spectrum

Ω = [−L,−(L− 1), . . . , (L− 1), L]d (11)

which grows with (2L + 1)d for dimension d (corresponding to the number of qubits) and
number of encoding layers L, see e.g. [32, 18]. To increase expressivity Hamiltonian matrices
with distinct eigenvalues can be chosen, in which case the size of the frequency spectrum
can grow up to 22Ld. One can even add trainable parameters to their encoding layers [35],
such that the circuit can choose the frequencies during training, or add a function, i.e.

Sj(x) = e−ifj(x)Hj (12)

for suitable functions fj(x) : Rd → Rm, which allows to access a different set of basis
functions than the Fourier basis [24, 29].

2.4 Shadow models
Our aim is the development of a shadow model on the example of the QML models for
cloud cover parametrization [1], with the aim to eventually couple them to the climate
model ICON-XPP [36], circumventing problems caused by limited hardware availability.

In contrast to classical surrogates [12], we use the term shadow models since in the
definition of shadow models in [13] an explicit requirement of data generated by a quantum
model, termed as quantum advice, is made, rather than aiming at a surrogation of the
training stage as well.

Definition 1 (Shadow models and shadowfiability, cf. [13]) An n-qubit quantum model
fθ is shadowfiable if there exists a classical model, the shadow model f̃θ, such that with prob-
ability 1− δ over the generation of the quantum advice ω(θ), it holds that

max
x∈Rd

|fθ(x)− f̃θ(x)| ≤ ε (13)

for which only m,M ∈ O(poly(n, 1/ε, 1/δ)) qubits and circuits, respectively, were used in
the generation of the quantum advice. The shadow model f̃θ is defined as

f̃θ(x) = A(x, ω(θ)) (14)

where A is a classical O(poly(M,m, d)) time algorithm which processes the quantum advice
ω(θ) for the input x ∈ Rd.

The work in [13] gives some theoretical justification and limits of shadow models. In
particular it is shown that under widely assumed complexity assumptions there exist shadow
models that have advantages over fully classical models, but also that not all quantum
models are shadowfiable. Also, an example is given that not all shadowfiable models can be
represented by the Fourier-based classical surrogate.

Considering that the models in [1] use a simple encoding scheme such that we know a
priori the frequency spectrum, the quantum Fourier model yields an obvious choice for a
shadow model.

One way to compute the coefficients of the QFM (6), assuming the spectrum Ω is known,
as used in several publications [12, 18, 37], is by choosing a set of points X and computing

c⋆ = argminc‖Ac− Y ‖2 (15)

with Aj,ω = e−iω·xj and Y = [fQ(xj)]j for xj ∈ X. In [12], the points are chosen as an
equally spaced grid on [0, 2π), but could also be chosen from the training data [37], or simply
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at random. There are several caveats to this approach. Firstly, one could also replace X
and Y by the training data and get a purely classical model, which might make the quantum
model redundant and perhaps outperform it [12]. Secondly, the matrix A depends on the
size of the spectrum and therefore grows exponentially and is non-sparse. To counteract
this, several sampling strategies with random Fourier features (RFFs) were suggested in [18].
In [38, 20] necessary and sufficient conditions for efficient classical simulatability with RFFs
were proposed. They show that one necessary condition for an efficient shadowing of an
already trained circuit with RFFs is a sufficient concentration of the function in the Fourier
spectrum. In particular, this means that a suitable distribution for the coefficients over
the spectrum exists, which sufficiently concentrates, and can be identified and efficiently
sampled. While we have the advantage of already having a trained circuit, and not needing
to dequantize the training stage as well, as is considered [12, 16], finding how the function
concentrates is difficult to achieve without evaluating the coefficients of the Fourier series
on the entire spectrum.

If the circuit structure is known, the coefficients can also be computed explicitly. Some
publications make use of this by choosing a strict circuit structure [16] albeit at the danger
of classical simulatibility. However in general, this takes exponential effort with respect to
the number of encoding layers [39, 23].

The high expressibility is one of the strengths of quantum computing, and is desirable in
general when it comes to regression. But it can cause significant problems for trainability
such as barren plateaus [40, 41, 42, 43, 44]. While there are ways to avoid barren plateaus,
their absence might imply classical simulatibility [40]. This is a general problem that quan-
tum machine learning faces [45] and similarly in the development of a shadowing process
different agendas need to be balanced. For one, it needs to be efficient in its computation,
while still reflecting the high expressivity of the quantum circuit. As we have seen in the
derivation of the quantum Fourier model, the space of accessible functions can grow expo-
nentially with respect to the number of input features and encoding layers. Therefore, at
some point for an efficient shadowing process, it becomes necessary to reduce the function
space, while possible advantages that one might observe during training are not lost.

2.5 The cloud cover parametrization
We shortly summarize here the most important aspects of the QML-based cloud cover
parametrization of [1]. For detailed information we refer to [1]. For our purposes the relevant
aspects are that the models describe a cloud cover parametrization fclc : Rd → [0, 1] ⊂ R,
where the output describes the fraction of a given climate model cell covered in clouds. The
parametrization consists of three parts. First, the input features are classically preprocessed
by fpre such that they are more uniformly distributed and (nearly) contained in [0, π].
This is followed by the quantum circuit with two different ansatzes denoted by fQ,ZZXY

and fQ,XY Z which map the pre-processed data from Rd to Rd, and lastly a classical post-
processing fpost,·, consisting of an affine linear mapping with trainable weights and biases,
which maps the output to the interval [0, 1] and contains an inversion of the input transform
of the cloud cover that is used in the training. The dependence of fpost,· on the circuit ansatz
is specified, since it includes the trained weights of the affine linear mapping. The original
quantum circuit considered eight input features, but a feature analysis showed that six input
features are enough to predict the cloud cover. Unless specified otherwise, we consider the
problem for d = 6.

