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Abstract.

In many applications, including Stackelberg games, machine learning, and power systems [36,
45, 48], the decisions in a minimax optimization problem can be constrained by a solution to an
optimization problem. In this paper, we introduce optimality conditions of this novel minimax bilevel
optimization problem and develops efficient first-order algorithms for this class of problems. Firstly,
we establish the optimality conditions for minimax bilevel problems by reconstructing the lower-
level problem through its Karush-Kuhn-Tucker (KKT) conditions and value function. Secondly,
we develop a penalty method framework to approximately solve the minimax bilevel problem by
transforming it into a single-level minimax problem. Thirdly, we design a projected gradient multi-
step ascent descent method to solve the resulting minimax problem, which can find an eKKT
solution for the original minimax bilevel problem within O(¢~3 log(e~1)) iterations. To improve the
convergence rate of the algorithm, we provide its Nesterov accelerated extension with O(e~3 log(e 1))
iteration complexity. Finally, we demonstrate the effectiveness of our model and algorithms through
numerical experiments on various minimax bilevel optimization problems and a bilevel economic
dispatch in the power system.
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1. Introduction. Classical constrained minimax optimization is a significant
class of optimization problems due to its wide application in machine learning and op-
eration research, e.g., generative adversarial networks, adversarial training, and (dis-
tributionally) robust optimization [10, 14]. Inspired by the market clearing mechanism
in power system, the inner-level decisions in the minimax optimization is considered
as a solution to a minimization problem. In this paper, we consider the following

minimax bilevel optimization problem

i A= f A\'(Az + By —
o gélgygglg)ceAf(fﬂ,y, )= [f(z,y) + A" (Az + By — ¢)
’ s.t. y € argmin g(z, \),

2€Y

where f : R% x R% — R is a continuous differentiable function and f(-,%) is noncon-
vex for any given y € ), X C R%, Y Cc R% and A € R® are convex and compact
sets. Moreover, g : R% x R% — R is continuously differentiable and convex in z for
any given A € A.
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1.1. Background. Minimax bilevel optimization presents a versatile frame-
work that includes various practical applications arising in power systems [3, 48],
transportation [9], machine learning [23, 59|, and so on. We introduce three impor-
tant applications.
Market clearing mechanism in power systems. The electricity market clearing
mechanism model is considered as the hierarchical interaction with the information of
power and price exchanged between distribution system (DS) and microgrids (MGs)
in [48], where DS determines the distribution locational marginal price and the un-
certain locational marginal price and sends these price signals to MGs. Each MG
subsequently optimizes its dispatch based on the received price, which determines the
operation cost of power exchanges with DS. Inspired by this modeling approach, we
formulate a deterministic bilevel optimization framework to characterize the interac-
tions between DS and single MG, i.e.,

min max ¢z + AT (Az + By — b)
1 2) TEX \yeY
(1. st.  ycargmin ATz 4 clz.
z€Y
The detailed derivation of the model is presented in Section 5.1. Note that the problem
(1.2) is a special case of the minimax problem (1.1) with linear objective functions in
both the upper-level and lower-level problems.
Adversarial training. Adversarial training (AT) is an important defense mechanism
to enhance the robustness of deep neural networks against perturbations. Specifically,
AT was formulated as a unified bilevel optimization problem [59, 1]. The upper level
alms to minimize the training loss, while the lower level is used to model the attack
generation process. In this model, the unknown true distribution is assumed in a
given uncertainty set, and the objective function is formulated with respect to the
worst case expected cost over the choice of a distribution in the set. Under some mild
conditions, a distributionally robust bilevel AT model can be formulated as
N

i - 1£ r 0, i 61 0, R S Ys
(1.3) p:[prﬁgflepa,tg?e?iy) ;p [Cer (0, i + 6:(0; 2, ) 13)]

s.t. 0(0;x,y) € argmin Lo (6,5 2, y),
6eC

where P is referred to as a finite ambiguity set that contains all possible probability
distributions. This is a minimax bilevel optimization problem (1.1).

Robust signal-setting for road network with uncertain performance pref-
erences. A robust signal setting problem aims to minimize the total travel delay
incurred by road users under the decision maker’s performance preference uncertainty.
This problem can be formulated as minimax bilevel problems, considered in [9]. Ac-
cording to Wardrops principle, and under some mild conditions, a minimax bilevel
signal-setting problem can be expressed as follows

(14) max min | POV.U, (D)), stf(D) € S(D),

where S(¥) denotes an optimal solution set determined by the following user equilib-
rium traffic assignment optimization problem

Ja
i (U, w)dw.
(1.5) min Z/o co (U, w)dw

ac€l
However, for such minimax optimization problems with complex constraint struc-
tures, the current study only offers heuristic numerical algorithms and has not pro-
vided numerical algorithms with theoretical convergence.
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1.2. Related works.

Bilevel optimization. Constraint-based methods have played an important role in
solving bilevel optimization (BLO) problems by fundamentally reforming them into
single-level optimization problems. One approach involves replacing the lower-level
problem with its KKT conditions, resulting in a single-level mathematical program
with complementarity constraints or equilibrium constraints (MPCC/MPEC) [19],
which can be solved using specialized algorithms [2, 31, 37]. However, the origi-
nal BLO problem is not always equivalent to its KKT reformulation, specifically in
cases where the lower-level problem is not convex or has multiple multipliers de-
spite being convex [16]. To overcome this limitation, another approach reformulates
BLO into a single-level optimization problem with an inequality constraint based
on the value function of the lower-level problem, which was first proposed by [38].
The main challenge of value function based methods comes from the nonsmooth-
ness of the value function even when the lower-level objective is smooth. Using the
smoothing technique on value function and penalizing the smoothed value function
to the upper-level objective via penalty methods, numerous BLO algorithms have
been proposed [4, 29, 33, 56]. Furthermore, assume that the lower-level problem has
unique optimal solution, hypergradient-based methods have been designed for BLO
[8, 20, 25]. However, hypergradient-based methods are computationally expensive
due to the evaluations of Hessian-vector or Jocabian-vactor products at each itera-
tion. To avoid the nonsmoothness of value function and high computational cost,
developing fast and tractable methods for them holds substantial importance. In [30],
Liu et al. introduced a simple and fast fully first-order BLO algorithm with a dy-
namic barrier gradient descent on the value function reformulation and established
its non-asymptotic convergence to local stationary points. Recently, Lu and Mei [35]
utilized a novel penalty method to transform BLO into a structured minimax prob-
lem, and proposed a first-order method to solve the resulting minimax problem to find
an e-KKT solution of the original BLO. While most research on BLO focuses on the
optimistic reformulation, the pessimistic case has received significantly less attention
because of its relative intractability [17, 18]. Lampariello et al. [27] introduced a stan-
dard pessimistic BLO formulation, addressed it by transforming it into an optimistic
BLO with a lower-level Nash game and then applying KKT conditions to obtain a
tractable single-level MPCC. By reformulating BLO into an approximated single-level
problem based on the value function, [32] developed a novel sequential minimization
algorithmic framework to handle optimistic and pessimistic BLO.

Multi-level optimization. More recently, researchers have begun to explore general
multi-level optimization framework [49, 41, 24]. For example, [42] extended a gradient
method for BLO to a multi-level problem and established its theoretical guarantee.
Shafiei et al. [44] applied proximal gradient methods based on fixed-point theory to
solve convex tri-level and multi-level problems. Tu et al. [47] proposed a first-order
algorithm to solve a max-min-max tri-level problem arising from robust optimization.
Minimax optimization. Minimax optimization has attracted considerable atten-
tion in recent years, with numerous efficient algorithms proposed for (non)convex-
concave settings [7, 26, 50, 58]. For general nonconvex-nonconcave (NC-NC) setting,
there are many existing works. Yang et al. [52] employed alternating gradient de-
scent ascent (AGDA) algorithm to solve deterministic and stochastic NC-NC mini-
max problems, and first provided the convergence result of AGDA algorithm under
two-sided Polyak-Lojasiewicz (PL) conditions. Subsequently, Xu et al. [51] pro-
posed a zeroth-order AGDA algorithm and its variance-reduced variant for a broad
class of problems. Under the PL condition, their proposed algorithms can find an
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e-stationary point within O(e=2) and O(e~3) iterations, respectively. Grimmer et
al. [21] used the saddle envelope to reformulate the NC-NC minimax problem into
convex-concave case, and developed a damped proximal point method to solve the
resulting problem. Lan et al. [53] investigated a novel class of stochastic minimax
problems with complex expectation constraints, and utilized a stochastic projected
gradient descent method to solve its primal-dual reformulation with a min-max-max-
min structure. Li et al. [28] introduced a smoothed proximal linear descent-ascent
method for structured nonsmooth NC-NC minimax problems, which can find both
e-game- and e-optimization-stationary points in O(e_zmax{%’l}) iterations under the
Kurdyka-Lojasiewicz property with exponent 6 € [0,1). However, these methods pri-
marily address minimax problem without coupled constraints. Recently, Tsaknakis et
al. [46] studied a minimax problem with coupled linear constraints and established its
duality theory and a novel stationary point concept. Subsequently, they addressed it
via its dual problem that possesses a three-level min-min-max structure, and proposed
a multiplier gradient descent algorithm with convergence guarantee. Considering a
nonsmooth nonconvex-linear minimax problem with joint linear constraints, Zhang
and Xu [57] proposed an alternating proximal gradient algorithm and established its
iteration complexity of O(¢~3) for finding an e-stationary point. Dai et al. [11] es-
tablished optimality conditions for nonsmooth minimax problems with coupled linear
constraints, and subsequently developed a proximal gradient multi-step ascent descent
method that finds an e-stationary point within O(e =2 log e~!) iterations. Further, Dai
and Zhang [12] provided optimality conditions for minimax problems with general cou-
pled constraints, and proposed an augmented Lagrangian method for NC-NC problem
with equality constraints in [13]. In [34], a first-order augmented Lagrangian method
was proposed to solve the constrained nonsmooth minimax problem, which can find
an e-KKT solution with operation iteration O(e~*loge™1).

Minimax bilevel optimization. There has been a limited number of works concen-
trating on the minimax BLO problem. In addition, existing works focus on a special
case when the lower-level objective is strongly convex. Gu et al. [22] first formulated
the task-robust meta-learning problem as a minimax BLO problem, and proposed
a gradient descent and ascent bilevel optimization algorithm for the resulting prob-
lem. In [23], two simple single loop single timescale stochastic methods were proposed
for solving a multi-block minimax BLO problem, and were shown to converge to e-
stationary point with an oracle complexity of O(¢~*). To incorporate robustness in
the multi-objective setting, Chen et al. [8] studied a minimax multi-objective BLO
problem with significant applications in the robust machine learning. They developed
a class of fully single-loop and Hession-inversion-free algorithms within a moving-
average step for solving the inner max part of the minimax BLO problem. Considering
a constrained setting, [1] introduced two novel single-loop inexact bilevel primal-dual
algorithms designed for nonconvex-concave minimax BLO problem, including one-
sided projection-free method and fully projected method. Their proposed algorithm
can achieve an e-stationary solution within O(e~*) and O(e~®) iterations for one-sided
projection-free and fully projected methods, respectively. Using the penalty method
to transform minimax BLO problem into a simple minimax problem, Yang et al. [54]
developed a fully first-order single-loop algorithm and a memory-efficient method to
solve the resulting minimax problem and applied them into deep AUC maximization
and robust meta-learning. However, they only considered minimax BLO problems
with simple structures, and the iteration complexity they obtained can be further
improved.
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1.3. Contributions. In this paper, we focus on a new class of bilevel opti-
mization problems with minimax structure, where the upper-level is NC-NC minimax
problem, subject to a convex lower-level problem related to the upper-level maxi-
mization component. Unlike existing works on minimax bilevel optimization, which
primarily address special cases where f is (strongly) concave in (y, A), and g is strongly
convex in z, we consider a more general case in which f(x, -, -) is nonconcave and g(-, \)
is convex. Utilizing penalty method, we transform problem (1.1) into an approximate
single-level minimax problem and then adopt a first-order numerical method to solve
it. Our main contributions are summarized as follows.

Firstly, for this novel pessimistic bilevel optimization model with a minimax
structure (1.1), we define minimax-strong stationary, minimax-Bouligand station-
ary, minimax-Mordukhovich stationary, minimax-Clarke stationary, minimax-weakly
stationary, minimax-value stationary, minimax-hypergradient-based stationary con-
ditions and analyze their relationships, and establish the corresponding optimality
conditions. To the best of our knowledge, no prior work has identified these station-
ary points of the minimax bilevel problem (1.1). These results are derived from the
equivalent reformulations via KKT conditions and value function of the lower-level
problem.

Secondly, a penalty method framework is designed to approximately solve the
problem (1.1) by transforming it into a single-level minimax problem. We establish the
convergence of the proposed penalty method, demonstrating that any accumulation
point of the solution sequence generated by the penalty method is an optimal solution
of the problem (1.1) when the penalty parameter is sufficiently large.

Thirdly, we develop a projected gradient multi-step ascent descent (PG-MAD)
method and its Nesterov accelerated variant (NA-PG-MAD) to solve the reconstructed
nonconvex-nonconcave minimax problem, and provide the corresponding iteration
complexity guarantee. Under some mild conditions, we prove that both algorithms
can find an e-KKT solution of problem (1.1) in O(e 3loge™!) iterations.

Finally, we show that the proposed methods can efficiently handle important
minimax bilevel problems in power systems, machine learning and transportation, and
analyze the theoretical convergence results. We further validate the practical utility of
the proposed model by applying it to a bilevel coordinated economic dispatch model
for DS and MG.

