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Abstract

This paper is devoted to the analysis of the entropy stability properties of Active Flux-type scheme
for a hyperbolic system equipped with one entropy inequality. We also refine, with respect to , the
consistency assumptions needed by these schemes. This type of scheme evolves two sets of degrees of
freedom: point values that are chosen on the boundary of the elements that cover the computational
domain, and the average of the solution in these elements. We show that the only thing to do is to get an
entropy inequality for the average values, the point values degrees of freedom do not play any role. We
construct a monolithic scheme which is bound preserving of , non oscillatory following , and entropy
diminishing. The entropy condition is implemented in Tadmor’s framework, i.e. for the semi-discrete
scheme only. The scheme is tested on the Kurganov-Popov-Petrova test case which is known to be
sensitive to the satisfaction of an entropy inequality. We show that our entropy correction is effective:
if we do not activate the bound-preserving nor the non oscillatory condition, we get the correct solution
with some spurious wiggles, as expected. Though the development, implementation and tests are done
with the triangle version of the scheme, the same method can be used for polygonal meshes, following
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1 Introduction

We are interested in the numerical discretisation of the hyperbolic system of conservation laws

au

5 + div f(u) =0,

xR t>0 (1)
u(x,0) = up(x),
with the usual assumptions on the flux f. The problem is defined for u € @ C RY where @ is the

invariant domain. We also assume the existence of an entropy 7, i.e a strictly convex function defined on @,
and an entropy flux g satisfying

T
(Vun)” Vuf = Vug
such the solutions of also satisfy
On(u)
ot

+g(u) <0 (2)

in the sense of distribution.
The canonical example is that of the Euler equations where
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where p is the density, m the momentum, E the total energy. We define the internal energy
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the pressure is assumed to be of the form p = p(p, e), and the velocity ¥ = m/p. The simplest model is that
of a perfect gas,

b= (ry - 1)6,
where v is a constant. We stick to this equation of state (EOS) in this paper, the generalisation to thermo-

dynamically consistant EOS can be proceed with the same technique. For the Euler equations, ¢ = 2 + d,
and the invariant domain is

D = {u=(p,m, E)T such that p > 0 and e > 0}.

This set is strictly convex.

The format of this paper is as follows. First we describe the scheme in the case of a triangular mesh,
with some emphasis on a blended scheme between a first order one and a high order one. Then we show a
formal truncation error analysis, and recall the proof of a Lax-Wendroff like theorem. In passing, we refine the
assumptions for the point value update in comparison with those given in [1]. The third part we show how to
obtain an entropy satisfying flux. We show in particular that we only need to do something on the average
value, not the point values. We demonstrate the effectiveness of the procedure on the Kurganov-Popov-
Petrova test case which is known to be very sensitive to the satisfaction, or not, of an entropy condition.
Some conclusions follow. In particular this method extends without modification to the scheme of [3].

2 Numerical schemes

We are interested in Active Flux-type discretisation. In this paper we specialise to schemes that are defined
on triangular type meshes. The case of polygonal meshes, as covered in [3], will not be considered in this
note to simplify the notations but exactly the same technique could be used.

In this section, after having described the scheme, we recall the consistency requirements that are needed
to show a Lax Wendroff theorem, as well as a formal truncation error.

2.1 Description

We consider a family 7, of simplex in R%, d = 2,3, denoted generically by K. For a given K, hy is its
diameter and pg is inner diameter. The maximum of the hy is denoted by h. Let v €][1, +00[. We consider
the family of triangulations such that for all K € J;,, pp/hx > . These triangulations are regular in
the sens of finite element. In the following, the parameter v will no longer appear, however when we talk
about regular triangulation, we mean that we consider a value of v, and all the triangulations satisfy this
requirement for that value of ~.

For simplicity we stick to d = 2, the generalisation to d = 3 is immediate. The triangulation is assumed
to be conformal, i.e. if K and K’ are two polygons, then either K N K’ = () or K N K’ is a common face of
K and K', or KN K’ reduces to a common vertex. The conformity assumption can be removed if we would
have had a polygonal mesh. The set of faces/edges of K is Fk.