In summary, we consider two different trained QML models

fZZXY = fpost,ZZXY ◦ fQ,ZZXY ◦ fpre : R6 7→ [0, 1]

fXY Z = fpost,XY Z ◦ fQ,XY Z ◦ fpre : R6 7→ [0, 1]
(16)

where fQ,· is the quantum part.
The parametrized quantum circuit uses angle encoding with Pauli matrices, yielding an
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integer-valued, equidistant spectrum, and measures the expectation values of the Pauli-Z
observable locally on each qubit, resulting in a d-dimensional output. This results in the
following Fourier spectra:

• f8
ZZXY : R8 → R, with 2 encoding layers, i.e., ΩZZXY = [−2,−1, 0, 1, 2]8 with spec-

trum size |ΩZZXY | = 390 625,

• f8
XY Z : R8 → R with 5 encoding layers, i.e., ΩXY Z = [−5,−4, . . . , 4, 5]8, |ΩXY Z | =
214 358 881,

• f6
ZZXY : R6 → R with 2 encoding layers, i.e., ΩZZXY = [−2,−1, 0, 1, 2]6, |ΩZZXY | =
15 625,

• f6
XY Z : R6 → R, with 4 encoding layers, i.e., ΩXY Z = [−4,−3, . . . , 3, 4]6, |ΩXY Z | =
531 441.

We use the optimal parameters provided by [1], one set of parameters trained in an idealized
setting and another trained with shot noise and variance regularization. The training and
test data used in [1] are based on the DYAMOND project [46, 47, 48] coarse-grained to a
lower resolution following [49, 50].

3 Methods
As mentioned before, our aim is shadowing methods that require no training or regression
stage and is instead as constructive as possible. In our work, we focus on methods to bypass
any training or regression stage in our shadowing process, which would allow replacing the
input-output of the quantum circuit by the training data.

For now, we focus on the application at hand, which is a shadowing process for the
smaller models as in [1], with the aim to recover the function in the sense of achieving
a comparable mean squared error and for shadowing methods where the quantum circuit
is used explicitly and cannot be easily replaced by the training data. An overview of the
methods considered in this work is shown in Figure 1.

Since the encoding strategy in [1] allows for an easy recovery of the coefficients of the
Fourier series, our first approach for a shadowing procedure is the quantum Fourier model in
Section 3.1. The Pauli-encoding in [1] allows to use the fast Fourier transform to efficiently
compute the coefficients of the entire spectrum. While there were some experiments done
on approximating the Fourier model with distinct sampling of frequencies as in [37, 18], we
do not report on them here, since they were not competitive with the methods investigated
in this work.

One limiting factor of this approach is, of course, the size. While the FFT is an efficient
algorithm to solve this problem, already for the largest of the models considered here with
eight input features with over 200 million frequencies it becomes impractical. If more so-
phisticated encoding strategies are used as suggested in [24, 29, 35] and the spectrum is no
longer equidistant, one needs to use methods for the non-uniform discrete Fourier transform,
which do not always yield an efficient inverse [23].

In Section 3.2 we consider an alternative, circuit-agnostic approach. Since the functions
we want to approximate are deterministic (discounting the effect of finite sampling noise),
our problem is simply a quasi-interpolation problem, i.e., finding a suitable (finite) set of
basis functions {ϕi}i∈{1,...N}, ϕi : Rd 7→ R, and coefficients αi ∈ R, such that

f(x) ≈
N∑
i=1

αiϕi(x). (17)

In general, an interpolation problem can be solved by a system of linear equations or
a least-squares problem as in Eq. (15), which is inefficient to solve if N is large even with
stochastic methods. We use that we can evaluate the function f at arbitrary points. By
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𝑈(𝑥, 𝜃⋆)

0

0

0

0

⋮

𝑓 𝑥

Trained quantum model Classical model

Constructive shadowing methods for deterministic models
Fourier-based approach using FFT:
Strength:
• Model can be represented exactly
• Frequencies with small contribution can 

be truncated
• Truncation can mitigate shot noise

Limitations:
• Fourier spectrum must be equidistant

Interpolation methods:
Strength:
• Circuit agnostic, no knowledge needed 

on spectrum or encoding strategy
• Adaptable to other basis functions, 

convergence is well established
• Smoothing effect, can mitigate shot 

noise
Limitations:
• Poor scaling

≈

Shadowing 
process

Figure 1. Overview of constructive shadowing methods used in the work. The Fourier-based approach allows for an
efficient, exact representation of the circuit, assuming that the Fourier spectrum is equidistant. As a circuit agnostic
approach, which needs no knowledge of the encoding strategy, a quasi-interpolation is considered. Both methods can
mitigate finite sampling noise under suitable conditions.

choosing appropriate basis functions ϕi and support points zi, we can ensure that our system
of linear equations becomes easier to solve. In the easiest case, we can approximate

f(x) ≈
N∑
i=1

f(zi)ϕi(x). (18)

This is well researched in numerical analysis, and reliable convergence results are available
for a variety of basis functions like splines and piecewise polynomial functions, see e.g. [51]
for an introduction. However, classical numerical methods are prone to suffer from the curse
of dimensionality. Already for the six dimensional problem, the interpolation methods have
limited practicability.

Nevertheless, we opt to explore this approach, since it is the most straightforward, con-
structive method to reconstruct a given function, especially if a circuit architecture-agnostic
method is needed. This could, for example, be the case if the eigenvalues of the encoding
matrices are unknown or inefficient to compute. Additional motivation for this strategy is,
that while we know that the Fourier basis describes our circuit, we actually have no guar-
antee that it is suitable to approximate the underlying data set well, especially since the
QML models have no trainable parameters in the encoding layers to adjust the frequencies
to better represent the data.