1.4. Organization. The remainder of this paper is organized as follows. In
Section 2, we provide the basic assumptions, introduce several stationary point con-
cepts, and derive the optimality conditions for problem (1.1). In Section 3, we develop
a penalty method for problem (1.1) with its convergence analysis. In Section 4, we
propose a first-order method along with its Nesterov accelerated extension, followed
by a theoretical analysis of their iteration complexity, respectively. In Section 5, we
give three applications regarding with a minimax bilevel optimization problem. Pre-
liminary numerical results conducted to validate the proposed model and algorithms
are reported in Section 6. Conclusion is made in the final section.

1.5. Notations. The following notations are used throughout this paper. [a, b]"
denotes the set {z € R"|z; € [a,b],i = 1,2,...,n}. Let || - || be the Euclidean norm.
Tc(z) represents the tangent cone of the set C' at the point z. A function ¢ is
said to be Ly,-smooth on its effective domain dom(y), if [|[Ve(z) — Ve(2')|* <
L2v¢||37 —&'||? for all z,2” € dom(p). If p(x) 4+ §|z||* is a convex function, then ¢ is
referred to as p-weakly convex. It includes all convex functions and smooth functions
with Lipschitz continuous gradient [21]. For a lower semicontinuous convex function
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0 : R" — R U {400}, the proximal operator associated with ¢ is denoted by prox,
with 4 > 0, that is,
1
proxs,(z) := arg min{ﬁg(z) + §||z - x||2}, Vo € R™.
z€R™

Let o(z) be given by an indicator function, i.e., o(z) = d¢(x), where C is a nonempty
set. Then,

L 1 : :

Proxs,(r) = argmln{véc(z) + §||z - LEHQ} = argmin ||z — z||* = proj(x).
n z€C

. . z€R
For simplicity, let us define

Tﬁf’g(x) = prox;-1,(z — 5~ 'V f(z)) and G%c’g(x) =75z — T;f’g(x)).
Specifically, when o(z) = d¢(z), we use T,{’C(a:) = projo(z — 4 1V f(x)) and G%’C(x)
= y(z — T,—{ ‘“(z)). Similar to the definition of an e-optimal solution for minimax

problem [35], we introduce a class of approximate solutions for a general min-max-

min optimization problem

1.6 &* = min max min @
(1.6) min max min (.9, 2),

where @(-,y, 2) : R% — RU{co} and &(z,y,-) : R — RU {oc} are lower semicon-
tinuous functions, @(z,-,2) : R% — R U {co} is an upper semicontinuous function,
and &* is finite. The sets X € R% .Y C R%, and Z C R?% are convex and compact.

DEFINITION 1.1. A point (e, Ye,2¢) € X X Y X Z is called an e-optimal solution
of the min-max-min problem (1.6) if
@(xf’ yE? ZC) - Irlzlné(xﬁ7 y67 Z) S 67
max min@(ase, Y, Z) - @(me’ Ye, ZE) < €,
Yy z
¢($eaye7 ze) - 9" <e

2. Problem properties and optimality conditions. In this section, we
derive properties and optimality conditions of the problem (1.1). First, we provide
some basic assumptions about functions f, g and sets X', ), A.

ASSUMPTION 2.1. Let functions f : R% x R% — R, g: R% x R — R and sets
X, Y, A satisfy the following assumptions.
x,y) 15 continuous differentiable an #-smooth on X X ). at 18, for
1) f ; ' diff jabl d Ly h on X x Y. That is, f
any (z,y), (@', y") € X x Y, the following inequality holds
IV f(z,y) = V@', y)* < L3y (o =22+ ly = /1% -
aqly, 18 continuous differentiable and L g,-smooth on )Y X A. at 18, for
2 A) i j diff jabl d Ly, h on'Y x A. That is, f
any (y,\), (¥, N) € Y x A, the following inequality holds
IVg(y. A) = Va(y', N)IIP < L (Ily — v/ I* + 1IN = N]?) -
For any given A € A, g(-,\) is convex .
(3) X CRY% Y CR%, and A C R are convexr and compact sets.

Under these assumptions, one can observe that the lower-level optimal solution
set Y*(\) = {y € V|g(y, ) = min; g(z,A)} is nonempty for each A € A. Moreover, if

yr € Y*(Ar) and A — A, all the cluster points of {yx} are in Y*(\).
For notational convenience, we define

2.1 Wi = a)‘v W i a)‘v
(2.1) gni = max Ag(y ) Jlo o Ag(y )
2.2 ;= SYs A), ow ‘= i SY, A
(2.2) fn (W,kgrelgfxxymf(w Y A) h (wyyjk)rrelglxy“f(x Y A)

Remark 2.2. Under Assumption 2.1-(1), it is easy to obtain that the upper-level
objective function f(z,y, ) in problem (1.1) is Ly-smooth where Ly; := Lyj7 +
Al -+ [1B].



MINIMAX BILEVEL OPTIMIZATION PROBLEMS 7

1. Minimax with complementarity constraints. In this part, we con-
sider the equivalent complementarity constraint optimization problem of the general
minimax bilevel optimization problem

minmax f(z,y,\)
LTI

(2.3) st gu(z) <0, gA(N) <0,
y € argzmin {9(z,A) = gy(2) <0},

where g, : R — R% g, : R — R%, gy : R™ — R% are continuously differ-
entiable and convex functions. Under the lower-level convexity, the problem (2.3) is
reformulated as the following general minimax problem with complementarity con-
straint (Min-MaxPCCQC)

min max f(z,y,\)
Ty Apl

(24) st go(x) 0, ga(M) <0,

Vyg(y, A) + (T gy () 1 = 0, 0> g, (y)Lp' >0,
where ! € R% is the multiplier of the lower-level problem. Note that even for
simple boundary constraints shown in (1.1), the equivalent problem is a minimax op-
timization problem with nonconvex nonseparable constraints due to complementarity
constraints. In the following, we introduce several stationary points to analyze the
optimality conditions of the problem (2.4).
Let the feasible region of (2.4) is F C R *dv*dxXa  For any (7,7, \, i) € F,
define the following index sets
a = {il(gy)i(y) = 0, f5; > 0}, 8 := {il(g,)s(9) = 0, 5; = 0},

v = {il(95)s(y) < 0, z; = 0}.
Define the Lagrange function of the minimax problem (2.4) as

L(l‘,y, Avﬂl;ﬂm7 uy7MA7Mm7Mh7MC) = f('ra Y, A) + gg(a:)/f - gg(y)ﬂy - QI(A)M

+ () ™ = (Vygly, )" = (W) (T gy () 1 = 1gy (y)n',
where p® € R%, ¥ € R%, * € R% are the multipliers for corresponding inequality
constraints in the upper-level problem, and p™ € R% is the multiplier for the con-
straint ! > 0, and p € R% is the multiplier for the equality constraint in (2.4), and
u¢ € R is the multiplier for the complementarity constraint in (2.4). We define the
following strong stationary point, which is viewed as the KKT condition established
at (z,9,\ ') € F.

DEFINITION 2.3. (Minimaz-S-stationary condition) A point (%,9,\, i) € F is
said to be the minimax-strong stationary of Min-MaxPCC (2.4) if there exists (u*, u¥,
M)\7Nm7uh7l’l’c) c Rz X0y XqrxXqy Xdy X1 g b that
(2.5)

A

vyf(:za@ X) - (jgy(g))T/Ly - yyg ya + Zﬂz yy gy )/L - /Lc(jgy(g))Tﬂl = 07

VAL (@9, 2) = (Tor(N) 1 = Viag(@, A" =0,
p" = Tg@u" — ugy () =0,

Vg, A) + (T gy (y) 1! =0,

0> gy(y) L' >0,

0> go(2)L >0, 0>g,()L p¥ >0, 0> g (\)Lp* >0,
0<pu™Lp' >0.
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If (Z,9,\ ') is a local minimax point satisfying the well-known independent con-
straint qualification (MPCC-LICQ) in [[55] Definition 2.8], i.e

Va(gz) 1, (T) 0 0 0 0
5 d _ _
0 0 Viyg(yQ\HZil:l ﬂévjy(gy)i(y) ((ng(y))dauﬂxdy)T 0
0 Valga), (V) Virg(@2) 0 0
0 0 JT9(9) 0 Zag iy xdguy

has full column rank at (z, g, A, i), where I, := {i|g.(%) = 0}, I := {k|gr()) = 0},
then the Minimax-S-stationary condition holds. However, the equivalence may fail
when the set of Lagrange multipliers of the lower-level program is not a single. So we
define other stationary point.

Note that if (Z,7, A, i) is a local minimax point of the minimax problem (2.4),

then we have for any D = (D, D,, Dy, D,,) € Tr(Z,9, \, ii'),
T

Vaf(Z,7,)) D,
—V, f(Z,9,\) D, | >o0.
—Vaf(Z,7,\) Dy

This is a first-order necessary optimality condition. Since the tangent cone of F is
generally difficult to characterize, we introduce the following Minimax-B-stationary
point of the minimax problem (2.4) using the following linearized tangent cone.

DEFINITION 2.4. (Minimaz-B-stationary condition) A point (z,7,\,i') € F is
said to be the minimaz- Bouligand stationary of Min-MazPCC (2.4) if for any D =
(Dy, Dy, Dy, D,,) € TEY(Z,9,\, fi'), we have

Vol @58 \' [ Da
—Vaf(Z,9,\) D,

where the lmeamzed tangent cone
TENZ, g, A, i) :={D € Rl=*dvxdxxay . (g ()T D, =0, i € I,

V(g2)i(N)T'Dy =0, i€,
T

Viua (3, A) + Zz L V2 (94)i(9) D,
vz)\g(:% ) D)\ = O
T9(7) Dy,

V(g,)i®)TD, =0, i€a, (D,);=0, i€,
wmin{V(g,)i(5)" Dy, (D)i} = 0, i € B}.

Note that Tx(z,y,\,a!) C TA™(z, 9, A\ ml). If (2,9, A7) is a local minimax
point of the minimax problem (2.4) and the following minimax-Abadie constraint
qualification holds at this point, then (Z,%, A, i') is a Minimax-B-stationary point.

DEFINITION 2.5. (Minimaz-Abadie Constraint Qualiﬁcation} It is said that the
minimaz-Abadie constraint qualzﬁcatzon holds at (z,y, \, fi heFif

T 5 A i) = TE(3, 5. A ).

We can establish the following relationship between the Minimax-S-stationary

and the Minimax-B-stationary.

THEOREM 2.6. If (z,9,\, it) € F is a minimax-strong stationary of (2.4), then
(z,9,\, ') € F is a minimaz-Bouligand stationary of Min-MazPCC (2.4).

Proof. See Appendix A. ]

Since the minimax-Abadie constraint qualification does not always hold, we give
the following Minimax-M-stationary point.
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DEFINITION 2.7. (Minimax-M-stationary condition) A point (z,3y, A\, i!) € F is
said to be the minimaz-Mordukhovich stationary of Min-MazPCC (2.4) if there exists
(Mac7 ’uy7u)\7um7uh7uc) € RY=Xdy>Xax XqyXdyX1 g0 -h that

Vo (#,9,0) + (T9:(z) 1" =0,

d

ViF @90 = (T9s @) 1" = V9@ V" = 31V (9,):@)n" = 1 (T 9,@)" A =0,
i=1

Vaf(@5,2) = (Tga(N) i = Vg (@, " =0,

p" = Tg@u" — 1y (y) =0,

Vyg(y, \) + (Tgu () 1! =0,

0> go()Lp® >0, 0> ga(A)Lp’ >0,

py =0, po =0, either pf >0, p;" >0 or pfp" =0,i€p.

If the constraints g.., gy, gx of the upper-level problem degenerate into affine con-
straints and the lower-level problem is a linear programming problem, then constraints
of the problem (2.4) are all affine. Especially, let V,g(y,\) = C, € R¥, Jg,(y) =
G € R% >4y the equality constraints degenerate into the following linear constraints

(2.7) C, +GTut =0.
Hence, we have the following conclusion.

THEOREM 2.8. Suppose that (z,75, \, i') € F is a local minimazx point of (2.4) and
Jzs Gy, 9, g are all affine mappings, then (z,9,\, i) is a minimax-Mordukhovich
stationary of Min-MazPCC (2.4).

Proof. See Appendix A. ]

Note that if the function f is linear about y and g is linear on y, A in (1.1), it
implies from Theorem 2.8 that if (Z,, A, fi) is a local minimax point of the equivalent
Min-MaxPCC problem of (1.1), then (Z,#, A, fi) is the Minimax-M-stationary point.
An important application is the market clearing mechanism in power system, which
satisfies the conditions in Theorem 2.8, so the local minimax point is a Minimax-
M-stationary point. The following theorem shows that the Minimax-M-stationary
condition is weaker than the Minimax-B-stationary condition of (2.4).

THEOREM 2.9. Suppose that (Z,9,\, i') € F is a local minimaz point of (2.4)

and the Minimaz-Abadie constraint qualification holds at this point, then (T, 3, \, i)
is a minimax-Mordukhovich stationary of Min-MaxPCC (2.4).

Proof. See Appendix A. ]

Note that under the conditions in Theorem 2.9, we have (z, g, A, ﬂl) is a Minimax-
B-stationary point. Hence, we have the following corollary.

COROLLARY 2.10. If (7,7,
MaxPCC (2.4), then (Z,y,\, i
MazPCC (2.4).

M\ ') € F is a minimax-Bouligand stationary of Min-
Y € F is a minimaz-Mordukhovich stationary of Min-

For the definition of the Minimax-M-stationary of (2.4), we can define the follow-
ing weaker condition.