The solution of is, according to [4], in the following space

¥ = (o V) nCow)

with
V(K) = (P*(K) ® Rb)’
where, if A1, A2, A3 are the barycentric coordinate of the triangle K, the bubble b is
b = 601 A2 )\s.

The coefficient is chosen such that [, b dx = |K|. A function in Vj(K) is completely described by the
following degrees of freedom:



e The values of u at the vertices of K
e For any edge e € Fg, the value of u at the center of e,
e The average value of u on K.

We denote the point values degrees of freedom by o (i.e. vertices and mid-points), the value of u at o by
u,. The average value is denoted by uk. If {¢,} are the Lagrange basis functions with respect to the point
value degrees of freedom (the classical P? Lagrange functions), the basis functions {t } are:

e For the vertex o
Vo = Po s

e For the mid-point of the edges,
1
o= ¥o — =b.
Yo =¢o — 3

If u € Vj(K), then
up = ZE: Use + Ugh.

occK

Here we have chosen to consider the case of a quadratic approximation for the simplicity of the text only.
The semi-discrete scheme is:

e For the average values

da .
|K|ﬂ+7§ fody=0 (3a)
dt 0K
where |K| is the volume of K, n is the outward unit vector, |e| is the length of the edge e and
§ tdy= Y felf @G, o) (30)
9K e€TK

and using a Gaussian quadrature formula, with weights wgy.q and quadrature points Xgyqd,

fo, (U, Uk, Upck) = £e< > Wouad £ (Un(Xquad)) - ne) + (1= L)fLC Wk, Uk, ) (3¢c)

quad

fHO
£H

where K. _ is the polygon on the other side of e. Often we will write the flux as f, when there is
no ambiguity. The parameter £, is chosen as in [3] or [5], or in order to satisfy an entropy inequality.

Here, f}feo is Rusanov’s numerical flux,
FLO (= = Lo = = =
fo. Uk, Uk, ) = 5 f(Uk) -ne + (U, ) -ne ) +a(lx — k)
with — —
= Ux +ug, _
U = ——5

and « is the largest speed a(ﬁ;@ﬁKE’f ,n.) of the Riemann problem between the states ux and ug, _
in the direction n., see [12] for a practical evaluation.

We will discuss later the choice of /. in the text.
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(a) DoFs and normals of triangle K (b) Geometry for the first-order scheme

Figure 1: Geometry notations.

e For the point values
duy %
TR > @K =0 (3d)
K,ocK

In , the residual ®X is defined as
B =L, ®]OK + (1 —t,) 20" (3e)

The parameter ¢, is defined as in [3] or [5], or to satisfy an entropy inequality. This will be discussed
in details later in the text.
We need to specify the high order and low order residuals in . The high order residual ®29-K is
defined as: .

PUOK =N, ((Ko) " +e5D Ko - Vuu(xo). (3f)

Here, we have set K, = Vf(u,) - nX, ¢& > 0. The normal n¥ is defined as the sum of the outward
normals of the two segments that share o, see Figure [1}(a). Since K, is diagonalisable in R, we can
take its positive part. The parameter X is set to |K|/2'} and

NG = Y ((Ko)' +e5)
K,ocK

which is invertible if is endowed with an entropy, see [3, 5] for details.
For the low order residual we use the notations of Figure (b) The average value is identified to the

value of u at the centroid displayed as o7. From {07, ...,07} we construct 6 sub-triangles denoted by
TE i=1,...,6. One boundary vertex belongs to two sub-triangles. We define @I;(?U as
1 ~
o) o
L0 = o Z q:g’TiK (u), (3g)
TR oeTK

Ibut what really matters is that it is strictly positive.



where

D S A

K,ceK TiK,creTiK

is the measure of the dual control volume and

~ 1 1 TE =
B = 3 g n3] oy (0 Ty
o]

ﬁTf,K :% Z Yo, -

o €T

(3h)

K
The vector nZ§ in is the scaled outward normal of the edge of T opposite to ;. We can also

write (3h) as

90 =5 X (00~ ) 05 s ur - ). .