Another issue presents itself if one wants to create a shadowing process for stochastic
models. The interpolation methods in this work rely on the deterministic nature of the
function which we want to shadow. A previous publication [21] shows that Gaussian Pro-
cesses can be used, which might be interesting when considering stochastic models.

Since we evaluate the shadowing methods here only for a single application – the cloud
cover parameterization – evaluating the shadowing procedures with respect to Definition 1
(cf. [13]) is difficult. The shadowing procedures used in this work all require the evaluation
of the quantum model on a grid. For the quantum Fourier model the quantum model needs
to be evaluated on a grid on [0, 2π]d of size (2L + 1)d. For the interpolation methods the
evaluation of a grid the size of order (2J + 1)d for a refinement parameter J is necessary.
While the effect of the refinement parameter J on the interpolation error depends on the
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interpolation strategy used, the dependence of the grid size on d suggests that these methods
scale too poorly to be considered viable shadowing processes. Another aspect is that the
shadowing process in Definition 1 is evaluated by comparing it to the quantum model itself,
not the data the quantum model was trained on. Therefore it is not taking into account any
potential improvements the shadowing process might have on the overall problem compared
to the quantum model.

3.1 Approximation using the Fourier model
First, we consider the approximation using the quantum Fourier model. Here, the shadowing
process involves only approximating the quantum circuit, i.e., the function fQ,· : Rd → Rd

of Eq. (16) where the argument (·) acts as a place holder for the circuit architectures XY Z
and ZZXY . The complete shadow model is then constructed by replacing fQ by f̃Q, i.e.,

f̃· = fpost,· ◦ f̃Q,· ◦ fpre . (19)

The frequency spectrum has the form Ω = [−L, · · · , L]d, where L is the number of
encoding layers and d the number of qubits, corresponding to the number of input features.
Using the QFM

f̂Q(x) =
∑
ω∈Ω

cωe
−ix·ω (20)

with cω ∈ Rd to represent the quantum circuit, the shadowing procedure is just a question
of computing the coefficients cω. In our case, due to the form of the spectrum, this can be
done using the inverse d-dimensional discrete Fourier transform

cω =
1

(2L+ 1)d

∑
k∈Ω

fQ

(
2π

2L+ 1
k

)
e

2π
2L+1

(ω·k), (21)

where we evaluate the quantum circuit fQ at grid points corresponding to the spectrum
scaled to [0, 2π]d. Since fQ is real valued, we can use the symmetry

cω = c⋆−ω (22)

and alternatively write

fQ(x) =
∑

ω∈Ω+

aω cos(x · ω) + bω sin(x · ω) (23)

with aω = cω + c−ω, bω = −1/i(cω − c−ω) and Ω+ ⊂ Ω, as described in Section 2.3.
This allows to reconstruct the entire circuit by evaluating the quantum circuit at (2L+1)d

points and using the FFT, which is well known to scale O(N log(N)) where N = (2L+1)d.
This approach was also used in [14, 52, 22, 23].

We reduce the size of the shadow model by choosing a subset ΩM ⊂ Ω of the M frequen-
cies with the largest coefficient (largest with respect to the Euclidean norm ‖·‖). Due to the
symmetry (22) we have ‖cω‖ = ‖c−ω‖, such that we can ensure that the truncated series
is still real by choosing an even M . Some care has to be taken about the zero frequency.
For an easier implementation we ensure that the zero frequency vector is always included in
ΩM . We remark that in Ω+,M , only M/2 + 1 frequencies are left after truncation, however
with two sets of coefficients aω, bω (with the exception for the zero frequency, for which the
sine term in Eq. (22) vanishes), such that the degree of freedom remains the same.

In an idealized setting with infinite shots and no sampling noise, this leads to a trunca-
tion error, while with increasing M we can recover the entire function. The influence of the
number of kept frequencies M on the truncation error depends on how much the function
concentrates within the spectrum. This is similar to the observation from [38], where clas-
sical simulatibility of the inference stage depends on how the function concentrates and the
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ability to determine where it concentrates. Unfortunately, here we can only determine this
after computing all coefficients for the entire spectrum, and evaluating the shadow model
on a sufficiently large test set.

3.2 Approximation using quasi interpolation methods
We consider a quasi-interpolation approach with basis functions constructed with tensor
products of piecewise affine linear functions following [53] on an equidistant grid X̂ =
{jπ2−J+1}d

j∈{0,...2J} on [0, 2π]d for a refinement parameter J ∈ N. The basis functions
are given by

Φj(x) =
d∏

k=1

ϕ

(
xk − x̂j,k

h

)
for x̂j ∈ X̂, j ∈ {0, . . . 2J}d with ϕ(x) = χx∈[−1,1]max(0, 1−|x|).

This method has the advantage of being straightforward to implement with

f(x) ≈
∑

j∈{0,...2J}d
f(x̂j)Φj(x). (24)

To generate a shadow model we interpolate the function fpost,· ◦ fQ,· : [0, 2π]
d 7→ R, instead

of just the quantum part fQ,· as in the previous section. The obvious draw back to this
shadowing process is that the number of grid points grows exponentially with the refinement
parameter J and the number of dimensions d.

A way to circumvent the exponential growth of the number of grid points for high-
dimensional interpolation is using sparse grids as in [54, 55, 56, 57, 53, 58], which promise
for O(N log(N)d−1) grid points an interpolation error O(N−2 log(N)d−1) with respect to
the L2-norm for a refinement parameter N [53]. However, an investigation for the cloud
cover model has shown no improvements. Details can be found in Appendix A.

We forgo a detailed error analysis here for the interpolation methods on both the full and
the sparse grids and instead refer to the error estimates in [53] for the given basis functions.