DEFINITION 2.11. (Minimaz-C-stationary condition) A point (z,y,\, ja') € F
is said to be the minimaz-Clarke stationary of Min-MaxPCC (2.4) if there exists



10 YALING HU, JIANI WANG, YU-HONG DAI, XIAOJIAO TONG

(1, ¥, i ™ s ) € RI= XX axxayxdy >t gych, that
Vo f (2,5, + (Tg2(2)) 1® =0,

d;
Vo f(@,9.)) = (Tgy(@) 1’ — Viyg(i, " — Zuﬁvf/y(gy)i(ﬂ)uh — (T, =0,

VAS(Z,5,2) = (T9x(N) 1™ = Viag(@, " =0,
= Tg@u" - utey(y) =0,
Vyg(:% N+ (Tgy(y)" ' =0,
0> g.(2)Lp" >0, 0> gr(A)Lp* >0,
ph =0, poy =0, pfui* >0,i€p.
The Minimax-W-stationary is the weakest stationary condition, where no restric-
tions are placed on the multipliers p¥, p™ within 3.

DEFINITION 2.12. (Minimaz- W-stationary condition) A point (Z,y,\, ja') € F
is said to be the minimaz-weakly stationary of Min-MaxPCC (2.4) if there exists
(", ¥, i ™ s p©) € R XX axxay Xy gych, that

Vaf (2,5, 0) + (T 92()) 1" =0,

dy
Vo f(Z,9,2) — (Tgy (@) 1 Vf,yg(gﬁ)uhfZuivf,y(gy)i(ﬂ)uh*/f(ng(?J))Tﬁl 0,

Vaf(Z,9,2) = (Tor(N) w? = Viag(@, A" =0,
p" = Tg@u" — ey (@) =0,

Vyg(y, N + (Tgy () ' =0,

0> go(Z)Lp” >0, 0> ga(A)Lp >0,

wy =0, pg =0.

We have the following relationship between all five stationary points.

Minimax-S- N Minimax-B- N Minimax-M-
stationary stationary stationary
¥
Minimax-C- N Minimax-W-
stationary stationary

2.2. Minimax with value function. In this subsection, by denoting the value
/marginal function of the lower-level program V' (\) = min,cy g(z,\), we propose an-
other minimax stationary point of the problem (1.1). The problem (1.1) is equivalent

to the following minimax problem (Min-MaxVP)

08 min max flx,y, )

s.t. 9(y, ) < V(A).
We give the stationary condition based on the value function of V/(A).
DEFINITION 2.13. (Minimaz-V-stationary condition) A point (Z,7, \) is said to be
the minimaz-value stationary of MIN-MAXVP (2.8) if there exists multiplier u € R%
such that

V’I’f('l_:? g? 5\) = O’
Vyf(@?ja 7) - nyg(Zg) x) = 0)
Vaf(@,5,A) — u(Vag(y, A) = 9°V(X)) 0,
p =0,
where 9°V denotes the Clarke subdifferential of the value function V
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Under Assumption 2.1, if (Z, 7, A) is a local minimax point, then the MINMAX-V-
stationary condition holds. This stationary condition is stronger than the Minimax-
S-stationary condition for the problem (2.4). Considering the differentiability of the
optimal solution function of F(\), under some mild conditions, we can define the
following Minimax-hypergradient-based stationary point.

DEFINITION 2.14. (Minimaz-H-stationary condition) Assume that X = R%= ) =
by A =R™, f(x,-,-) and g(-,-) are twice continuously differentiable i@Rdde* for

any x € R% and g(-, \) is strongly convex for any A\ € R4 . A point (T, )\) is said to
be the minimax-hypergradient-based stationary of MIN-MAXVP (2.8) if
(2.9) Va f(Z,5(A), A) =0,
VA f(@,5(0), A) = V3,900, N[V, 95N, NV, (@, 5(0), A) = 0,
where () = argmin, g(z, \).

We have the following relationship between Minimax-S-stationary point and the
stationary points defined with value function.

Minimax-S-stationary —>{ Minimax-V-stationary —> Minimax-H-stationary

3. Model analysis and algorithm. In this section, motivated by the penalty
method for general bilevel optimization proposed in [35], we reformulate problem
(1.1) into a single-level min-max-min problem and propose a penalty method for it.

To achieve this goal, we observe that problem (1.1) can be viewed as

* = min ma T, Y, A
f min max f(@,y,0)

s.t. gly,\) < mi:'{}g(z A).
€
Note that g(y, \) — min.cy g(z,A) > 0 for all y € Y, A € A. Consequently, a natural
penalty problem for the problem (3.1) is
A) — A) — mi A
min max - f(@9,4) = plg(y, A) —ming(z, 1)),

where p > 0 is a penalty parameter. It is not hard to find that it is equivalent to the
following min-max-min tri-level problem

3.2 \) — A — g(z,\).
(L ) gg;(lyergégé[\gg f(x,y,N) — plg(y, A) — g(z,A))
et

(33) Pp(x7 Y, )\7 Z) = f(xa Y, )‘) - p(g(yv )‘) - g(Z, )‘))
By the definition of f(z,y, ) in (1.1) and Assumption 2.1, one can observe that P,

satisfies the following properties.

(i) P, has Lipschitz continuous gradient with Lyp, := Lyy + 2pLv,.

(i) P is nonconvex in x, nonconcave in (y, A) but convex in z.
Hence, the problem (3.2) is a nonconvex-nonconcave-convex min-max-min problem.
Moreover, using (2.1), (2.2), the definition of P, in (3.3), and the triangle inequality

of min and max operators, it holds that

Ppni = max P (z.v \ 2
p,hi (w,y,/\,Z)EXnyAxy P( sy Yy Ay )

< max T,y,A\) + max zZ,A\)+ max — S A
_(x,y,A)eXxyfo( y ) ()\,z)eAxypg( ) (A\y)EAXY pg(y )

thi + PIhi — PYlow;

(3.1)

and

P,low i= min P,(x,y,\ z
prlow (,y,\,2) EX XY XAXY p( b )

> min z,Y,A)+ min Z,A)+ min — J A
,(x7y7A)EXnyAf( Y, A) W)emypg( ) oun P9y, A)

> flow + PGlow — PGni-
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3.1. An ideal penalty method. Based on these observations, we are now
ready to propose a penalty method for the problem (1.1) by solving problem (3.2).

Algorithm 3.1 An ideal penalty method for problem (1.1)
1: Input: positive sequence {py} and €5 with limg_,o (pr, €x) = (00, 0).
2: for £k=0,1,2,...do
3:  Find an e,-optimal solution (z*,y*, \¥, 2¥) of problem (3.2) with p = py.
4: end for

In what follows, we validate the convergence property of the iteration sequence
generated by Algorithm 3.1 as p — oco. Define the following notations:

(3.4) Flow = {(y, A) €Y xAlgly,\) = gélg}l g(z, )\)},

(3:5) hy(y,A) = g(y, A) —ming(z,A) 2 0,

(36) Vy(2,y,A) = min Pp(z, 9,4, 2) = f(2,y,A) = phy(y, A),
(3.7 Fy(x) = Jnax Vy(z,y,A), @)= iréi;(le(x),
(3.8) O(z) = (y&r)lg;luw flz,y,A), @* = irg)r{l O(x).

To proceed, let us define the global minimax solutions for problem (1.1). A point
(z*,y*, \*) is the solution if the following holds:
(y*, \*) € Flow, and z* € argmin ®(z), (y*,\") € argmax f(z*,y, A).
reX

(y,\) EFlow
LEMMA 3.1. Let Assumptions 2.1 hold. Then, for any x € X,
(3.9 1Lm Fy(z) = ®(z).
p—00

Proof. Let z € X be arbitrary but fixed. For any (y, A\) € Fiow, we have hy(y, X) =
0. Hence, U, (z,y,A\) = f(z,y,\) < F,(x). Maximizing over (y,\) € Fiow yields
(3.10) O(z) = max f(z,y,\) < Fy(x).

(¥, low
Next, we establish an upper bound for F,(x). Let n > 0. Since f is continuous

and X, ), A are compact, there exists 6 > 0 such that whenever ||(y, \) — (v/, \)|| < 4,
we have
|f(z,y,A) = f(z, g/, )| <n, VrelX.
Since hy is continuous and Fiey is compact, there exists € > 0 such that

(3.11) sup inf Iy, ) — (v, \)]| <6,
(Y, N)EFrow,e YA )EFlow

where Fiow,e = {(y, A)|hg(y, A) < e}

Let V = maxxxyxa |f|. Choose pg such that pge > 2V. Then, for any p > pg
and (y,\) ¢ Fiow,, we have ¥,(z,y,A\) < V — pe < —V. On the other hand, if
(¥, A) € Fiow, ¥y(x,y,A) = f(z,y,\) > —V. Hence, any maximizer of ¥, (z, -, -) must
belong to Fiow -

For any (y,A) € Flowe, from (3.11), there exists (y', ) € Flow with |[(y,A) —
(', N)|| < 6. Then, we obtain f(z,y,A) < f(z,y’,\) +n < ®(z) + n. Consequently,
Wy (2, N) = £, ) — phg(yN) < F(,9,3) < B(2) + 1.

Taking the maximum over (y, \) yields
(3.12) Fy(x) < ®(x) +n, Vp = po.
Combining (3.10) and (3.12) and letting nn — 0 yields lim,_,o F,(z) = ®(x). 0O

Define 6,(x) = |F,(z) — ®(x)|, then §,(x) — 0 as p — oo for any x € X by
Lemma 3.1.
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LEMMA 3.2. Let Assumptions 2.1 hold and (x, Ye, Ae, 2¢) be an e-optimal solution
of the problem (3.2) for some € > 0. Let f, g, p, ®*, and @3 be given in (1.1), (2.2),
(3.2), (3.7), and (3.8), respectively. Then,
D(x,) < @Z +2e+6,(x), [(@e,Ye, Ae) > P —2e — 0, (),

9(e; Ae) —ming(z, Ae) < P (fri — 4 26 + 8 ,(xe)).
Proof. Using the definition of an e-optimal solution in Definition 1.1, we have:
Pp(weyyea/\eaze) — min P, (Ianev )
FP(‘TE) - P (x67 Ye,s )\e,Z

)
P (‘réaym)\mze) (I);

Summing these inequalities, we can obtaln
(3.13) Fp(ze) —min P, (2, Ye, Ae, 2) < 2,

<e
<e

(3.14) Fy(xze) — P, < 2.
From Lemma 3.1 and (3.14), it follows that
Q) > Fp(we) — 26 > P(z) — 26 — 0,(e).
Next, using (3.13), the definition of ¥, in (3.6), and A(y., Ac) > 0, we obtain
Fp(xe) < min Py (e, Y, Aes 2) + 2€ = [(@e, Yes Ae) = phlye, Ae) + 2¢

g f(l‘m Ye, )‘6) + 26)
which, together with Lemma 3.1 and (3.8), implies
(3.15) f(@e,ye, Ae) = P(ze) — 26 — dp(xc) > P — 2€ — 0, ().
Combining (3.13), (3.8), Lemma 3.1 and the definition of P, in (3.3) yields that
f(xéa Ye, >\e) - p[g(ysa )\e) - mzing(z, )‘e)]
=min P,(Zc, Ye, Ae, 2) > Fp(xe) — 26 > O — 2e — 6,(x),
z
which, together with (2.2), implies that
9(Yes Ae) —ming(z, Ae) < p fui — @+ 2¢ + 5, ().
Then the desired results are obtained. 0

THEOREM 3.3. Let Assumptions 2.1 hold and {(xk, Yk, Mk, 2k) }k>0 be generated by
Algorithm 3.1. Then, any accumulation point of {zk, Yk, Ak te>0 95 a global minimax
point of the problem (1.1).

Proof. Let {(x,y*, \¥, 2¥)} be generated by Algorithm 3.1 with limy,_, o (o, €x)
= (00,0). Since X, Y, and A are compact, the sequence admits an accumulation point.
Without loss of generality, we assume that limg o0 (2%, 4%, A*) = (Z oo, Yoo oo )-

From Lemma 3.2, it follows that g(y*, A¥) — min, g(z, \*) < pi ' (fui — ©* + € +
8, (2¥)). Taking limits and using the continuity of g gives

g(yooa >‘OO) - II’Lng(Z, )‘OO) S Oa
which implies (Yoo, Aoo) € Flow-

Lemma 3.1 implies F,, (= ) O(z), V. Then for all z € X,

(3.16) i (T) > @(2) = 6, (2),
(3.17) ()S@()ﬂspk()
Taking the minimum over x € X in (3.16) yields

¢}, = min £y, (¢) 2 min(®(z) — oy, (2)) 2 min &(z) — jgg%(w) =" - jtelgépk(fﬂ)-
Let A,, :=sup,cy 9y, (). From Lemma 3.1, we have A, — 0. Thus,

(3.18) Br > — A,

On the other hand, letting z = z* in (3.17) yields that

(3.19) Q) < Fp (a7) S O(a%) +0,,(z7) SO+ A,



14 YALING HU, JIANI WANG, YU-HONG DAI, XIAOJIAO TONG

Since A,, — 0, combining (3.18) and (3.19), we have &5 — .
By Lemma 3.2, we have ®(z*) < 7+ 2€+6p, (x*). Taking limits yields

(3.20) D(700) < D
Similarly, using Lemma 3.2 and the continuity of f, we have
(3.21) f(@o, Yoo, Ass) = @7

Since (2o0) = max(y ryer. f(Toor¥sA) > f(Too, Yoos M), combining with (3.21)
yields ®(z) > ®*. Together with (3.20), we have

D(zs) =" = ;Iéi;l@(.’lﬁ),

which implies that zo, € argmin , ®(x).
From (3.21) and ®(zs0) > f(Zoo, Yoos Ao), it follows that

009 007)\00 =0 o) = 009 7>‘7
f(Zoo,y ) =®(20) (%g)lgjglowf(w (Y

which implies (Yoo, Aoo) € argmax, yjer,., f(Zoo,ys A). This completes the proof. O

4. A first-order numerical method. Due to its nonconvex-nonconcave-
convex structure, problem (3.2) is difficult to find an e-optimal solution for an ar-
bitrary € > 0. Thus, Algorithm 3.1 is not implemented in practice. In this section, we
propose a practical first-order method for the problem (1.1) to find an approximate
stationary point of the problem (3.2) with an appropriate choice of p. To obtain
an equivalent tractable reformulation of the problem (3.2), we need the following
assumption to ensure the minimax property holds for the function of g.