UzETiK

The relations and are discretised in time by using a SPP Runge-Kutta scheme. This enables
to approximate the solution of in R? at any t, defined by ¢ty = 0 and t;.; = t; + At;. Using SSP
Runge-Kutta temporal discretisation allows to concentrate only on the Euler forward discretisation of

and (3d).

Next, we show a formal truncation error analysis, and using this algebra, we can show a Lax-Wendroff
like theorem. This allows to give precise structure conditions on the scheme.

2.2 Truncation error analysis

We consider the following hyperbolic problem in R?

0
a—ltl +div f(u) =0, x € R? (4a)
with the initial condition
u(x,0) = up(x), x € R%. (4b)

We consider the problem in with u € @ C R?. We want to establish a truncation error formula, i.e.
some approximation of, for any test function,

0
E(p,up) = / o(x,t) (uh + div f(uh)> dx,
Rd ot
where uy, is some interpolant of the exact solution, and see a formal condition of the form

18(@, un)ll < C(llunll) [lell < 2*

where h is a measurement of the mesh size and || . || some norm on C§(R?).

We assume d = 2 to fix ideas, the case d = 3 would be done the same. We consider a triangulation of
R?, made of triangles. The triangles are denoted generically by K. The vertices of the triangles are denoted
by a;, and the degrees of freedom (hence including these vertices) by o;. The centroid of K is xx. We look
at the quadratic case, the extension to higher degree is natural.

In the particular case of the approximation we consider, we know that

6
Wl\ /K up dx =ug = Zﬂjuh(aj) + Brup(XK) (5a)

j=1



where ; = % for j =1,2,3, 8; = % for j =4,5,6 and B7 = = 55 > 0. We also have

This is a Simpson-like formula from which we get

6
u,(xkx) = O7uk + Z Hjuh(aj) (5b)
j=1
with 6; = —3 forj =1,2,3,0; = 27, =4,5,6 and, 07 = %. We also have
7
> 0=
j=1

Taking ¢ € C1(RY), we can write

/ v dx = | K| <Zﬁjga (o;)v(oj) + ﬁ7<P(XK)v(xK)> +|K| O(h®)

Jj=1

since the formula is exact for quadratic functions. In the following, we set

oV, K) = Zw (05)v(05) + Brep(xx )V (xx0).

Remark 2.1 (About the Simpson-like formula). The formula with positive weights can be shown to be
true for cubic approximation and VEM (quadratic) approzimation, see [6] for details.

The semi-discrete scheme for quadratics writes
dug 1
_ +
dt K[ Jox
and for u,, we assume a semi-discrete scheme of the following form:

dug

dt Z pr-@Kp-(uh) = O, (6b)

K,ocK
The scalar/matrices w o (u) satisfy the assumptions of (7).

Remark 2.2. In we have used the numerical flux fo in the direction n instead of the continuous one,
f(up) - n to account for the possibility of having a ﬂuw that is blended between the continuous one and a first
order one. The same will be done for the residuals ®& , we do not need to write it explicitly.

Using we see that

6
I(p, v, K) = o(XK )V + Zﬂj (¢(o) — p(xK))v(ej).

The matrices/scalars wg o satisfy

Z wik o =land |wke| <C (7)

K,oceK



for some C' independent of K, of the degree of freedom in K and the class of mesh, it may only depend on
some norm of uy, for example the L norm.
We use this on the scheme and get for each K

duy, dug duy,
I(p, = ) = plxx) —= + ;ﬁj (plo5) = p(xx)) = (),
and then insert the schemes to obtain
duy, 1 N
J(p,— , K) = —p(xg)— fodl
ey ) =0T 1
6
= Bip(o)) — p(xk)) ( > wko, P, (uh,>).
Jj=1 K,o;eK

So that, using @, and since , we get
Ji )
Zw(xm(lKIZK +]{ £ d£>
% t oK
6 duh
S IKTY By (pl) — o), () + B (1)) =0
K j=1

The relation is a rewriting of the original scheme, tested on any test function .
The (weak) truncation error of the scheme is

6(<p,uem) ::Z |K¢(XK)(d(’/TC;eI) + faKIf(}I dé)
K

dmuc®

6
# RIS By pl0) = i) rcr, (T (03) + B (7))
K j=1

where
6

mu®’ = Z u“(o;)s, +ub.