3.3 Incorporating finite sampling noise
So far we have considered an idealized setting, where we can evaluate the function fQ
without any noise. Since an evaluation of results obtained on a quantum computer involves
the noise of finite measurements, this needs to be reflected in the definition of a shadow
model. We denote Ns as the number of shots (or samples) that we take for each evaluation
of the circuit as a specific data-point, and denote the approximation of the function f as
fNs . For example, when constructing the shadow model using the QFM, we now compute
the noisy coefficients

cNs
ω =

1

(2L+ 1)d

∑
k∈Ω

fNs
Q

(
2π

2L+ 1
k

)
ei

2π
2L+1

ω·k (25)

and the corresponding partial Fourier series

f̃Ns
Q (x) =

∑
ω∈Ω

cNs
ω e−ix·ω. (26)

The function f̃Ns itself is deterministic, but depends on the samples taken under the in-
fluence of shot noise, which can be seen as drawing a sample from a space of admissible
functions. There are several publications on the effect noise has on the QFM, e.g., [15, 33,
52, 59], however, mostly concerning the effect of hardware noise other than finite sampling
noise. A simplified discussion on the influence of noise on the truncated quantum Fourier
model and the interpolation can be found in Appendix B.
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Figure 2. Left: MSE of the QML models f6
ZZXY , f6

XY Z on the reduced test data set Dr (dashed lines) compared
to MSE of interpolants on full grids If6

ZZXY , If6
XY Z (solid lines) plotted against the number of points in the grid

we interpolate on. The interpolants are defined on grids with refinement parameters L ∈ {3, 4, 5, 6}, indicated by the
dots. Right: Ratio of the MSE of interpolants and MSE of QML models, MSE(If·)

MSE(f·)
as a function of the number of

grid points. The closer the fraction is to the value 1 (indicated by the dashed line as guide to the eye), the better the
shadow model approximates the QML model. QML models were trained and evaluated in a noiseless regime.

4 Results
Next, we discuss the performance of the shadow models compared to the QML models for
cloud cover parametrization. In the following sections, we use three different test data sets
Dc ⊂ Dr ⊂ D ⊂ D0. The test data set D0 is a subset of the test data set used in [1] based on
the DYAMOND project [46, 47, 48] coarse-grained to an approx. 80 km resolution following
[49, 50]. From it, we removed all cells for which the parametrization does not need to be
called because the cloud water and cloud ice content is too small for clouds to occur. The
remaining data set D makes up around 37 percent of D0 and consists of approximately 9 ·106
cells. For validations that take more resources, like the interpolation methods or hardware
experiments, we use a reduced test data set Dr of size 4000 cells. The interpolation on the
sparse grid was only evaluated on a test set for cirrus clouds Dc of the size 1000 cells. While
these are rather small data sets, we expect that the approximation results would hold also
for larger test sets, considering that this is true when comparing the performance of the
interpolation methods on Dc and Dr in Section 4.1, and the performance of the Fourier-
based shadow model in particular in Section 4.2.2.

In Section 4.1 we discuss the shadowing process using the interpolation techniques de-
scribed in Section 3.2. In Section 4.2 we consider the shadow models constructed with the
truncated quantum Fourier model. The experiments in Sections 4.1 and 4.2.1 are state vec-
tor simulations using PennyLane’s default.qubit [60]. Section 4.2.2 tests the shadowing
process and the QML models on the superconducting quantum computer Euro-Q-Exa.

4.1 Approximation using piece-wise affine linear quasi interpolation
In this section, we show the results of the shadow models using the interpolation method as
described in Section 3.2. We compare here the mean squared errors of the test data set for
the quasi-interpolation operator (24), denoted by If· on the full grid to the mean squared
error of the respective 6-qubit QML models (denoted by f6

XZY and f6
ZZXY ).

First, in Figure 2, we consider a noiseless setting, where both the training and evaluation
of the QML model is done without shot noise. We compute the interpolants on the grids
{jπ2−J+1}d

j∈{0,...2J}, for L ∈ {3, 4, 5, 6}. The figure shows the MSE of the interpolants
plotted against the total number of points in the grids. For the quasi interpolation on
the full grid, we observe a convergence rate of approximately O(N−0.5) for N grid points.
However the number of required grid points significantly limits the practicability of this
approach. We also investigated the use of sparse grids in Appendix A. However, since this
showed no improvements, we did not investigate it further.
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Figure 3. Comparison of interpolants on the full grid to QML models evaluated with shot noise on the reduced test
data set Dr for the ZZXY architecture (top row) resp. XY Z architecture (bottom row). Left: MSE of interpolants
(solid lines) compared to MSE of QML model (dashed lines) evaluated with 100 (blue), 1000 (yellow) and 10 000
(pink) shots. The interpolants are defined on grids with refinement parameters L ∈ {3, 4, 5, 6, 7}, indicated by the
dots. Right: Ratio of the MSE of noisy evaluations of the interpolants against the MSE of the noisy evaluation of the
QML model, i.e. MSE(If

Ns
· )

MSE(f
Ns
· )

(solid lines), as a function of the number of grid points. The closer the fraction is to
the value 1 (indicated by the black dashed line as guide to the eye), the better the shadow model approximates the
noiseless QML model. A value below 1 indicates that the interpolants outperforms the QML models with the
respective number of shots used. The interpolation mitigates the effect of finite sampling noise. The models were
trained in a noiseless regime.
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Figure 4. Left: Comparison of interpolant of full grid (solid lines) to QML model (dashed lines) trained with shot
noise (1000 shots) and variance regularization evaluated with shot noise on the reduced test data set Dr, for the two
architectures (XYZ, blue; ZZXY, orange). Right: Ratio of the MSE of the interpolants and the QML models,
MSE(If·)
MSE(f·)

as a function of the number of grid point, both evaluated with Ns = 1000 shots. The closer the fraction is
to the value 1 (indicated by the black dashed line as guide to the eye), the better the shadow model approximates
the noisy QML model. A value below 1 means that the shadow model outperforms the QML model. The
interpolation mitigates the effect of finite sampling noise for finer grids. The models were trained in a noisy regime
with Ns = 1000.