ASSUMPTION 4.1. (z*, \*) is the saddle point for the lower-level objective function

g, i.€e.,
A = i A) = mi A).
o) =Ry = iR )
Under Assumptions 2.1 and 4.1, it is not hard to observe that problem (3.2) is

equivalent to the following minimax problem

41 ' A) — A) = g(z ).
(4.1) wegl}geyyergg@f(ﬂc,y,) p(g(y, A) — g(z, )

By using the specific structure of the problem (4.1), we can decompose it into the
following two problems

4.2 H(z,z):= max P,(x,y,\,z),(inner-level problem),

(12 H@2)i= max Pe.y.2)( problem)

4.3 min  H(z,z) = min max P,(x,y, A, z), (outer-level problem).

( ) r€X,2€) ( ) TEX,z€Y yeY, e p( Y ) ( velp )

For the inner-level nonconcave maximization problem (4.2), to mitigate the challenge
of nonsmoothness of H(zx,z), we can add a regularization term to ensure that ® is

smooth. From Assumption 2.1, since the function P,(z,y, A, 2) is Ly p,-smooth, we
vP,

know that, for any (z, z) € X x ), the function (y, \) = P,(z,y, A, z) — L 2y, M1
is concave. By introducing a constant 7 > 0 and two auxiliary variables (u,v) €
R x R% | let us define

T
(44) Q(x7 Z,U,0,Y, A) :Pp(xa Y, /\a Z) - §||(yv )‘) - (u7 U)HQa
4. = .
( 5) ﬂ(x’ Z’ u’ U) ye%li)é[\ Q(Jj7 Z7 u’ U’ y’ A)

If Assumption 2.1 holds and 7 > Lyp,, then the problem maxycy xea Q(z, 2,u,v,y, A)
has a unique solution, denoted by
(Y (z, 2, u, v), A (2, 2,u,v)) = argmax Q(z, 2, u, v, y, A).
yEYV,AEA
We continue with an analysis of the function ¥(z, z,u,v). We prove that the
gradient of ¥(x, z, u,v) is Lipschitz continuous in the following proposition.
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PROPOSITION 4.2. Let Assumptions 2.1 and 4.1 be satisﬁed and 7 > Lyp, + K
with k > 0. Then for any (z1, 21, ul,v') € dom(¥9) and (22, 2%,u?,v?) € dom(19) there
exist (y«(zl, 21 ul,vl), A, (xl,zl,ul v')) = argmax, ¢y, reA Q(x 2 ut vty \) and

(y« (22, 2%, 0%, 0%), A (22, 22,0, v°)) = argmax, ¢y yep @22, 2%, u2 v 7y,)\) such that
[ (ys (2, 21 ut o), A (2t 28wt oh)) — (y*(ﬂc 220?07, M (22, 22, u?,0?)) ||

S(vap+7') 1H(:c 2t ut vl) (332 2% u? v)H

The function ¥(x,z,u,v) is continuously dzﬁerentzable at any (x,z,u,v) € dom(¥)
with
Ve f(z,ye(z, 2,u,v), A (x, 2,u,0))

PV 29(z, Ai(2, 2, u,0))

T(—u + y« (2, 2, u,v))

T(—v + Ai(z, 2, u, v))

Vi (z,z,u,v) =

and
IVO(z!, 2t ut vh) = Vi(a?, 2%, u? 0?) |2 < Ly (o, 2 ut 0h) — (22, 2%, 0, 0?) |12,
where Lyy = (Lvy + pLvg +27)(1 + (Lyp, + 7).
Proof. See Appendix B.1. ]

4.1. Projected gradient multi-step ascent descent method. In this part,
we propose a projected gradient multi-step ascent descent (PG-MAD) method for (1.1)
by finding an approximate stationary point of the minimax problem (4.1), which is
presented in Algorithm 4.1.

Algorithm 4.1 Projected gradient multi-step ascent descent (PG-MAD) method
1 Input: 2°,4°, 2% w0, 0%, 7 > Lyp, + K with k > 0, az > 0, > 0, positive
integers T' > 1, K > 1, penalty parameter p > 0.

2: for k=0to K —1do
3. Set (yl(k), O (K)) = (4, AF)
4: for t=0toT —1do
5.y U(k) = projy [yl (k) + a, V,Q(a*, 2%, uF, ok ylf (k), A (k)
6: A+ (k) = proju [N (k) + a, VaQ(zF, 28, uF vk 1t (k), A (k)]
7. end for
8 Set (Pt N = (yITI(k), AT (k)
9:  Set zF*1 = projy [zF — oy IQ(xk,zk,uk,vk7yk+1,)\k+1)}
2K = projy, [2F — oy ZQ(.’E AR AN TAa R Land]
uFt = (14 a,7)uf — a,TyFt!
VP = (1 + a,7)vF — a7 AR
10: end for
11: return (2Pt yFTE ARFL D) for k =0,1,2,..., K — 1.

To measure the quality of solutions generated by the proposed algorithm, we
define the e-stationary point of (4.1). We first establish the definition of the stationary
gap as follows. Let Ly, Ly,Ly,L, >0 and define

(J: Y, A, 2) = Ly(z — projy(z — L, 'V, Py(2,y, A, 2))),

G 7Y@,y A 2) = Ly (y — projy(y + Ly 'V, Py(z,, A, 2))),
G720 7) = La(A = proja 4+ Ly WaPy(o h )
P”’y(x Y, A\, z2) = L. (2 — projy(z — LZ_IVZPP(:Ly, A 2)))-
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Based on the definition of P, in (3.3), we have
( ) = La(z — projx (z — L ' Va f (2,9, 1)),
Gro ¥ (2, M, 2) = Ly(y — projy (y + Ly (Vo f (2,9, 0) — pVyg(y, ),
( ) = Lx(A = proja (A + Ly (Vaf(, 5, ) = p(Vag(y, A) — Vag(A, 2))))),
G2 (2, M, 2) = La(2 — projy, (2 — Lz pV=g(2, 1))

=L,

X

x7y7)‘7z
A

1‘7y,)\,2

DEFINITION 4.3. For L, Ly, Ly,L, > 0, suppose that Assumptions 2.1 and 4.1
hold and that (x,y, \, z) is an e-stationary point of the problem (4.1). Then, fore > 0,
there exists a constcmt}f > 0 such that

G @y A 2) < € G (9,0, 2)]| < e,

0 P,y
HGLX ($7y7>‘72)“ S € HGLZ (x7y7)\7z)|| S €.
To characterize the approximate solution obtained by Algorithm 4.1, we next

introduce a definition of e-KKT solution of the original problem (1.1), similar to [35,
Definition 3].

DEFINITION 4.4. The pair (Z,9,\) is said to be a KKT solution of the problem
(1.1) 4f there emst (z,p) € R x R+ and Ly, Ly, Lx, L, > 0, such that
G, Lo (:Ic 7\, z)—OG e (:U g, M\, z) =0,
P A P ,y . N
G (@, 9,0, 2) = 0,G.77 (2,5,A,2) = 0, g(4,\) Sglelgg(zw)-
In addition, for any € > 0, (x,y,)\) is said to be an e-KKT solution of the problem
(1.1) if there emist (z,p) € R x R_S/ and Ly, Ly, Ly, L, > 0, such that
PoX - 3 - Py,
||GL3: (l‘7ya)‘7z)” < 6 HGLy (f,y,A,Z)H < €
PoA,_ % Py, 5 _ 3 . T
IGL7 @5, 2) < e IGL77(@ 9, A 2)l < e (5, A) — ming(z', ) < e.

In what follows, we investigate the relationship between an e-KKT solution and a
Minimax-H-stationary point defined in Definition 2.14 when X = R% Y =R%, A =
R,

THEOREM 4.5. Let Assumptions 2.1 and 4.1 be satisfied, €y, pg > 0 be given
and X' C R%_ A" C R™ be nonempty compact sets. Suppose that f and g are
continuously differentiable and twice continuously differentiable in R% x R x R
and R% x R® | respectively; that (-, \) is v-strongly convex for all X in an open set L
containing A'; and that V2g(-, \) is L2 4-Lipschitz continuous for all X € A'. Suppose

that (%,7,\, 2) is an e-KKT solution of the problem (1.1) with its associated p > po
for some 0 < e < €g. Let

(4.6) [= maX{HVf(x,y, N zeX e N, |ly—gN)| < \/211_16} :
(4.7) w = min{(py)_l(e—l—f‘),vQV—le},

(4.8) I':= e IV3,9(5(N), MV, 9@(0), N7,

where §(\) = argmin,, g(z',\). Then, we have

IVaF @ 500, A € €+ Ly s © € + Loy varTe
IVAf(Z,5(N), A) = V3,00, N[V, g(T(A), )1V, (2, 5(A), A
pw? L2, vagez]

2 2pv2

< (20 +1)e + (T +1) [vaw +

< (20 +1)e+ (D +1)

2 2pov

Ly2gv=32(eg +T)  Lyzgey”
LopVarT 4 292" (€0 + )+ vil | e
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Proof. See Appendix B.1.

17

|

Remark 4.6. From Theorem 4.5, one can observe that I', T', and w are finite, which
implies that an e-KKT solution is an y/e-Minimax-H-stationary point in general. In

addition, if we set p = O(e~!

(z,)) is an

), it not hard to observe that an e-KKT solution is an
e-Minimax-H-stationary point.

Consequently, when the problem (1.1) satisfies the
conditions in Theorem 4.5, if (Z, 7, \) is an e-KKT solution of the problem (1.1), then

e- or e-Minimax-H-stationary point of it.

We next introduce the iteration complexity analysis of the PG-MAD method.

For simplicity, we denote Q) (y, \) := Q(a*, 2*,
k ok ok

k

(y*(xkazk7u 7vk)a)‘*(x ,Z ,U avk))'

PROPOSITION 4.7. Let Assumptions 2.1 and 4.1 be satisfied and 7 > Lyp, + k

with & > 0. Let ay €

ﬁ()[t+1]( ) )\[t+1] (k)

(0,1/(Lyp, + 7)) and the sequence {(y!
generated by Algorithm 4.1, where k =0, ...,

k ok
us, v, Yy,

K. Then, fort=0,...,

A), and (y.(k), Ax(F))

(), A (k) V be
T-1,

f (= (k), A (R))|1? < (1=ray) [ (5" (), A (R)) = (g (R, A (R)) 175
(b) [I(y" ()A“+1 (k))— (e (), A= (DI < (L= ey )1 NF) = (e (k) A (R) 12
() 9@, 25 bk oh) = QW (yleH ) (), N (k) < U2l () XF) = (. (k) A (R)) 12

Proof. See Appendix B.1. ]

Define
Ay =92, 28 uP k) —

Q(k)(ykv Ak) ) and Aﬁ = ﬁ(xov Zoa UO’,UO) -

Pp,low'

THEOREM 4.8. Let Assumptions 2.1 and 4.1 be satisfied and TLvp, + k with

k> 0. Let oy €

has for k=10,..., K — 1 that

(" AR —

”VIQ(k)(ka’)\kﬂ) _
||VZQ(k)(yk+17>\k+1) _
Hqu(k)(ykﬂ’)\kJrl) _
HVUQ(I@)(yk+1’)\k+1) _

G2 (2,

HGQfl(ﬂf 2",
Proof. See Appendlx B.1.
Let

(4.9)

Next, we give the boundedness of ||(x

following proposition.

e =

(0,1/(Lvp, +7)), the sequence {(y[t](k) Nt
Algorithm 4.1, and (y*+1, \F+1) =

))}tho be generated by

(y™V(k), \T1(K)), where k = 0,..., K. Then, one
2 _ 2 T
(0.0 M) < 20— w7,
2L%,
Vad(a®, 25 b, )P < =L - way ) TA,
2p% L2
V.9 (xk, 2R b P |12 < %(1 — kay) T A,
Bk ok k2 o 2T T
Va0 (x®, 2% u® v%)||* < T(Ifnozy) Ay,
Bk ok k2 o 2T T
vUﬂ(I 2 U,V )H < 7(1711013/) Akv
18a;2
R P < (1 )T A,
18a;2
uf o P AR 12 < 7;’ (1-— nay)TAk..
]
vxf(l,k’ykJﬂ?)\kJrl)
pV g (2", A
—r(uF — kT
—7(vk — AR
Rl phtl gkl kL) — (28 2k ok oF)|| in the
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PROPOSITION 4.9. Let Assumptions 2.1 and 4.1 be satisfied and 7 > Lyp, +
Kk with & > 0. Let ay € (0,1/(Lyp, + 7)), az € (0,1/Lvy) and the sequence
{(z", y*, NF, 25 uk, vk)}kKZO be generated by Algorithm 4.1. Then, fork =0,..., K—1,

l_fﬂ||(xk+1,zk+1,uk+1’vk+1) _(k, 2F b, k) |2 < 9@, 2F b, ob)
e
(410) ’ 2 L2 2L2 2
(L + p* L, +77)
/i(l — OCILV,&)
Proof. See Appendix B.1. ]
For developing the iteration complexity of Algorithm 4.1, we need the following
assumptions.

o ﬂ(karl, ZkJrl k+1,vk+1) + (1 o I*{Oéy)TAk.

u

)

AssuMPTION 4.10. Suppose that there exists a constant wi > 0 such that
ﬁ(xk,zk,uk,vk) _ Q(k)(yk,kk) <w
fork=0,1,... . K.
THEOREM 4.11. Let Assumptions 2.1 and 4.1 be satisfied and 7 > Ly p, + £ with
k> 0. Let ay, € (0,1/(Lyp,+7)), o € (0,1/Lyy) and the sequence {(z*,y*, \¥, 2*,

uk,vk)}kK:O be generated by Algorithm 4.1. Choose € > 0. If Assumptions 4.10 is
satisfied and

)

o[ B+

—log(1 — kay) k(1 — apLvy)?
1613 (9(2°, 2%, u®, 0°) — P, 1ow) 1

(1 — azLyy) €2’

where vg = max{1+a,Lyp,, V/3}. Then, there exists an integer k € {0,1,2,... K —
1} such that

|‘Gfp’y($k+1,yk+l,)\k+1,zk+1)” < € ||Gfp’A($k+1,yk+17)\k+172’k+1)” < €,

HGgng(ka,ka’)\k+172k+1)H <e ||G:;731(xk+17yk+1’)\k+1’zk+1)|| <e
Furthermore, suppose that p = €', and there exists a real number M € R such that
inf(; yxnexxyxaxy Pp(@,y, A, 2) = M, then, the sequence of {(y*, \*)}—, satisfies

1
+ 2log — |,
€

K>

g(y", A) = ming(2, %) < (fui = M)e.