Jj=1

From (9)), we see that to get (¢, u®*) = O(h®) which is the expected behavior, it is enough to have

d(mu)  §,, Ea dl B 3 dmu®*
dt o) and =

(05) + Pk o, (Tu™) = O(hZ)

because ¢(o;) — ¢(xx) = O(h).
Indeed, we first have that, writing e = 7u®® — u®”®

)

er\ __ x @ g _ u5$ .n
(o) = 3 gt (IKI G+ - —s00) ) )

exr

SIS Bjwnc (0(0) — o) ( 7+ (B, () = B, (000) 405 () 4 B, (0™ ).
K j=1

(1)

Now by taking £, and @ ,, as in (3a)-(Bd) with ¢, = £, = 1, since [[e]loc < C' h® where the constant C' only
depends on the L* norm of u., and its derivatives, we see that %« is O(h?), while, if fo—f(u®).n = O(h?),




we get

;@(XK) ng (fo — f(u®*) -m) d¢
P p(xx)) / (fa — £(u*) m) de= > |elO(h*) = Y _|K|O(h?)
K

K edges € K edges

since p(xx) — p(xx/) = O(h), so that |e|(¢(xx) — ¢(xx/) = O(h?) = |K|O(1) for a regular mesh. This

leads to
deK Fy ery _ 3
EK QO(XK)(|K|dt + fi}}( (fo — f(u®*) - m) dé) O(h?).

d
The term %(Uj) +® .o, (u") is O(h?) and (I1) is also only O(h?) because @k , (Tu”) — B, (U) =
O(h?) but since (o) — p(xx) = O(h), we see that in the end

ex

: deo'j ex ex du ex
;m;ﬁm,aj(aaj)—w(xf())( T (B, (1) i, (00 () i, (07) ) = O,

so that (¢, ue,) = O(h3) for regular meshes.

Remark 2.3. This is not specific to two dimensional problems, because we have used that |K| = O(h?) and
le| = O(h), that is in general |K| = O(h?) and |e| = O(h?~Y) for a regular mesh.

2.3 Lax-Wendroff like theorem

Here we consider a fully discrete version of the scheme, where, for simplicity, the temporal scheme is the
Euler forward scheme from t,, to t,4+1. The quantity of interest is now the fully discrete analog of @:

, ‘ | At oK
n+1 u”?

+ Z | K| Z/B_] p(oj,tn (XK7tn))w7IL(,o-j <GJAtUj + Pk o, (uZ))] =0

This is the sum of two terms. The first one is, choosing one orientation of the edges/faces of the mesh, writes
as

(10)

+1 =n
I—ZAtzwa, <K|NUK+% fndé)
:_ZALLZ“M (XK, n+1)t (XK, tn )ﬁ’;jl

+ ZAt Z (XK, tn) — ap(xK&Jtn) /fn dl

eC edge

=D IKlp(xx, )i
K

The second one is
n+1 u”

1I= Z Atz K| Zﬁj p(o),tn) — (XK, tn ))w?(,crj (UJAtaj + Pr.o; (UZ))

We have the following result:



Proposition 2.4. We consider the sequence defined by the scheme and assume that:
1. The numerical fluzx f is consistant and Lipschitz continuous,
2. The residuals ® o satisfy
0K _
#ial <€ S X tur - uol+ Y ug ) 1)
o0’ eK oceK
where C' is independent of the mesh and u,

3. The family of scalar/matrices wi & s bounded independently of the mesh by a constant that depends
only on [[ul| Lo (raxr+),

4. The sequence {ul} and {u'%x} are bounded in L,

5. There exists a function of v € L?>(R? x R+) such that the sequence ua defined as
s) = Zuﬁgpa + Zﬁ’}{b, 5 € [tn,tnyi]
o K

converges to v in L2,

6. The sequence of meshes is reqular and for a mesh Ty, the mazximum of the diameters of the elements
of T, denoted by h, tends to 0. In other words, the ratio of the inner circles (sphere) and outer circles
(sphere) over all the mesh elements is bounded from bellow by o > 0 independent of the mesh, and h
tends to 0.