Next, we compare the MSE incorporating finite sampling noise. For Figure 3, we still
consider the QML models trained in a noiseless regime, but evaluate them with shot noise
for the computation of the coefficients. We plot the MSE of the interpolants and the QML
model evaluated with shot noise for each architecture and additionally the difference in MSE
to that of the models in the noiseless regime, cf. Figure 2. Here, we consider the interpolants
on grids with a refinement parameter L ∈ {3, 4, 5, 6, 7}. We observe that the interpolants
yield a lower MSE compared to the QML model evaluated with shot noise in most cases,
such that the interpolant-based shadow model has a lower MSE compared to the original
QML model evaluated with the same number of shots as used to compute the coefficients
for the shadow model. The more shots are used, the finer the grid needs to be to observe
this effect. Another interesting observation, is that the interpolants with shot noise seem to
converge to the QML model with 10 times the number of shots used yielding a comparable
MSE. Our hypothesis is that this is tied to the choice of basis functions and their variance
regulating effect as discussed in Appendix B, which would would be interesting to investigate
more thoroughly in the future.

Lastly, we compare the same architectures, but with parameters trained in a noisy regime
[1, Section 5], trained with 1000 shots and variance regularization to mitigate the impact
of sampling noise during training, interpolated on grids with L ∈ {3, 4, 5, 6}. In Figure 4
we compare the shadow model with coefficients computed from the QML models with 1000
shots to the MSE of the QML models evaluated with 1000 shots. We still observe the error
mitigation effects, but lessened and only on the finer grids.

4.2 Approximation using the Fourier model
This section discusses the performance of the shadowing process using the truncation of
the quantum Fourier model as described in Section 3.1. We first consider the simulated
experiments with and without finite sampling noise. In the last section, we consider shadow
models generated using the quantum computer Euro-Q-Exa.

4.2.1 Simulated experiments First, we compute the shadow model using the quantum
Fourier model, where we evaluate the QML model without any finite sampling noise, i.e.,
assuming an infinite number of shots. In this section, we evaluate both the shadow models
and the QML models on the entire test data set D. Figure 5 shows the MSE of the truncated
Fourier-based shadow models compared to the MSE of the QML models on the entire test
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data set as a function of the retained frequencies M , as described in Section 3.1. Notably,
only a fraction of the spectrum is necessary to approximate the circuit. For the smaller of
the models, fZZXY , around 7500 of 15 625 frequencies, i.e., less than a half of the spectrum,
and for fXY Z around 12500 of 531 441, i.e., less than 2,5 percent, suffices to approximate
the QML model well enough in the sense that the ratio of the MSE of the shadow model to
the QML model satisfies

MSE(fshadow,·)

MSE(f·)
< 1.05. (27)

To compare this to the performance of the interpolation methods, only the last refinement
shown in Figure 2, i.e., with around 6 · 1010 grid points, approximates the QML models
according to this metric.
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Figure 5. Left: MSE of approximation of f6
ZZXY (blue), f6

XY Z (yellow) using the quantum Fourier model (solid
lines) as function of number of retained frequencies (x-axis) compared to the MSE of the QML models evaluated
with an infinite number of shots (dashed lines). Right: Ratio of the MSE of the truncated Fourier models and the
QML models, MSE(fshadow,·)

MSE(f·)
as a function of kept frequencies. The closer the fraction is to the value 1 (indicated

by the black dashed line as guide to the eye), the better the shadow model approximates the noisy QML models,
evaluated on test data set D. Around 7500 to 12500 frequencies seem to be enough to approximate the QML models
fZZXY and fXY Z respectively. The models were trained and evaluated in a noiseless regime.

Next, we consider the influence of finite sampling noise on the shadowing process using
the quantum Fourier model, as described in Section 3.3. First, we discuss the case where
the model was trained analytically, i.e., with infinite shots, then a training regime with shot
noise and variance regularization. In Figure 6 we show the results for models fZZXY and
fZXY trained with infinite shots but evaluated with Ns = 100, 1000 shots. Each line in the
figures corresponds to a Fourier series with a distinct set of coefficients computed with the
variability of shot noise taken into account, but shows how the truncation of this Fourier
series affects the MSE. We can see that the truncation has a clear error mitigating effect
compared to the QML model evaluated on the same test set.

Since some error is to be expected when training in a noiseless regime but evaluating in a
noisy regime, we next repeat the shadowing process for the QML models trained with 1000
shots with added variance regularization, see Figure 7. The error mitigating effect lessens,
but can still be observed. The construction of the shadow model is repeated five times, while
the evaluation of the QML model is repeated three times. The MSE of the QML model shows
little variability, which can most likely be attributed the size of the test set. Meanwhile for
the shadow models, the variability of the coefficients of the Fourier series and truncation
can be seen well, especially when only 100 shots are used. This variability decreases when
the model is trained with shot noise and variance regulation. That the shadow models of
the circuit fXY Z show a smaller variability than for fZZXY can most likely be attributed to
the spectrum of the former being significantly larger than the spectrum of the latter. Since
we need to evaluate the same number of grid points to compute the coefficients as there are
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frequencies in the spectrum, overall more evaluations of the quantum circuit are needed for
the model fXY Z to compute the Fourier series than for the model fZZXY .