Proof. Using the definition of ¥(x, z,u,v), one has

— _T _ 2
P,z u0) = max {P(ey.002) = 2103 - (o)}

>P,(x,u,v,2) > in£ Py(x,y, A, 2) = Ppiow-

sYs Ay

Summing up inequality (4.10) from k = 0 to K yields that

K-1
Z ||(xk+17'zk+17uk+laluk+1) - (xkvzkvukvvk)HQ
k=0

4oy,
S%ﬂm [ﬁ(mo,zo,uo,vo) - ﬁ(mK,zK,uK,vK)]
8aZ (LY + p* L, + 72
( vy TP Lyy )(l—may)TmK
k(1 — azLvy)?
day, 802 (L + p* LY, +7°)

Aﬁ +

1— T K.
“1—a,Lvy k(1 — azLvy)? ( ray) w1
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Thus, there exists an integer k € {0,1,..., K — 1} such that
H(:Ek+l Zk+1 uk+1 'Uk+1)—($k Zlc uk Uk)||2
(4.11) da, Ay N 802 (L + p° L, +7%)

< =
“1—ayLyy K K(l — ava§)2

(1 — ko) wr.

Since

(42 () Mo (1) = amgmax{ P (4,0, 24) = Tl 0) = (o8] = dy) — a0},
we have o

06€ —V,P,(z", y.(k
0 € VAP, (2", y.(k
which implies
y*(k) = pI“ij [uk + Tﬁlvypp(xk,y*(k) (k),zk)] s
A« (k) = proj, [vk + 17 IVAP, (2, y. (k), A (), zk)] .
Then, from u**! = (1 4+ a,7)u® — a7y Pt = (1 + a,7)vF — a7AF ! and the

nonexpansivity property of the projection operator, it follows that
||GP"’y(.Z‘k+1 yk—i-l /\k—i—l Zk+1)||2
T 9 ) )

s Ax
s A

_ HT [yk‘H _ projy(yk'H + T—lvypp(zk-kl’yk-&-l’ )\k+1’zk+1))] H2

||l = e (0] = om0y (5 T By (R g AR )

+ Tprojy(ulC + 17V, Py (28, y (K), A (K), zk))H2

<272yt =y ()P + dag Pttt — P AL p (2P 25T — (2, 2012
FALGp 1™ N = (g (R), Xe ()|

<A(Lyp, + 1) [(g* A = (ye (), A (R) )12

+ 4max{a;2,LQVPp}H(ka,2k+1,uk+1,vk+1) _ (xk,zk,uk,vk)HQ.

Similarly,
GE M (@ ym N2 < a(Lop, + )21y AT = (g (R), Au(R)) |
+ 4max{a;2,LQVPP}H(JU’“H,zk+1,uk+1,vk+1) — (a®, 2% uk 0R)|2.
From Theorem 4.8 and (4.11), it yields that

8(L +7)2
e g L W R C

dog Aﬁ 80‘3(L2Vf + p2L2Vg + T2)

+ 4max{a,?, LQVPP} 1 (1 — keyy) wy

— Oészlg ? Kl(l — Oszvg)Q
Noting that Lyy > 7 > Lyp,, Lvp, = Lyvy +2pLvy, and a, € (0,1/Lyy), we have
8(Lyp, + T 2
G (@t gt et gy < BB LT g e,

16 Ay 32(L2Vf +p* LY, +77)
az(1—ayLyy) K (1 — g Lyy)?
16(Lgp, +7°)
k(1 — apLvy)?

(4.12) + (1 — key) wy

16 A
(1 — ko) wr + S ——

<[(1 = ayLyy)® +2] az(1 —azLyy) K

Similarly, it holds that
[GFoA (@41, 1, X1, ) 2

16(LYp, +7°)
k(1 — azLyvy)?

16 A
1 — kay)wr + — =7

< [(1 = axLyy)® + 2] az (1 —azLyvy) K
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Considering the update form of z¥*1 in Algorithm 4.1 and the definition of @ in
(4.4), we have

zhtl = pron(a?k — awVIPp(sck,ka, pLans zk))
Subsequently,
(4.13)

”Gf;ile(xk-i-l?yk-&—l’ )\k+1,2k+1)”2
oz [eFH — proja (@ — ap Vo Py(F T, Rt AR )| 2
=[ja; ! [projy(z* — amVIPp(xk,ka, ARHL 2RY)
= projy(z" = ap Vo Py (a1 yF L AR R D)) 12
<202 — 2K |2 4 2 VL P (ak, gt AR 2R) P, (oL P AR kL) 2
<2(az? + Lyp, )| (@, M) — (2, 27|12
S & Won Ty }
ap(l — azLvg) K K(l— apLvy)? e

<(1+ azLvp,)? {

Slmllally,

8 A 16(L% , + 72
< (1 +amLVPp)2{ 9 ( VP, )( K@U)Twl

=0 1—

az(1—azLyy) K k(1 —azLvyg)?

Since (1 — a,Lyy)? +2 < 3, we get from (4.12) that
||G7If'p,y(xk+17yk+1, )\k+1,zk+1)||2

4.14 8 A 16(L% , + 72
(4.14) <} S — —( V. )2(1 — kay) w3,
Ozw(l - OLvag) K Ii(l - Ozvag)

and from (4.13) that
P,,X
[GFo (@ g1 b ey 2
(4.15) 8 A, 16(L%, 472
<i? . (L)Z(l — nay)Twl
041(1 — Oévaﬁ) K I-i(l — Oszvlg)
From the choice of T" and K, one has
2 16(L2VP,, + 7_2) €2 8 Ay €

" (1 — Toy<—, andpP——  “2 < —,
i = anLug? L R e S 5 and S e S 2
Thus,

P, X
G (@1, 1 N 2 < 2 G (A, A R 2 < 2
Similarly, we can obtain

Py,
[GEA b1, g, N SR < 2GR (g N A2 < 2
Finally, by the definition of P, and Assumption 2.1 , we have
min Pp(xk,yka Aka Z) = f(xk’yka )‘k) - p(g(yk7 Ak) - glél)r}lg(z, )‘k))7

z€Y
which implies

p(g(ykv)‘k) - Izlgi}g('%)‘k)) S f(xk7yka)‘k) - gél)I]le(l‘k,yk, )‘kaz) S fhi - M7 Vka
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and we can obtain from p = ¢! that

g(y", ") — mi)I}Q(Z»)\k) < (fni — M)e.
zE
The proof is then completed.

Remark 4.12.

(i) While the ideal penalty method in Algorithm 3.1 requires p — oo to en-
sure convergence to an optimal solution, our analysis focuses on achieving
an e-KKT solution of problem (1.1). By setting p = O(e~!), the constraint
violation is guaranteed to be bounded by the prescribed tolerance e. Since € is
a fixed positive constant in the context of iteration complexity, the resulting
penalty parameter p remains strictly finite. This avoids ill-conditioning issues
and the unbounded below of the penalty function P, typically associated with
p — 00, thus ensuring numerical stability throughout the iterative process.

(ii) According to Theorem 4.11, let p = O(e~!). Setting k = O(e~!), we have
Lyp, = O(et),7 = O(c7!),Lyy = O(e ), a0 = O(e),ay = Ofe), 1y =
O(1), T = O(loge™t), and K = O(e3). Consequently, Algorithm 4.1 can
find an e-KKT solution (z,ye, Ac) of (1.1) in O(e 3loge~1!) iterations if T
and K are chosen as in Theorem 4.11. That is,

P,
1G 25 (e yes des 2 )|l < € 1GT7Y (e, yes Aes 2| < e
Py,
G e he ) < 1GT7Y (@, ges Aes 2) | < e,

57>\€ - i 7)\6 = 5
(e, Ae) gggg(z )= 0(e)

where z. is given in Algorithm 4.1.

4.2. Nesterov accelerated extension. In this subsection, we adopt the Nes-
terov accelerated method to improve the convergence rate of Algorithm 4.1, as pre-
sented in Algorithm 4.2.

We have the following lemma, whose proof is based on Theorem 10.42 of [5].

LEMMA 4.13. Let Assumptions 2.1 and 4.1 be satisfied and T > vap + Kk with
k> 0. Let ay € (0,1/(Lyp, +7)) and the sequence {(y!(k), /\[t](k)} be generated
by Algorithm 4 2, where k =0,1,..., K. Then, fort =0,1,...,T —

(a) D(a*, 2, u, oF) — QO (yfE+] (k) A1) (k) < (1—\/f<604y)t+ [19(96 2, ul, k)
—QW(y ’“,A’“) + 5" AF) = (g k), A (R)) 17
(0) 1y (k) AP (R)) — (s (R), A () 1P < 2(1 — /Ry T [9(a, 25, uP, o)
QW () + 51 (y*, ) = (5 (k). A (k) [17].
Proof. See Appendix B.2. O

THEOREM 4.14. Let Assumptions 2.1 and 4.1 be satisfied and TLvp, + Kk with
k> 0. Let oy € (0,1/(Lyp, +7)) and the sequence {(y" (k), )\[t](k))}z;o be generated

by Algorithm 4.2, and (y**+, \et1) = (yTV(k), \("U(E)), where k = 0,1,..., K. Then
one has for k=0,1,..., K — 1 that

4
IS = (e (k) A (R < — (1 = y/may) T A,
(k) (, k+1 k+1y k _k k ,k\|2 4L2Vf _ T
||V$Q (y 7>\ ) Vxﬁ(a: aZ ,’U, 7U )H S K (1 V “O‘y) Aka
4,02L2vg

[V.QW) (yF 1 NFL) — v 9(a®, 25wk, ob)|12

IA

(1 — /ray) " Ay,

R
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Algorithm 4.2 Nesterov accelerated PG-MAD method

1: Input: 2°,¢°, X%, 4%, 0%, 7 > Lyp, + £ with £ > 0, ay > 0, > 0, positive

integers T > 1, K > 1, penalty parameter p > 0.
2: for k=0to K —1do

3 Set (yO(k), ALL(R)) = (%, A%), (T (k), AV (R)) = (%, AF)

4: for t=0to7T —1do

5 i) = projy [u! (F) + ay V@Gt 2, uk, o gl (), AL ()]
6 AFU(R) = projy [M(R) + 0, VaQ(a, 2wk, ok, gl ), A (1))
T 0= L__\/%

sy (k) = YK + 0 (v (k) — gl (k)

o A([fﬂ](k) _ )\[t+1](k) +0 ()\[t+1](k) — )\[t](k))

10:  end for

11 Set (yFF AR = (yTI(k), AT (k)

12 Set 2" = projy [2% — @, Vo Q(aF, 27, uF vk, yF Tt AT
2K = projy, [2F — 0, V.Q(a, 2K, uk oF yF L AR
uFt = (14 a,7)uf — a,Tyht!

VP = (1 4 ap7)vP — apTAFH

13: end for

EaE

14: return (zF 1 yF L AL 2R for k=0,1,2,..., K — 1.
Hqu(k)(yk+1’)\k+1) . vuﬁ(zk’zk’ukvvk)w < %(1 . \/@)TAIC’
|‘VUQ(k)(yk+1’)\lc+1) . vvﬁ(xk’zk’ukvvk)w < %(1 . \/@)TAIC’
1G22 (a*, 25, b, ok, L, N2 < 36?’2(1 — JRay) Ay,
||GQ,1(x Sk uk v ’yk+1’)\k+l)H2 < 362‘;2(1 _\/@)TA]C'
Proof. See Appendix B.2. d

Adopting the same approach as in the proof of Proposition 4.9, we can estab-
lish the boundedness of ||(z**1, 2k 1 yF+1 ph+1) — (2F 2k ok v*)||2 in the following
proposition.

PROPOSITION 4.15. Let Assumptions 2.1 and 4.1 be satisfied and 7 > Lyp, +
k with & > 0. Let ay € (0,1/(Lyp, + 7)),z € (0,1/Lyvy), and the sequence

PARTLND UL T T K_ be generated by Algorithm 4.2. Then, fork =0,..., K—1,
k=0

FE L (e o ) (o2 b o) < 9k, 2, o)

Qg
dag (L%, + p?L% + 72)

YO Y Y L vf Vg 1_ TA,.

(2T 2N T T 4+ 21— aulvy) (1 —/Ray)" Ay

The iteration complexity of Algorithm 4.2 follows directly from Theorem 4.11.