Then v is a weak solution of the problem @
Proof. Using classical arguments, for example see [9], we see that (I) converges to
+oo 8<p
—/ o(x,0)up(x) dx—/ —(x, s)u(x, s) + Vo(x, s) - f(u) dx dt.
R4 0 Rd ot

The only thing to do is to show that (II) will tend to 0. This is the purpose of the next sequence of
lemma. O

Lemma 2.5. Under the conditions of proposition we have, for all p € CH(R? x RY)

urtl —ul
lim Z Z AtK| Z/Bﬂ (o, ty go(xK,tn))w}L{m (JAtJ + Pk, (uZ)) =0

At—0,h—0

which itself needs the following lemma inspired by [13]:

Lemma 2.6. Let T > 0, N be the integer part of T/At and Q C R? bounded. We assume a family of reqular
triangulations {J,}. We consider a sequence uy, for h — 0 defined by: for t € [ty,tnt1], and x € K € Ty,

Z uo’@o' +uKb( )
occK

We also assume that there exists u € L} (Q x [0,T]) and a constant C' independent of h and u such that

supsup lun(x,8)|| < C, and hm [lup, —ul| = 0.
h

Then

A&%(ZN 5% st ugl - wil ] ) =0

KCQoeK



Its proof is postponed in the appendix [A]
Proof of lemma[2.5. We have

urtl —ul
ZZAt|K|Zﬂ] 0']7 @(XKatn))w?qaj (JAtJ +‘I’K,crj(u2)> =A+B
n=0 K
with
oo 6
A= Z Z|K‘ Z ﬁ] 0']7 QD(XKv tn))w?{,o’j (ug';-‘—l - ug’j)
n=0 K j=1
and

B = Z ZAt|K| Z 6] Uja n - QO(XKa tn))w?(,ajq)l(,aj (uZ)
K

n=0
We first have -
JAf < CY N RE]Y D (luptt —ull
n=0 K oceK

where C'is a bound independent of u and the mesh, but depending on ||V¢||. Using lemma we get that
A — 0 when h — 0. We also have

||B||<cZZhAt|K|f§( Sl 3 - )

n=0 K o,0'cK ocK
<o Sonanorl( Y fuy-uil+ X fug -kl
n=0 K o,0'cK ocK
coSans il Y fup-upl+ X - wil )
n=0 K o,0'eK occK
which also converges to 0 when h — 0 from Lemma [2.6] This ends the proof. O

Remark 2.7. We see that the consistency requirement on the point values is quite weak. This can
be observed in the numerical simulation where with a wrong implementation of the point residuals one can
get results that look good ...However, we can only get the correct convergence error only with a correct
implementation. Hence, this means that the point value update is mostly playing a role for getting accurate
results. This fact will be further exploited to design entropy satisfying schemes.

3 [Extension to entropy

Let us assume that the semi discrete scheme @ also satisfies:

dn(uk)

K
K=

+ Z lelg(Uk, Uk, _,ux) <0 (12)

Then we have the following result:
Proposition 3.1. Under the condition of proposition[2.4) the limit solution satisfies the entropy inequality:
for any ¢ € CHR? x RT), ¢ >0
g
n(u) == +g(a) - Vo | dxdt + | n(ug(x))e(x,0) dx=0
R xR+ ot Rd

10



As we can see, there is no condition on the point values.