Heuristically, an explanation for this observed reduction in the MSE might be, that if
the function sufficiently concentrates in the Fourier spectrum, summing over fewer noisy
coefficients outweighs the error caused by the truncation, leading to an overall lower MSE,
see Appendix B. For general applications, we cannot expect to know apriori either where the
function of the trained models concentrates in the Fourier series, nor the specific variances of
the finite sampling error. Therefore, a theoretical framework to find an optimal threshold to
truncate the spectrum following the considerations in Appendix B is challenging. Otherwise,
the threshold has to be determined experimentally as demonstrated here for the cloud cover
model. This may however impact generalization skills of the models depending on the size
of the data set. Also, we evaluate the shadowing process here only by its reduction of the
MSE, and leave the effects on other statistical benchmarks and on online-performance to
future research.
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Figure 6. MSE on test data D of QML models compared to MSE of Fourier-based shadow models for the two
architectures (top: XYZ, bottom: ZZXY) as functions of frequencies kept (x-axis). Infinite shots were used during
training. To compute the coefficients of the QFM, 100 resp. 1000 (left/right column) shots were used in the
evaluation of the circuit. Grey: Each line corresponds to a Fourier series as a function of retained frequencies
(x-axis), with a distinct set of coefficients each computed using Ns number of shots to account for the variability due
to shot noise. Blue dashed line: MSE of QML model evaluated with 100 resp. 1000 shots on the test data set. Blue
dots represent the minimum of the MSE of various shadow models. The truncation of the frequencies spectrum
yields a lower MSE than a direct evaluation of the QML model. Evaluated on test data set D.

4.2.2 Tests on Euro-Q-Exa To test the applicability of simulator-trained quantum ma-
chine learning models on quantum hardware, we also run experiments on Euro-Q-Exa, a
quantum computer located at the Leibniz Supercomputing Center based on the 53-qubit
superconducting IQM Radiance technology. We do not perform any additional error cor-
rection. We use the circuit f6

ZZXY with the parameters trained with finite sampling noise
and variance regularization as used in [1, Section 5.2], the smaller of the circuits, with two
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Figure 7. MSE on test data D of QML models compared to MSE of Fourier-based shadow models for the two
architectures (left: XYZ, right: ZZXY) as functions of frequencies kept (x-axis), with 1000 shots used during training
and variance regularization. Grey: Each line corresponds to a Fourier series as a function of retained frequencies
(x-axis), with a distinct set of coefficients each computed with Ns number of shots to account for the variability due
to shot noise. Blue dashed lines: MSE’s of QML model evaluated with 1000 shots. The evaluation was repeated
three times, but the MSE’s are nearly indistinguishable. Blue dots represent the minimum of the MSE of different
shadow models. The truncation of the frequencies spectrum yields a lower MSE than a direct evaluation of the QML
model. Evaluated on test data set D.

encoding layers leading to a spectrum with 15 625 frequencies, such that the construction
of the shadow model on quantum hardware is feasible. While [1] trained the circuit in an
idealized setting with only finite sampling, we conduct here both the direct QML evaluation
and the shadow model construction Euro-Q-Exa.

The depth of the original circuit is 17 and compiles to the native gate set (RX,RY,CZ)
to 51 circuit layers. The test set data we use for a direct evaluation of the QML model is
the reduced test set Dr due to limited quantum hardware resources.

We approximate each expectation value with Ns = 1000 shots. In Figure 8, we compare
the evaluation of the shadow model on the test data set to the evaluation of the test data
directly on the hardware. Several runs were conducted over several different days to account
for differences due to the calibration of the hardware. On average, the shadow model yields
a lower MSE than the direct evaluation of the QML model on the hardware. However, it is
difficult to say whether this is due to the hardware calibration or an effect of the shadowing
process. Since the test data set Dr is only a fraction of the whole test data set D the figure
also shows the MSE of the shadow model on the D. While we cannot compare it to a direct
evaluation of the QML model on D due to limited hardware availability, Figure 8 indicates
that the effect of the truncation generalizes well. Please note that the lower error on D is the
result of the composition of the test data, and not an indication of an improved performance
by the shadow model compared to the evaluation of the reduced test set.

To further investigate the variability of the calibration a series of experiments was con-
ducted on the same days, i.e., with the same calibration, see Figure 9. Within the same
day, we first run an evaluation on the test data set, then construct a shadow model, and the
third experiment is again an evaluation of the test data set. The truncation of the shadow
model still seems to have an error mitigating effect, however much of it depends on the
calibration.

In Figure 10 we show the pairwise MSE between different predictions of the cloud cover by
the QML model from experiments on the quantum hardware (Experiments i, i ∈ {1, . . . , 6},
as well as the MSE of the predictions on hardware to the state vector simulation with finite
sampling noise and the MSE to the output of the test data set. Despite the stochasticity
of the noisy quantum circuit, the error between predictions on the quantum hardware is
significantly smaller than the error to the state vector simulation or the test data set, and
varies similarly on days with the same calibration. This suggests that at least some of the
error induced by hardware noise can in principle be regulated by training on hardware or

16



adding a suitable regularization to a state-vector simulated training regime, similar to the
variance regularization to mitigate finite sampling noise.
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Figure 8. MSE of the shadow model compared to evaluation of the QML model f6
ZZXY on Euro-Q-Exa. Dashed

lines describe different runs of the experiment repeated over several days, i.e., on with different calibration, solid lines
the average of the MSE over the corresponding experiments. Experiments on the reduced data set Dr are shown in
blue and pink, while the MSE of the shadow model on the whole test data set D is plotted in yellow. On average, the
shadow model has a lower MSE, however variance between different runs is still large. The effect of the frequency
truncation on the MSE generalizes to the whole test data set.
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Figure 9. MSE of the shadow model (solid line) compared to evaluation of QML model (dashed lines) on
Euro-Q-Exa, on the test data set Dr. For comparability, experiments where run on same days, i.e., same calibration
(left: on 21st of April 2026, right: 23rd of April 2026) with the following order: First, an evaluation of the QML
model (pink line), then a construction of the shadow model (blue graph), and lastly another evaluation of the QML
model (yellow line).