THEOREM 4.16. Let Assumptions 2.1 and 4.1 be satisfied and 7 > Lyp, + K with
k> 0. Let ooy € (0,1/(Lyp, +7)), 0, € (0,1/Lyy) and the sequence {(wk,yk, P

uk,vk)}kK:O be generated by Algorithm 4.2. Choose € > 0. Suppose Assumptions 4.10
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be satisfied and

1 642w (L% p + 72 1
T log iwi(Lyp, 2)+210g7 ,
—log(1l — \/Ray) k(1 — ayLvy) €
K> 1607 (9(x°, 2%, u®,00) = P, o) 1

Ozw(l - OLvag) 6727
where vi = max{1+a,Lvp,, V/5}. Then, there exists an integer k € {0,1,..., K —1}
such that

||Gfp’y($(:k+l,yk+1,>\k+172’k+1)|| S €, ||G.,1_3"’A(£L'k+1,yk+1,/\k+1,Zk+1)|| S €,

P,,X Py,
||Ga:—'1 (xk+17yk+1’)\k+1’zk+l)” <e, HGQ;E](mkHakav)\Hlazkﬂ)n <e

Furthermore, suppose that p = €', and there exists a real number M € R such that
inf ;2 yexxyxaxy Po(@,y, A, 2) = M, the sequence of {(y*, \*)} ) satisfies

g(y® \F) - min (2, AF) < (fri — M)e.

Remark 4.17. Note that under the same parameter settings, Algorithms 4.2 and
4.1 achieve the same order of iteration complexity for finding an e-KKT solution
of problem (1.1). However, by adopting the Nesterov accelerated, it substantially
reduces the constant factor in the inner loop, potentially leading to a reduction in the
total number of iterations. Developing algorithms that improve the order of iteration
complexity remains an interesting and challenging issue for future work.

5. Applications . In this section, we provide a detailed introduction to three
applications of minimax bilevel optimization problems and focus on theoretical analy-
sis for this class of problems.

5.1. Market clearing mechanism in power systems. Considering the elec-
tricity market clearing mechanism coordinated the operation between distribution sys-
tem (DS) and microgrids (MGs), Wang et.al. [48] proposed a bilevel robust economic
dispatch model for DS and MGs. This model is formulated through the hierarchical
interaction with the information of power and price exchanged between DS and MGs.
According to the definition of the locational marginal price (LMP), it is derived from
the Lagrangian multipliers for the corresponding power balance constraints. Conse-
quently, DS determines the distribution LMP (DLMP) and sends these price signals
to MGs. Each MG subsequently optimizes its dispatch based on the received price,
which determine the operation cost of power exchanges with DS. Inspired by this
modeling approach, we formulate a deterministic bilevel optimization framework to
characterize the interactions between DS and single MG. Based on duality theory, the
upper-level objective is formulated as a Lagrangian function, incorporating the power

balance constraint with its dual variable. The detailed formulation is as follows
mi}(l max clx + M (Az + By.(\) — b)

EAS

(5-1) st y.(\) €argmin ATy + cly,
yey

where cf x and ATy + c¢I'y are the operation costs of DS and MG, respectively. Az +
By.()\) — b represents the power balance constraint. X := {z € R% : Eyx < ey, Eox =
eg, oy <z < wypyand Y = {y € R% : Hyy < hy, Hoy = ho,ym < y < Yup+ denote
the non-coupled constraints with respect to the decision variables x, ¥y, respectively.
However, since the linear lower-level problem does not have a unique solution, problem
(5.1) is not a rigorous BLO model in mathematics. To address this issue, two main
approaches have been suggested, i.e., optimistic and pessimistic reformulations defined
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in [15]. In the optimistic setting, DS and MG operate under a fully cooperative
relationship. MG selects his solutions which is the best one for DS. That is,
min _max ¢! z + AT (Az + By — b)
TEX,YEY A

st.  yeargmin ATz + cgz.
z€Y
Conversely, the pessimistic case assumes an adversarial relationship between DS and

MG, in which MG aims to harm DS by choosing the worst-possible reaction (1.2).

This is a minimax problem (1.1) with linear objective functions both in the upper-
level and lower-level problems. Assume that the problem (1.2) satisfies Assumptions
2.1, 4.1, and 4.10, then Theorems 4.11 and 4.16 hold, which implies Algorithms 4.1
and 4.2 can find e KKT solutions within O(e 3 loge~!) iterations.

5.2. Adversarial training. Adversarial training can be considered as a bilevel
problems, where the upper level aims to minimize the training loss, while the lower
level is used to model the attack generation process. Then, the bilevel AT problem is
cast as follows:

nbin E(z,yepllec(0,z +0%(0;2,); )]
(52) s.t. 6%(0;z,y) € argmin o1 (0,6; 7, y).
éeC

Here, ¢, (-) and £u(-) denote the training loss and attack functions, respectively;
denotes the model parameters; D is a training set consisting of pairs of label data with
feature = and label y; & represents adversarial perturbations; C is the perturbation
constraint. Note that the upper level problem is a stochastic optimization problem,
which often assumes that the true distribution of data is given. However, especially
in data-driven case, the true distribution remains unobserved and is typically inferred
from historical data, resulting in sub-optimal or even biased solutions. To address this
issue, a distributionally robust formulation approach was proposed by Delage and Ye
[14]. In this model, the unknown true distribution is assumed in a given uncertainty
set, and the objective function is formulated with respect to the worst case expected
cost over the choice of a distribution in the set. Therefore, when the labeled data is

finite, a distributionally robust bilevel AT model can be formulated as
N

min  max il (0, x; + 67 (05 2,y); v
(5.3) O pelplieP ; ol )

s.t. 8*(0; x,y) € argmin Lax (0,55 2, y),
seC

where P is referred to as an ambiguity set that contains all possible probability dis-
tributions. Assume that the upper level problem satisfies stochastic min-max theo-
rem, and we can reformulate problem (5.3) as (1.3). Specifically, considering a linear
model and employing the mean squared error as the loss function, problem (1.3) sat-
isfies Assumptions 2.1, 4.1, and 4.10 when all feasible sets are convex and compact.
Consequently, Algorithms 4.1 and 4.2 can be adopted to solve problem (1.3) and find
e-KKT solutions within O(e~3loge 1) iterations.

5.3. Robust signal-setting for road network with uncertain perfor-
mance preferences. Consider a robust signal setting problem for a signal-controlled
road network, aiming to minimize the total travel delay incurred by road users under
the decision maker’s performance preference uncertainty. This problem can be formu-
lated as a minimax bilevel program. In [9], at the upper level, the performance index
is defined as a sum of weighted linear combination of the rate of delay and number of
stops. Due to the uncertainty of the decision maker’s performance preference, we can
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treat the link-specific weighting factor as a decision variable, reflecting varying man-
agerial priorities. At the lower level, road users respond to the chosen signal-setting
variables by selecting routes with minimal travel time, which is supposed to the follow
Wardrop’s principle.

Specifically, consider a signal-controlled road network represented by G(N, L),
where N is the set of nodes and L is the set of links. Let ¥ = ((,0,¢) be the
set of signal-setting variables, where ( is the reciprocal of common cycle time, § =
[0jm] and ¢ = [¢;m] respectively represent the vector of start 6;,, and duration of
green ¢;y, for signal group j at junction m as proportions of common cycle time;
let W = [Wap, Was)],Va € L be the link-specific weighting factor for rate of delay
and number of stops on link a; let f = [f,],Va € L be a vector of link flow; let
h = [hy],¥p € Ry, Yw € W be a vector of path flow, where W is a set of original-
destination (OD) pairs and R, represents the set of paths connecting OD pair w.
According to Wardrop’s principle, a user equilibrium traffic assignment problem can
be formulated as the following variational inequality problem
(54) C(\II7 f(\I/))(f - f(\II)) > O,Vf € Ka
where K := {f: f =dh,Ah=q,h > 0}; ¢ = [¢,],Va € L denotes the vector of link
flow travel cost; 0 represents the link-path incidence matrix; A denotes the OD-path
incidence matrix; and g represents the travel demand matrix for OD pair. Under some
mild assumptions, (5.4) can be viewed as the first-order optimality conditions of the
convex optimization problem (1.5). Then, a minimax bilevel signal-setting problem

can be expressed as follows
(5.5a)

P U, (D)) =S D, (T, (T U (U
mip o omax (1, T, f(D)) Xa: o (T, F(O)Wap + 050Sa(¥, f())Was

(5.5b) St Was+Wap =1, Was, Wap >0,
(5.5¢) ¢ << M€ < djm < 1, Vi, m,

(5.5d) Ojm + Gjm + TjtmC < O + Qn(4,1), 7 #1,Y5,1,m,
(5.5¢) 1fa(¥) < sqXa, Ya € L, f(¥) € S(P),

in which D, and S, denote the rate of delay and the number of stops per unit time on
link a, respectively; ogp denotes the conversion factor from S, to Dy; Q,,(4,1) denotes
a set of numbers 0 and 1 for each pair of incompatible signal groups at junction m;
represents a common link flow multiplier; s, and A, denote the saturation flow and
duration of effective green for link a,Va € L, respectively. If max-min theorem for
problem (5.5) is satisfied, problem (5.5) can be reformulated as

S R Z Da(¥, f(¥)Wap + 05Sa(V, f(¥))Was

s.t. (5.5b) — (5.5¢).
We note that problem (5.6) is a special case of problem (1.1). If we assume that prob-
lem (5.6) satisfies Assumptions 2.1, 4.1, and 4.10, then Theorems 4.11 and 4.16 hold,
which implies Algorithms 4.1 and 4.2 can find e-KKT solutions within O(¢~2 loge™!)
iterations.

6. Numerical experiments. In this section, we conduct some preliminary
experiments to show the performances of our proposed methods. The first two exper-
iments are implemented by MATLAB 2020 on a 64-bit laptop with an Intel i5-2.50
GHz CPU, 16.0 GB RAM, and the Windows 11 operating system. The last ex-
periment is implemented by Matlab 2024 and the Optimization toolbox by Intel(R)
Core(TM) i7-14650HX (2.20 GHZ), 32 GB RAM, 1 TB ROM.
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6.1. Minimax bilevel optimization with strongly-convex lower-level.
In this part, we consider three specific minimax bilevel optimization problems with
strongly-convex lower-level as follows.

EXAMPLE 6.1. Let X =Y = A =[0,1]. We solve

. 2
Ao +y—1
mip max, v +A@+y-1)

1
s.t. Yy € argmin{22 +)\z} .
z€Y 2
EXAMPLE 6.2. Let X =) = [—1,1] and A = [-2,2]. We solve
min max 2?4+ y? + ANz +y—2)
TEX yeY,AEA
s.t. y € argmin {22 + )\z} .
z€Y
EXAMPLE 6.3. Let X =Y = A = L—l, 1)2. We solve

. 2 T
min max + + A +
e yey%\eA Il Iyl (@+y)

s.t. y € argmin {2||z]|* — 4Az}.
z€Y

In Algorithms 4.1 and 4.2, we set the algorithmic parameters as follows. The
stepsizes are selected as a, = 0.618 for the (x, z, u,v)-update and o, = 0.1 for the
(y, A\)-update within the inner loops, where the number of inner iterations is fixed
at T = 20. The penalty parameter is defined by p, = 5~'. The regularization
parameter is chosen as 7 = 2Lyp,, i.e., Kk = Lyp,. For NA-PG-MAD method, we
additionally set # = 0.5. We measure convergence using a composite error metric
“Error”, defined as

e R e D e L TP A H e AR ey | B
Algorithms 4.1 and 4.2 are executed with the penalty parameter p dynamically as-
signed as pi at each outer iteration k. The algorithms terminate upon satisfying
either of the following conditions: (i) the outer iteration k& > 200, or (ii) px > 10%,
Error < 1074, and |g(yx, Ax) — min.ecy g(z, A\x)| < 1076, For each )., the value of
the lower-level problem min,cy ¢g(z, A\x) is computed using the CVX solver. All initial
points are generated randomly from the standard normal distribution.

In Figures 1 and 2, we compare the performance of the two algorithms with respect
to CPU time. It can be observed that NA-PG-MAD method achieves enhanced
convergence with better outcomes.

== =eGwD e 10\
——wpcamo S

o o
0 o1 02 03 04 05 06 07 08 09 1 0 o1 02 03 04 05 06 07 08 09 1 ) 05 1 15 2 25 3 as
Running time(s) Running time(s) Running time(s)

(a) Example 6.1 (b) Example 6.2 (c) Example 6.3
F1c. 1. The performance of PG-MAD and NA-PG-MAD for Ezamples 6.1-6.3.

6.2. Minimax linear bilevel optimization with linear lower-level. In
this subsection, we focus on solving a specific minimax bilevel linear optimization
min max ¢’z + AT (Az + By — ¢)

TEX yeY,AEA
s.t. Yy € argmin {de + /\Tz} ,
z€)Y

(6.1)
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0 o1 02 03 04 05 06 07 08 08 1
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(a) Example 6.1 (b) Example 6.2 (c) Example 6.3
F1c. 2. The performance of PG-MAD and NA-PG-MAD for Examples 6.1-6.3.

05 1 3 35
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Running time(s)

where X := {z € R%|E1x < e, Eyx = e9,~5 <z < 5}, YV := {y € RY|Hy <
hl,HQy = hg,—3 < y < 3}7 and A = {)\ S Rdeg)\ < hg, H4)\ = h4,0 <A< 5}
We randomly generate ¢ € R%,d € R% with all entries independently chosen from
the standard normal distribution, A € R *% B ¢ R*dy | ¢ Ré=xd B, ¢
R>de [, € RW*dw Hy € RwXd Hy € R™X and Hy € R™X9 with all en-
tries independently selected from a normal distribution with mean —1 and standard
deviation 2. Subsequently, we randomly generate & € [—5,5]% with all entries inde-
pendently chosen from a standard normal distribution and then projected to [—5, 5%,
and we choose e; = E1& + A€y and e; = Eo% with the disturbance Ae; given by a
constant bias of 0.5 plus normal distributed noise. In addition, we randomly generate
(h1,h2) and (hg, hy) in a way similar to (eq, e2).