Proof. From , we get:

dn(ug)
dt

Z v(ug) Wi o ®r o (uy) =0, v(ues) = Vun(us)
K,oeK

together with (12)). Let ¢ € Cj(R? x R), ¢ > 0. We define

0 = 3011 (st LR 3 5, o) — o) P )

+3 (w(xK)jé gn dl+ |K| Zﬂj —p(xk)) <

K j=1

V(i) Wi, Brcr <uh,>)>

K',o;€K’

Iy

We know that

/0+°O 9, dt = — Z |K| (SD(XK, n@@%) + Zﬁj ¢(a;,0 (XKaO))n(uO(O'j)))

K

+oo
/ Z|K|(8t<p(x;<) (uk) —I—Zﬁj (o) — Op(xk))n (ua])> dt.

j=1

This will converge to
+o0
[ [ e ntw axit — [ ox 0pn(unta) .
0 R Rd

We get, using the same arguments as for the Lax-Wendroff proof,

+oo +oo
gIdt:/ (pXKf &, dl dt
/ [ et

+oo
+f IK\Z& <K>)( 3 v(uaj>TwK/,aj@K/,aj<uh>)dt
0 K',o;eK’

+oo
/ / V- g(u) dxdt.
Rd

In the end, we get the requested entropy inequality.

will converge to

3.1 Bound preserving and entropy properties of the first order schemes

Concerning the bound preserving properties of these schemes, we first have the following lemma:
Lemma 3.2. We have:
1.

u” K ~n
+1 Z Z 6CO|-| uo_+1

K,0€K TK geTK

11



with AL
~n+1 _ FLO
ug - ug |K| o, TK:

@LO T is defined by (3i) and

CEPIIDIE VL S

K.o€K TK geTK K.oeK
2. If the values of u attached to the vertices of T (i.e. 2 out of {Ug,,...,Ug,} and Ug ) are in D at t,,
then a2t € @ if
1
= <.
|K|~ 6
3. We have, under the same CFL condition, the entropy inequality:

n(ugt) <plug) - At Yo vy

K,oeK

with

*E*)

1
RAaApY

TK,O'GTK

i

O'TK

K

\I’a. TK = = - Z ua-, no-, + Qrx (77(110) - n(u)T,K)

Z n(us, ).

o, eTK

3
—
£
~

x

|
W =

Proof. We first have

uZJrl:uZ—At Z C:}( Z @O'TK)

Kv‘TEK‘ d TK ,ocTK

| K| 3At ~10
= — [ u® L0 Tl
2 o\ w2 P

K,0€eK TK ,oeTk

L 6At-
- X2 e )

K,oeKTK oecTX

because [T | = |K|/6. This show the first item.
Then as in |10, |11] (see also [15} |16} |§] for earlier and very similar contributions),

T T (<f<um>—f<ua>>-nal“+2a<ua—um>>
o’lETiK

6A¢ 2Ata u” + u’” ng"\ | Ata
= (1 - = n o 9 (f(u™ ) — f(u® l n

GlGTiI( GIGTiK,a'l;éa

This shows that under that if « is larger than a(us, Uy, ”:"'%)Hnamix | and if At satisfies
o', K
A
6AL <1
K]



then under our assumptions on u,

Ti Kk
Uy + Ug, Ng;’
e (f(u,) — f(uy) - 2 € D,

Following again [10, [11] and under the same CFL condition, we see that

- A1 1 -
n(ua—s-l) <p(ul) — 6@ (3 Z ig(um) nal + a( (ug) — U(U)T}f)
o'LETiK
and the rest follows. O

We have a similar lemma for the average which proof is similar and very classical:

Lemma 3.3. The finite volume scheme:
uttl = gt |K| Z| |, (Ug, ugcr)
where tA"ne is the Rusanov fluzx is invariant domain preserving and entropy satisfying with
) < o) = 3 el (s )
e

where
and

under the CFL condition

Proof. See |11]. O

3.2 A semi-discrete entropy satisfying scheme

Here we look for a scheme that will satisfy a semi-discrete entropy inequality. From the truncation error and
the formal convergence analysis, we see that it is enough to have an entropy inequality for the average only
and we will write:

\KI Y. lelfa. @k, Uk, u) =0 (14)

dt
eCedge of K

with, on the edge e of K, we assume
le|fa, (Ar, Uk, ,T)) = (1 — ze)/f(u) ‘0, dy + Lelelfa(Ur, Uk, ) = le]((1 — £)ELO + €.£19)
with obvious notations. As usual, K. _ is the element on the other side of e. The parameter ¢, will be

chosen to satisfy a semi-discrete entropy inequality. Since there is no ambiguity, we drop the subscript "e”.
The guideline is Tadmor’s work. Setting v = V7 the entropy variable, we write

g=v"f—v

13



where 1 is the potential. From , we get

T

+Z|e VK, n.) = 0.