5 Discussion
In this work, we compared two different, constructive approaches to shadow QML models.
First, a Fourier-based approach in Section 3.1, which uses the fast Fourier transform to
compute the coefficient of the partial Fourier series, which can then be truncated to reduce
the size of the shadow models. The second approach in Section 3.2 uses a quasi-interpolation
as a circuit-agnostic alternative to the Fourier-based approach, in case the Fourier spectrum
is unknown or not uniform, such that the FFT is not applicable. We apply these methods
to the QML model for cloud cover developed in [1] and show that they are suitable to
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Figure 10. Heat map for the pairwise MSE (left) between the predicted cloud cover on the test data set Dr among
the runs of the QML model on Euro-Q-Exa (IQM Radiance) for experiments Exp i, i ∈ {1, . . . , 6} as well as the MSE
to the state vector simulation SV with finite sampling noise (1000 shots) (middle) and MSE to the test data (last
column). The two smallest values are the MSE between runs on the same day (Experiments (3,4) and Experiments
(5,6)), but not significantly so. The discrepancy between experiments run on hardware is an order of magnitude
lower than the difference between hardware experiments and the state vector simulation with simulated finite
sampling noise.

approximate the QML model in a noiseless setting. In a noisy setting the shadow models
are even able to outperform the QML models and reduce the noise caused by finite sampling
under suitable conditions. We evaluate one of the QML models and construct its shadow
models also on the quantum computer Euro-Q-Exa, where we are also able to observe this
error correcting effect, even if it is difficult to separate it from differences arising from system
calibration.

These methods emphasize identifying function concentration within the QFM spectrum—
or other efficient basis functions— and motivates the use of shadow models despite current
hardware limitations.

Obvious caveats of the proposed methods are the poor scaling or that they only work
well under restricting conditions on the encoding layers.

Regarding our specific target QML model, we have only considered the parametrization
with six input features, due to the feature analysis shown in [1], and since the eight dimen-
sional models were only trained with infinite shots.

Scaling is one challenge that could be circumvented by using more computational re-
sources. One could still apply these methods on the eight-qubit circuits, especially the
quantum Fourier model for the ZZXY architecture with a frequency spectrum the size of
approximately 4 · 106. While the shadowing process is quite costly, we note that this is
largely in terms of classical resources. In terms of quantum resources the shadowing meth-
ods are cheaper than a direct coupling of the quantum model to the climate model. The
interpolation methods use the largest amount of quantum resources of the considered meth-
ods, since they require an evaluation of approx. 6 ·1010 points for a sufficient approximation
according to the metric used in (27).

Meanwhile a cell-based climate simulation with a horizontal grid solution of approxi-
mately 80 km (with 81920 cells per horizontal layer [61]), vertical grid solution with 50-100
layers over 20 years with one time step per 120 s (i.e., around 5 · 106 time steps) would
require around 1013 calls to the parametrization. Ideally, the cloud cover parametrization
is not always called, e.g., if a switch is included for when the cloud water and cloud ice
content is too small for clouds to occur. However, in the worst case, the QML model has to
be called around 1013 times for a single climate simulation, already exceeding the quantum
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resources needed for the generation of the investigated shadow models.
Another challenge to circumvent in the shadowing processes is that of the different en-

coding layers. If more sophisticated data encoding is used [35, 24, 29], the FFT can no
longer be used. In this case, the FFT has to be a replaced by a non-uniform FFT, for
which an inverse is more difficult to compute [23]. In general, the Fourier-based approach
is impractical for more complicated parameterizations needing circuits with high expressiv-
ity and relying on a high number of input features. While different applications [18, 37]
attempt to deal with the problem of scalability, they did not work well for our problem.
Further, they involve a regression/training, which might render the QML model redundant
or eliminate any potential advantage that might have occurred during the training stage.

The interpolation methods are circuit agnostic and are not limited by the number of
encoding gates and the size of the Fourier spectrum. However, the curse of dimensionality
makes them impractical for higher dimensional problems.

While there are a variety of methods available to reduce (classical) machine learning
models, e.g., surrogation [62] or knowledge distillation [63, 64], they also usually have a
training stage and seem more useful for large models. Although it is possible that these
methods yield good results for QML models with less accessible frequency spectra, their
potential and risk are difficult to evaluate without a specific application at hand.

There seems to be a lack of constructive interpolation methods for high-dimensional
problems that make use of being able to choose the points adaptively. Most likely this is due
to there already existing a variety of machine learning methods available that can efficiently
be used to solve large scale problem. Additionally, that outperforming the original (in our
case quantum) model is seen as a risk is in general not a problem for classical models, and a
more typical concern for quantum computing, where the research community desires to find
advantages over classical computing. Most likely the development of a shadow model will be
problem-specific, and if an ML approach has to be used for more complex architectures, the
design will likely need expert knowledge about the function space it spans and an adaptive
sampling technique to generate the quantum advice to train the shadow model on efficiently.

However limiting in its application, the experiments for the cloud cover parametrization
show the benefit of the shadowing process as an error mitigating strategy additionally to
variance regularization in the training stage. An additional caveat here is that the error
mitigation relies on having a large enough test data set to estimate the benefit of the
truncation even if experiments indicate that the effect of the truncation generalizes well
to a larger test set. The hardware experiments show that while the hardware noise other
than finite sampling noise still largely depends on the calibration, this noise seems to be
consistent enough, so that it could perhaps be suppressed by a suitable training stage on
noisy intermediate-scale quantum hardware or by adding regularization to a shadowing
process. It would be interesting to see how this transfers to different hardware architectures.
Also, we remark, that while the truncation has shown beneficial effects on the MSE, we have
not yet investigated its effect other statistical benchmarks and the online performance. As
in [1], all evaluations were done offline, without coupling the shadow models to the climate
model. The next step in the development of a climate model version incorporating QML-
based parameterization is to see how well these parametrizations work online, and which
influence the shadow models have on the stability of the climate simulations.
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A Quasi-interpolation on sparse grids
A.1 Methods
Sparse grids are defined through the layering of directionally uniform grids Wℓ for a refine-
ment parameter ℓ ∈ Nd, such that the grid Wℓ has in the direction of each dimension i an
equidistant distance hi = 2−ℓi , for i ∈ {1, . . . , d}. The sparse grid is then defined by

W(n,d) =
⋃

|ℓ|1=n+d−1

Wℓ, (28)

see [58, 53]. An example for a two-dimensional grid with d = 2, n = 6 is shown in Figure
11.