In Algorithms 4.1 and 4.2, we set o, = 0.5,y = 0.001,T =5,k = Lyp, with p =
10%. The stopping criteria are set as follows: (i) the outer iteration number & > 1000,
or (ii) dze—weall < 10=4 Error < 1074 and |9(yr, Ax) — min,ey gz, A\g)| < 10724

max{L,[lzk|l} =

Here, “Error” denotes the sum of ||G§;l’f((xk,yk, NeCZRY ||Gf"’y(xk, y* AR 2R,
IGE ™ (2%, y*, Ak, 2%)|, and ||G§’i’1y(xk,yk,/\k,zk)|\. For each M\, the value of the
lower-level problem min,cy g(z, )\Tg) is computed using the linprog solver. The initial
points (2, Yo, Ao) are randomly generated from their bound constraints, (ug,vg) are
randomly chosen from the standard normal distribution, zg = argmin_ .y, {d” 2+ \{ 2}
and r_1; = 0.

The computational results of PG-MAD and NA-PG-MAD for the minimax linear
bilevel problem (6.1) are shown in Figure 3. Both algorithms can find approximate

solutions satisfying the definition of e-KKT solution in Definition 4.4. Moreover,
NA-PG-MAD converges faster than PG-MAD in terms of CPU time.

6.3. Case study: Bilevel economic dispatch for DS with a single MG
using DLMP. In this part, we validate the effectiveness of the proposed minimax
bilevel model in a modified 33-bus DS [48], which is depicted in Figure 4. The DS
operates as the upper-level agent, while the MG acts as a price-taking lower-level
agent. Both DS and MG seek to minimize their respective operational costs subject
to their own physical and technical constraints, with coordination achieved through
DLMP. The specific description of this problem can be found in Appendix C.

We utilized Algorithms 4.1 and 4.2 to this practical application and compared
them with the classical Alternating Direction Method of Multipliers (ADMM) al-
gorithm. The detailed experimental results are shown in Figure 5, where ||y — e]|2
represents the power exchange between DSO and MG. As seen in Figure 5, the pro-
posed algorithms remain effective whether the upper-level objective function is linear
or quadratic. In particular, compared to ADMM, PG-MAD demonstrate a faster con-
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F1c. 4. A modified 33-bus DSO

vergence, while NA-PG-MAD exhibits a tighter error bound at the cost of a reduced
convergence speed.

(a) Linear (b) Quadratic
Fic. 5. Comparing the performance of our proposed algorithms PG-MAD and NA-PG-MAD
with ADMM when the upper-level objective function is linear or quadratic.

7. Conclusions. In this paper, we focus on studying a novel bilevel optimiza-
tion problem with a minimax structure, which can be viewed as a pessimistic bilevel
problem. Using the KKT and value function reformulations of the lower-level prob-
lem, we extend several definitions of stationary point to minimax bilevel optimization,
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and establish its optimality conditions. By reformulating the lower-level problem into
an equivalent inequality constraint, we transform the minimax bilevel problem into
a single-level minimax problem via the penalty function method. We extend the
projected gradient multi-step ascent descent method to solve the reformulated min-
imax problem, and incorporate Nesterov accelerated to enhance its computational
efficiency. Under some mild conditions, we establish an iteration complexity bound
of O(e73loge™!) to find an eKKT solution of the original minimax bilevel prob-
lem. Finally, our numerical results show the effectiveness of the proposed model and
algorithms in both test problems and a practical application.

Our current work primarily focuses on the pessimistic formulation of minimax
bilevel optimization problem. In future work, investigating the optimality conditions
for the optimistic variant and developing corresponding first-order methods can be
important and challenging. Furthermore, designing efficient algorithms to address the
intrinsic iteration complexity of minimax bilevel problem remains an interesting issue.

Appendix A. Proofs of the main results in Section 2.

Proof of Theorem 2.6. Since (Z,7,\, i) € F is a minimax-strong stationary
of (2.4) shown in (2.5), for any D = (D,, Dy, Dy, D,) € TA"(Z, 9, A, it), there exists
(u®, ¥, g ™, s ) € R XX axxdyx Xt guch that

4@@))% "/ D,
(Tgy @) " 1 + pe I 9y ()" it D,

=(( gz(j))deII)T,uz r D,
= (T9y@))ayxaup) 1¥ + ((ng(ﬂ))dyx(aum)Tﬁl Dy, | >0,
((JQA()\))dmk) s Dy

where the third last equality and the last inequality are derived from the definition
of the linearized tangent cone T]l_-i“(:f,y,j\, '), while the second last equality arises
from the complementary constraints between the multiplier and the constraint in the
Minimax-S-stationary conditions. O

Proof of Theorem 2.8. Define
Y1(p,q, 7, 8) = {(u,v,w) € Q x RIWXNX g\ (w) +p <0, h(w) +q=0,
—gy(y) —u+7r=0, p —v+s=0},
Yo(t) == {x € R%|g,(w) +t < 0},
where w = (y, A, p!), h(w) := V,9(y, \) + (T gy (y))T ! = Cy + GT ! defined in (2.7),
and Q := {(u,v) € RY x R¥| (u,v) = 0}. Obviously,
gphzl(pv q,7, 5) = {(pv q,7,5;U, v, ’IU)| 21(10» q,T, 8) = (’LL, v, w)}

gph¥s(t) = {(t; )| Xo(t) = a}
are the union of finitely many polyhedra, which implies that ¥; and ¥, are polyhedral
set-valued mappings. From [40], ¥; and 35 are Lipschitz continuous at (0,0,0,0) €
R X4y Xy Xqy and 0 € R%, respectively. That is, there exist a neighborhood S; of

and
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(0,0,0,0) € R *4yXayXqy and a neighborhood Sy of 0 € R% and constants a, b > 0
satisfying

¥1(p,q,7, ) C £1(0,0,0,0) — al|(p,q, 7, 9)||B, VY(p,q,7,5) € S,
Zg(t) C 22(0) + b”tHB, Vt € Ss,
where B denotes the unit ball. Hence, Min-MaxPCC (2.4) is equivalent to the follow-
ing minimax problem
min max f(x,y,\)
(A1) ?owAptuo
s.t. (u,v,w) € £1(0,0,0,0), z € 35(0).
Since (Z,w, —g,(¥), i) is the local minimax point of (A.1), it implies from Clarke’s
precise penalty principle [43] that there exists K > 0 such that (—gy,(7), i, w) is the
local minimax point for the following unconstrained minimax problem
mzin max flz,y, A) — Kid((u, v, w),31(0,0,0,0)) + Kod(z, 22(0)),

where d(:c,)%) fs ‘the distance from the point z to the set X. Note that X1 (p, gq,r, s)
only contains variables y, A, in the inner maximization problem, which implies
that the complementarity constraint only affects to the inner maximization problem.
Therefore, we construct the penalty function to consider penalizing the constraint on
the inner maximization problem.

Since ¥1(p,q,r,s) and Xa(x) are upper Lipschitz functions, it implies from the
error bounds for upper Lipschitz functions in [39] that

d((u,v,w),%1(0,0,0,0)) < all(p,q.7,9)Il, Y(p,q.7,5) € 1, (u,0,w) € Ea(p,q,7,3),
d(z,X2(0)) < bljt||, Vt € Sa,Va € Xa(t).

Then, we have that (z,w,0,0,0,0,0) is the local minimax point for the following
minimax problem

min  max f(x,y,A) — aKil[(p, g, 7, s)|| + bKa||t]|
ot oy, ulp,q,r,s

(A2) s.t. gz(x) +t <0, gx(\) +p <0, h(w) +q=0,

—gy(y) +7 >0, 4l +5>0,(—g,(y) + 7, p' +5) = 0.
In the following, we prove that (Z,w,0,0,0,0,0) is the Minimax-M-stationary
point of (A.2). Consider the following equivalent minimax problem of (A.2)

min  max f(x,y,\) — aKi||(p, q,7, 8)|| + bEo||t]|
@ty A ul,p,q,r,s

(A.3) st. gu(@) +t <0, gA(N) +p <0, h(w)+¢=0,
—9y(y)+6+7r=0, g —¢+5=0,(¢,9) € gphNyau,

where NRq} denotes the normal cone of the set R” and gthR‘iy ={(¢,9) : ¥ =
Nga (¢)}. The local minimax point of (A.3) is (¢,%,%,1,0,0,0,0,0) = (g,(9), ', Z,
10,0,0,0,0,0). From the Fritz-John optimal condition of the Lipschitz continuous
programming as Theorem 12.4.1 in [43], there exist po > 0 and the multipliers
U = (u", p pl, p, p™) € Ri=*Xdy X0y X0y that are not entirely zero, and (£1,&2) €
nghNRq} (6,)» such that h(w) =0, 0 > g,(z)Lu® >0, 0> gr(A)Lp* >0 and

0 0 0 —Zqyxay 0
o 0 0 0 0 Tgyxay
0 o f(q 0% (Tgz(@NT 0 0 0 0 I3
0 xf(2:5,2) 0 (TgrnT v2.,9(5,%) 0 0 €2
0 ~Vyf(@,5.3) ? gy U . 0
0 —VAF(Z,3,3) 0 0 Yy whv2i(9y)i (@ (Tay @) 0 0
0| € po : + T _ U+ o
0 f aK15(0) 0 0 (T9y(5)) 0 Tayxay 0
g aK16(0) 0 Zow X ax 0 0 0
o aK15(0) 0 0 Ty, xd 0 0 g
0 aK16(0) oY
0 0 0 T4, % 0 0
bKo68(0) qy Xy
0 0 0 0 —Zqyxay
0 0 0 0

Loy X az
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where the function
/1101, 0 # 0,
6(0) =910 = -
0] < 1,6 =0,

and Z is the identity matrix. This optimal condition implies that

(A.4) C, +GTa' =0,
(A.5) 0> g.(z)Lp” >0, 0> g(w)Lp* >0,
. T m) S nghNqu (¢7 1/’)7
(A.6) (W, —p a
(A7)
B (Tgz(@)T 0 0 0 0
Vo f(%,9,2) 0 (TaxONT V2, 9(5,X) 0 0
8 =Vy f(Z,9,\) d 12 - T
0 7V>\f(i,ﬂ,5\) 0 0 Zizl Nivyy(.‘;y)m(y) (]gy(y)) 0
0 0 0 J g 0 -
§ S Ho aK16(0) + 0 Ty % a ( gyo(y)) 0 Q%qu U.
0 Z;iggg; 0 0 Zay xdy 0 0
0 aK15(0) 0 0 0 ~Zqyxay 0
bK25(0) 0 0 0 0 ~Zay xay
Loy xqz 0 0 0
A

From (A.6), we have
pd =0, pp =0, either pu >0, p® >0 or pfp® =0,i€f.

In the following, we show that pg # 0. We prove by contradiction. Suppose that
o = 0. Since A is a column full rank matrix, the linear equation AU = 0 has only
the zero solution, which contradicts the Fritz-John optimal condition, i.e., pg # 0.
Combined with (A.4), (A.5), Proof 16, (A.7), (Z,1,0,0,0,0,0) is the Minimax-M-
stationary point of (A.2), which implies that (z, 7, A, i') is the Minimax-M-stationary
point of (2.4). |

Proof of Theorem 2.9. Since Minimax-Abadie constraint qualification holds
at the local minimax point (z,9, A, fi'), we have D = (D,, D,, Dy, D,) = 0 is the
optimal solution of the following minimax problem

min max Vf(z,7, \) (D, Dy, Dy)
(A.8) Tyt
s.t. D € T3z, 9, \, i),

where Vf(Z,7,\) = (Vo f(Z,9,N), =V f(Z,7,\), =Vf(Z,7,))). Note that (A.8) is
a minimax problem with complementarity constraints, where the constraints are all
affine mappings. From Theorem 2.8, we have D = (D, Dy, Dy, D,,) = 0 is a Minimax-
M stationary point of the minimax problem (A.8), which implies that (z,7, A, ') is
the Minimax-M-stationary point of (2.4). d

Appendix B. Proofs of the main results in Section 4.

B.1. Projected gradient multi-step ascent descent method. In the proof
of Proposition 4.2, we make use of Danskin’s theorem, which is described in the
following lemma.

LEMMA B.1 (Danskin’s Theorem, [6]). Let Z C R™ be a nonempty compact
set, and ¢ : R™ x Z — R be such that ¢(-, z) is differentiable for each z € Z and
Vad(x,2) is continuous on R™ x Z. Also, let Z*(x) = {z € argmax, ¢, ¢(x,2)}.
Then, V(x) := max,cz ¢(x, z) is locally Lipschitz continuous, directionally differen-
tiable, and its directional derivative is given by

V'(z;h) = max ¢ (z,2;h).
z€Z*(x)
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In particular, if for some x € R™ the set Z*(x) = {z*} is a singleton, then V is
differentiable at x, and VV(z) = V,d(x, 2*).