Then we write

Y |(<vK Fhen gy VOO VO, | VO WR),, | YV
VK T VK. Y(ug) + Y(Uk, )
ZE]IQ o) - . J

- Z| .+ 21 (v ) - V) b))

where the entropy flux is

. VK + VK, . Y(uK) + (g, )
n. = < 7fn > - e
(=3 2 e 2
Hence a enough condition is
<VK *2VKQ,_ ) Y(ak) *21/1(11&,_)116 >0 (15)

on each edge e. This condition writes
O(te) = (vic = vie. 877) = (V(@x) = ¥(Ax, ))ne + Le(ve —vi, EO-F2) >0 (16)
By construction, the Rusanov flux

£10 = Z(f@x)n, + £k, )n. + ae(Ux — gk, )),

DN | =

is known that entropy stable if . is the largest speed estimated using the states g and Uk . and thus
©(0) > 0. Since © depends affinely on /., there exists a largest £* such that for ¢, € [0,¢*], ©(¢,) > 0.
To simplify, we set

A= <VK - VK5777friO> - (1/1(31() - w(ﬁKCY—)n€7 B = _<VK - VKc,fvfrﬁO - f‘1rio>

with A > 0. The problem is to study A — ¢B > 0. We have A > ¢B and want ¢ € [0,1]. This condition
express that (B, {) should be below the dotted curves on Figure[2] A first solution could be

,_ {1 iB<4
1 £ else

B

In practice we have found it is better to stay strictly below the dotted hyperbola, and use

1 B<O
Yo = { 1—aB else, (17)

with a > i. In practice we have taken o = %7 see Figure

14
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Figure 2: Graphical representation of the condition A — ¢B > 0 and the functionals used in this paper to
estimate /..

4 Numerical examples

In order to evaluate this entropy blending parameter, we have chosen the KPP test case |14] because it is
extremely sensitive on how well the entropy condition is satisfied. The PDE is

ou

T + div f(u) =0 (18)
with

f(u) = (cosu,sinu).
The initial condition is

7~ 10.995 if ||x — (0,0.5)]| <1,
u(x,0) =
~ 0.785 else.

YR TN

The problem is set in [—2,2]2. The unique entropy solution at the final time ¢t = 1 exhibits a two-dimensional
rotational wave structure. A key difficulty of this test is ensuring that the numerical scheme introduces
sufficient dissipation so that the approximations converge to the correct entropy solution, and is not too
dissipative so that one gets a sharp representation of the discontinuities.

In the numerical simulations, we proceed as follows for the average values. Four different methods have
been tested, they differ by how ¢ is evaluated:

e If the BP condition is only applied as in [3],

e if the BP condition of [3] and the OE condition of [5] are used,

e if the BP and OE conditions are use in addition to the semi-discrete entropy condition with ¢, 5,
e if only the semi-discrete condition is used.

For the point values, except for the first order results, we keep the blending parameter of [3] or [5].

The first results plotted in Figure [3] shows the solution when the entropic blending is applied on the
average update only. The full high order scheme is used for the point update. Of course the solution is very
wiggly, especially the point value one, but clearly the entropy solution is captured. This result show that
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Y-Axis
Y-Axis

-2.0 -1.0 0.0 1.0
X-Axis

(a) point value (b) average value

Figure 3: KPP solution when only the ’entropy’ limiter is used on the average, and the fully high order
scheme is used for the point value update. We take 30 isolines in both cases, u € [0.477,11.338] and
u, € [—25.562,39.288].

the entropy blending described in this paper is effective: one only need to control the average. One can also
compare with Figure (a) and (a) when only the BP blending of [3] is usecﬂ

In what follow, unless explicitly stated, the BP blending of [3] or are now used for the point values
update in order to better control the point values extrema. The results are displayed on Figures [ [5] and [6]
We first notice that applying the BP limiter only will not lead to the correct entropy condition. If we only
use the entropy limiter (subfigure d), we may get under- or overshoot, but we get the entropy solution. This
shows that the method is effective. Compared with the results in Figure[3] where the fully high order scheme
is used for the point value update. Here, the point value update is additionally blended with the entropy
limiter. Therefore, as expected, the solution of the point values is much cleaner. The other variant are
almost undistinguishable. From Figure [5, it seems however that the method that combines all the criteria
provides the smoothest results, but BP+OE is already excellent.