Interpolation on a sparse grid W(n,d) is usually defined by summing over suitable weighted
interpolation operators Iℓ on Wℓ. This yields good results in lower dimensions, however for
higher dimensions, iterating over all ℓ ∈ Nd s.t. |ℓ| = n + d − 1 reduces practicability.
For a rudimentary test to compare the error to the interpolation error on the full grid, we
used SciPy’s RBFInterpolator [65], which is computationally expensive (and technically
not regression free in its implementation). Since this showed no advantage in terms of a
convergence rate, no further research was put into this approach.

A.2 Results
In this section, we show the results of the shadow models using the interpolation methods
using sparse grids. We compare here the mean squared errors of the test data set for the
quasi-interpolation operator (24), denoted by If on the full grid, and the RBF interpolation
operator, see Section 3.2, denoted by Isparsef on the sparse grid, to the mean squared error
of the respective 6-qubit QML models (denoted by f6

XZY and f6
ZZXY ).

The interpolation on the sparse grid has a comparable, if not worse, performance as
on the full grid when comparing the mean squared error (MSE), taking into account the
needed grid points, see Figure 12. Since no improvement in the rate of convergence was
gained from using the sparse grid, and the implementation of sparse grid interpolators in
higher dimensions is computationally expensive, this line of research was not considered
further.
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Figure 12. Left: MSE of the QML models f6
ZZXY , f6

XY Z on the cirrus test data set Dc (dashed lines) compared to
MSE of interpolants on full grids If6

ZZXY , If6
XY Z (solid lines) and sparse grids Isparsef6

ZZXY , Isparsef6
XY Z (no

lines) plotted against the number of points in the grid we interpolate on. Each grid refinement is indicated by a dot.
Right: Ratio of the MSE of interpolants and MSE of QML models, MSE(If·)

MSE(f·)
as a function of the number of grid

points. The closer the fraction is to the value 1 (indicated by the dashed line as guide to the eye), the better the
shadow model approximates the QML model. The sparse grid interpolants (no lines) seem to have a similar, if not
worse, convergence rate than the interpolant on the full grid (solid lines) compared by the number of grid points.
QML models were trained and evaluated in a noiseless regime.

B The influence of truncation on the error caused by finite sampling noise
In the experiments in Section 4 we observe that truncating the Fourier series to the largest
coefficients has an error-mitigating effect if we leave the idealized setting and approximate
expectation values with finite sampling noise. To identify where the observed improvement
originates from, we consider the calculations for a simplified one-dimensional problem from
[33], which incorporates an interpolation strategy for the Fourier basis into the optimization
to improve variance. This can be seen as an alternative approach to the variance regulariza-
tion to reduce finite sampling noise proposed in [34], and highlights as well the importance
of considering finite sampling noise in the optimization of parametrized quantum circuits.

When evaluating a parametrized quantum circuit fQ(x) by estimating the expectation
value from Ns samples, we can assume due the central limit theorem that

fNs
Q (x) = fQ(x) +N

(
0,

σ2(x)

Ns

)
. (29)

For a more detailed derivation of this, we refer to [33, Methods]. Then, under the (in
general not satisfied) assumption of constant variance σ2, and using similar arguments for
the Fourier coefficients for equidistant points, we infer that the interpolated coefficients and
the QFM are distributed according to

ãω ∼ N
(
aω,

σ2

Ns(2L+ 1)

)
,

b̃ω ∼ N
(
bω,

σ2

Ns(2L+ 1)

)
, and

f̃Ns(x) ∼ N
(
fQ(x),

σ2

Ns

)
.

(30)

Of particular importance are the computations preceding equation [33, Equation 35] and
Lemma 11 in the supplementary material of [33]. From this we can infer that the function
truncated to the M largest frequencies, with M +1 coefficients in total, see Section 3.1, has
the variance

Var[f̃Ns
M (x)] =

(M + 1)σ2

(2L+ 1)Ns
. (31)
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So, naively speaking, we reduce the variance by summing over fewer noisy coefficients. This
allows to reduce the sampling error, but adds a truncation error. If the function concentrates
well enough the benefits of reducing the sampling variance can outweigh the truncation error.
For a more detailed computation we refer to [33]. For details on avoiding the assumption
of constant variance see [33, Supplementary Note 8]. In this case, the variance can also be
bound, but problem-specific on the minimal and maximal variance of the sampling error at
the grid points. A similar result as (30) can be extended to error mitigation effect of the
interpolation strategy of the form (18) observed in Section 4, however a precise estimate of
the variance depends on the respective basis functions.

In [66] a truncated Taylor model is used to construct local-train surrogates, for which also
an improvement in the test error is observed. It might be worth investigating if the effect
of a Taylor truncation can be compared to the truncation of the Fourier series. Another
publication that suggests truncation as an error-mitigating strategy, albeit for hardware
noise, is [52]. They suggest that it is only useful for a heuristic setting, since it assumes
a sparse signal and the goal of the truncation is to filter out the relevant frequencies of
the sparse signal. We show that this can extend to applications for which the function is
sufficiently concentrated, if not sparse.

Another investigation of the influence of noise on the Fourier spectrum is considered in
[67]. In particular they research the spectral bias of QNN’s on lower frequencies, also in
noisy settings and note the importance of spectral filtering.
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