2This seems to be in contradiction with a statement of , this is not. We have realized after the publication of this paper
that we had chosen the wrong global extrema. We had chosen a value of the maximum strictly less that the true value, hence
the scheme was first order initially on the discontinuity. This was enough to get the correct solution.
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Y-Axis

Y-Axis

(¢) BP OE Tadmor (d) Tadmor

Figure 4: KPP problem, average values, (a): BP solution, (b) BP with OE, (c): BP with OE and entropy
limiter . 30 iso-lines between 0.7 and 11.
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(¢) BP OE Tadmor (d) Tadmor

Figure 5: KPP problem, point values, (a): BP solution, (b) BP with OE, (¢): BP with OE and entropy
limiter . 30 isolines between 0.7 and 11.

The mesh used for solving this KPP problem is displayed in Figure [f] together with the solution with the
entropy correction only, the BP-OE-Tadmor parameter and the first order solution. This also show the gain
in accuracy across the discontinuities.

18
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Figure 6: KPP problem, zoom of the mesh and the isovalues of the solution for: Tadmor correction only,
BP+OE+Tadmor and Rusanov soluton.



Point values average
Scheme Min | Max Min | Max
BP 0.7854 11. || 0.7854 11
BP OE 0.7854 11. || 0.7854 11
BP OE Tadmor || 0.7854 11. || 0.7854 11
Tadmor 0.6719 | 11.04 || 0.6265 | 11.13

Table 1: Min and max of the KPP solution for the different schemes.

5 Conclusions

We have shown how to construct an entropy stable Active flux type scheme. Adding this condition to Bound
preserving conditions and non oscillatory scheme, we get a scheme that is entropy stable, non oscillatory and
bound preserving. Though our numerical examples are only given for triangular type meshes, the results will
go without modification to polygonal type ones. We also have shown that nothing need to be done for the
point value update. The structure of the proof shows that this result will also go to very high order active
flux type schemes, as in [2, [7] with the same methodology: only act on average values.

We have (yet) not been able to show analytically that the entropy correction we propose is compatible
with the preservation of the formal accuracy. However, the results, such as those of Figure [6}(a), (b), (c)
and (d), compared to [6}(e) and (f), indicate that the scheme is much less dissipative than the baseline one,
the Rusanov scheme.
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A Proof of Lemma 2.6

Proof of lemma[2.6, We show that

N
fi (a0 3 3 Iy g ) =0

KCQoeK

and
N
. n 7 —_
i (oA S Y o -k ) =0
n=0 KCQoeK
First, there exists C; depending only on the family of meshes such that

N

N T
S 3 KDY ol < S0 [ uno e At -wn G ldx < [ [ b A0 1)
K 0 J@

n=0KCQ oceK n

because At < Ch since the family of solution is bounded and the mesh regular. Since the family {uy (e, e)}
is bounded, there exists v; € L?(Q x [0,T] such that uy(e,e) — v; in the L? weak-x topology. Similarly,
there exists vo € L*(Q x [0,7T]) such that uy(e,e + At) — vy in the L? weak-x topology. Since u, — v
in L?(Q x [0,T], Q bounded and L? C L' topologicaly, there exists a subsequence uy, such that u,, — v
almost everywhere. Hence, using again the boundedness of u; and the Lebesgue dominated convergence
theorem, we see that vi = vy = v, so that

T
/ / [lup(x,t + At) — up(x,t)||dxdt — 0.
0 Ja@
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This gives the first part. The second part is obtained using the same arguments together with

Yo g —ug+ ) up —uk| <O Y up — k|

o,0'eK oceK occK

thanks to the triangle inequality applied to the first term and C' comes again from the regularity of the
mesh. O
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