Proof of Proposition 4.2. For simplicity, let (yl,A\l) = (y.(zt, 21, ut,vt),
Ae(zh, 2wt vt)) and (92, 02) = (y. (22, 22, u?,0v?), A\ (22, 22,42, v?)). By using the
definition of (y«(x, z,u,v), \«(x, z,u,v)) and the k-strong concavity of the function
(1, A) = Q(z, z,u,v,y,A), we get

Q(wla Zl? Ul, Ula yia )‘i) - Q(xla Zla ula ’Ul7 yf? )\3)

§<v(y,)\)Q<x17 Zlv u17 vla yi )‘i)’ (yL )‘i) - (yfa Ai)) - g”(yia )‘i) - (yfv )‘E)HQa

and
Q(xl Zl ul Ulayfa)‘Q) _Q(ml Zl ul Ul7yi7A1)

<v(y )\)Q(x Z u U ay*a)‘ ) (y*a)‘2) (yia)\i» -
Adding the above two inequalities yields
(B.1)
KH(:’J? )\3) - (yL )‘i)HQ §<v(y,>\)Q(‘Tlv Zl ul ’Ulu yia )‘2) (yia Ai) - (yf7 Az»
+ <v(y,)\)Q(I1 Zl ul v vy*v)‘ ) (y*7>‘2) (yia)‘i»
Next, from the definitions of the points (y, AL) and (y2,A\2), it follows that

yEY,AEA
<v(y )\)Q($ 2! u U ay*a)‘ )7(yv)‘) - (yivAl» <0, V(y,)\) €Y xA

(B2) = <V(U,A)Q(I 7251,’&1711 7y*7A*)’(y*’A2) (y*,A )> < O
Similarly, we have

(B 3) < y)\)Q( 2 3 ,U,Q v ayfaAz)’(yia)‘i)_(yf7Ai)> SO
Then, combining (B 1), (B.2) with (B.3) yields that

Rl (42, 02) — (y*, DI

<V(y A)Q(x Z ’LL ’U 7y*v *) V(y)\ Q(l’ 22 u2 v ay*a)‘2) (yia)‘i)_(yfaAi»
(a)
SNV @, 2 ut 0! 52 02) = Vi QG2 2202, 0%, 52 A2y AL — (2, 02)]

b
2L, + 72wt oY) — (02,20 ) (0 AL 622
S W2 02) — (LAY < (Lop, + Tr @l 2wl oh) — (22, 22,02, 02)]
where (a) utilizes the Cauchy-Schwarz inequality and (b) holds due to the definition
of @, the triangle inequality and the Lipschitz gradient property of P,.
Notice that ) and A are compact sets,  is differentiable and has a unique
maximum due to its strong concavity in (y,A). Then, from Danskin’s theorem

(Lemma B.1), we can infer that ¥(x, z,u, v) is a differentiable function with
VI (z, z,u,v) =VQ(x, z,u,v, ys(x, z,u,v), Au(z, 2, u, v))
vxf($7y*('1:azvua U)? A*(JU,Z,U7’U))
(B.4) oV.g(z, A(, z,u,v))
T(—u + y«(z, 2, u,v))
T(—v + Ai(2, 2, u,0))

K
24 = A

Consequently, we can obtain
[Vo(z!, 24 ul,vb) — V(a2 22 u?, v?) |2
=Vaf(ah,ye, ML) = Vaf (22,52, XD + 11pV29(21, X)) = pVag(22, D)2
+lr(—u +yn) = 7w + D) + (=0t + D) = (=0 + 2D
<[(Lvs +pLyg +27)(L+ (Lyp, +7)e" P (@h 2t ut oh) = (22,22, 6, 0?) |2
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Proof of Theorem 4.5. Since (Z,7, \, Z) is an -KKT solution of problem (1.1)
with p > pg, from Definition 4.4, we have

(B.5) IVaf(Z,5, M) <e
(B.6) IVy f(Z,9,A) — PVyg(ﬂ N < e
(B.7) IVAS(Z,5,A) — p(Vag(y, A) — Vag(z,N)] <€

) PIVyg(z N <€ g(5,A) —ming(z', ) < e

Using (B.5) and (2.9), it yields that ) o B
mo) V@I V@50 + Ve f @500, 3) = Vs (2,5 )
< e+ Lvgllgn) - 7ll.
where the first inequality holds due to the triangle inequality and the second inequality
is true due to the assumption that f is Ly -smooth.
Next, using (B.6), we have

19, £ 500, A) — oV, 050, 25 — 2)]
ﬂWf@y,)p%m,D%WVﬂ N — Yy f@. g0
B10) IV N) ~ VygGR). N — V2,00, N)E - 7))
+MWM@JwW7<<>> V2 0G0, Rz — g | + ol Va(z )]
<2+ Lglg) — 1l + 2232 50) — 311> + 255 g(3) — 21

where the last inequality holds due to the Lipschitz contmulty of Vf and V?g. Simi-
larly, using (B.7), it follows that
(B.11) B

IV f (2, 5(N), X) = pV3, 95N M) (5 — 2))

(A
<VAf(2.9,)) - PVAQ(% )+pVAg(5 )Ilf\lvxf(f JA),A) = Vaf (@, 3, M)l

FpllVr0(5.3) ~ Tag(a0),3) ~ 93,950, N5~ 50)
+olIVAg(Z )~ VagGN), A) - Aw<(>v@—y@»
SHJNMMM—MHJmWWM) a7+ P22z g P,

Then, using the triangle inequahty, combing (2.9), (B.10) with (B.11) yields that

(B.12) o o
IVaf(@,5(N), (A), NIV, 9(a(N), N1V f (2, 5(0), Al
9(F(N), M)(F —5)H
), M)

% -
<IVAE 5. N) — 093,
TR0 D050 ) 0,530 ) 572,000 15— ]
PR 1503)

§QF+D6+GWJ)FvNMM—WH+

Using the strong convexity of g(y,A) in y for all A € £, (B.8), and the definition
of g(A), it follows that
(B.13) 1500 — 311° < 20 [g(5, A) — ming(=', V)] < 2.
Combining this inequality with 2 € X/, A\ € A, and (4.6) yeilds that ||V f(z,y, \)|| < r.
Furthermore, using V,g(%(A), A\) = 0, we have
(B.14) i
15 = gll < v Vyg(7.A) = Vyg(G(2), Ml = v [Vy9(5, M|

= () IV f(@,5,2) + pVyg(G. M + IV f (2,5, M) = (pr) " (e +T)

Ayg(

~ pLyeg <
P+ PEE () - 2P

and
(B.15) [z =gVl < pHIVyg(2,A) = Vyg(g(A), Ml = v~ Hig(z, M| < (ov) e
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Then, from the definition of @ in (4.7), (B.13) and (B.14), it yields that ||g(\) — 7| <
w. Combining this, (B.9), (B.12), and (B.15), we obtain that
IVaf(2,5(A), M| < e+ Ly,

(B.16) IVASf(@,5(N), )= V3,9FN), NV5,g(HA), V]V, f(2,5(0), V]

A
2
[ . vagpw L2 g€

<@+ e+ (T +1

In addition, from (4.7), one has w < V2UT le and
2 _ 1 -1
pw® =min {p~'v (e + -T2, 200 €}

<min{p~'v ?(eo +T)? 200~ 161}1 < Vw32 (e + T)v/e.
Substituting the above inequalities into (B.16), the desired results can be obtained.O

2pv2

To prove Proposition 4.7, we need the following lemma.

LEMMA B.2 ( Lemma A.3, [11]). Let g : R®™ — RU {+o0} be a proper lower
semicontinuous convex function and f : R® — R be an Lyj-smooth function. Then,
for § =f+g,2 € dom(g),y > Lvy, and

at = prox, -1, (= — 7 'Vi(2)),
we have, for any &’ € dom(g),

i) = 1) = 2a! = o P = T’ = ol + 15w’ ),
where lj(x', x) = f(2') — f(z) — (Vi(z), 2" — z).

Proof of Proposztzon 4.7. By the assumption in this proposition, it is not hard
to verify that function Q )(y,\) is (Ly P, +T) smooth and k-strongly convex. Not-

ing that for K =0,..., K — 1, the sequence { k), )\[ }t:O satisfies
(T (), AT (R)) = proxe, sy sy (81 (0) A (R)) = a0y Vi [-Q (41 (), A ()|

Then, using Lemma B.2, the strong convexity of —Q(z, z,u,v,y,A) in (y,A), and
(y ”1( ), AU (R)), (1 (R), AL (R)), (5. (K), A (k) € Y x A, for oy € (0,1/(Lyp, +
7)), it holds that
(B.17)

QW (y" M (), N (k) — 9(a”, 2F, ', 0")

> 5o 0 (). 3. (0) = (k). A )|
2 ), Ao () = (01 (), A () 2

Based on the definition of ¥(z*, 2%, u*, v*), it follows that

1

Sy 1= (), A (R)) = (" (k), A" (k)17

QU (y1+1 (), N1 (k) — 9(a, 2%, uF, 0*) <0,
Then, combining the above inequality with (B.17) ylelds that

Hﬁm ("I k), A (k)| < (1~ my?\l( ye (), A (k) — (51 (), A (k) |2,

1mphes part (a). Subsequently, part (b) is clearly established. In addltlon from
(B.17) and part (b), we can obtain

D(a®, 28, ub, o) — QW (I (), A (k)

o' —x = o 10 (8. 0. () = k). Ak
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Proof of Theorem 4.8. Using the strong concavity of Q(z, z, u, v,y, A) in (y, A)
and the definition of (y.(k), A«(k)), it holds that

QW (y* \F) — QM) (y, (k), Au(k))
<V QW (e (k) A (), (5, ) = (0 (), A (R))) = SII(7, AF) = (g (), A (R)) 1

K
= 204N = (B A ()P,
which implies Q) (4, ) — 9(a*, %, u¥, %) < — 5| (4, A¥) — (3. (k), A (k) |2. Then,

2
||(yka )‘k) - (y*(k)v A*(k))HQ < E [ﬁ(xk’ Zkauk’vk) - Q(k) (yk, )‘k):| 3
which together with part (b) in Proposition 4.7, yields that
(B.18)
2
W) = (g (B, A RDIP < 21— )T [0, 2%, o) — Q9 (o, X))
K
From Proposition 4.2, Theorem 2.1 and the definitions of P, in (3.3) and @ in (4.4),
we have the following inequalities
Hva(k) (yk—i-l’ )\k-i-l) _ Vmﬂ($k7 zk7uk7,uk)||2
ko, k+1 yk+1 k 2 2L2Vf T
:vaf(x Y 7)‘ )-me(l' 7y*(k)7/\*(k))H < T(l_’%ay) Ak'
Similarly, we can obtain

[V.QW) (yF 1, A1) — v 9(a¥, 2% uk M) |2 <

2p* L3
M(l — kay)T Ay,

2 2
IV, QW) (y* 1 A1) = W (¥, 2%, ik, o) |2 giu — k)" Ay,

-2
[V, QM (yF+1 A1) — W, 0(2F, 28 ub oF) |2 <=—(1 — ko )T Ay
K
From the optimality condition, we have that GQ y(x 2K uk oF g (k), M\ (k) =0
and GQ’ (zF, 2% uF vF g, (k), M\ (k) = 0 for any (x , 2% u¥ v*). Based on Assump-

tion 2. 1 it follows that
||Ga;31}($k Zk uk’vk7yk+1,)\k+1)”

:Hai {yk+1 — projy[yk+1 + ayVyQ(k) (yk—&-l, /\k+1)ﬂ
Y
1
- [y*(k) — projy [y« (k) + ay, V, Q) (3. (k), )\*(k))]] H

Qy

2
S;II@/'““ = g (W) + [V Q™ (3 (k), Au (k) = V, QW (51 M)

y

2
S;llﬁ“ — 4 (B)| + (Lwp, + DI A = (4 (B), A (R))

y

S3ag (PN — (g (k) A (R)),
where the first inequality derives from the triangle inequality and the nonexpansivity
of projection operator, the second inequality comes from the (Lvp, + 7)-smooth of
function @, and the last inequality holds because of v, € (0,1/(Lvp, +7)). Similarly,
we can obtain
|
HGQA(xk 2 o gD < Bag (gAY = (g (k) A (R)) -

Combined Wlth inequality (B.18), the proof is then completed.

The following lemma is fundamental to the proof of Proposition 4.9.



36 YALING HU, JIANI WANG, YU-HONG DAI, XIAOJIAO TONG

LEMMA B.3 ( Lemma A.2, [11]). Let g : R® — R U {+o0} be a proper lower
semicontinuous function with inf,cpn g(x) > —o00, and §f : R™ — R be an Lyj-smooth
function. Then, for § =f+ g,z € dom(g),& € R, and

a7t € prox, 1 (z — 571,

we have

§at) < () — 3 (7~ Lopllat — 2 + (Vi(a) — .2 — )

Proof of Proposition 4.9. From the definition of &*, (zk+1, 2kl oF+1 pk+1)
can be expressed as

(xk+1’zk+1’uk+1’vk+1) = prox,,_, [(xk7zk7uk’vk) . axgk] 7

where o(z, z,u,v) = dx(x) + d0y(z). Applying Lemma B.3 with § = ¥ and this o, it
yields that

ﬂ($k+1, Zk+1, uk+17 ’Uk+1)
1, _
< ﬁ(xk,zk,uk,vk) o 5(agﬁl o Lvﬁ)”(l’k+1,2k+1,uk+1,vk+l) (xk Zk u LV )”2
R R T e G G B CATEAR ARG )
1 X
< 19(.’)3k,zk,uk,vk) _ i(a )H( k+1 Zk: ,uk+1,vk+1) _ (xk7zk7uk?vk)”2
1
+ Z( LV@)H( k+1 Zk+1,uk+17’l)k+1) _ (.’L‘k,zk,uk,vk)HQ
1
+m||vm$ 25 ub v ) kaz
z =
1, _
S ﬁ(xk,zk,uk,vk) o Z(a 1 _ Lv§)||(xk+1,Zk+1,’u,k+1,’uk+1) (xk Zk u v )”2
1 2 L +0%2L% +7
+ — - ( Vvf P Vg )(1 . /@ay)T ﬁ(xk,zk,uk,vk) _ Q(k)(yk’)\k)} ,D
Qg — Lvyy K

where the second inequality follows from the standard inequality (a,b) < Z|lal/* +
% [|6]|2, and the last inequality uses Theorem 4.8. Then the desired result is obtained.

B.2. Nesterov accelerated extension.

Proof of Lemma 4.13. By Lemma B.2 with f = —Q and g = dy(y) + da (),
and the strong convexity of —@ in (y, A), it follows that for any (y'(k), N'(k)) €

(B.19)
QW (" (), A (R)) — QM (' (k). X (R))
Sy (), N (k) = (" () A (R)IP = S (k) X () = (! (), AP
+ SN (), X (1) = (h) (), AL () 2

—1 —1

> 7”(?/(]{3), /\’(k)) _ (y[t+1] (k)’)\[t+1](k))”2 =k

5 ' (B), N (k) — (i (), M)

Let t > 0 and 7 := ,/Ray,. Substituting (y'(k), N'(k)) = n(y.(k), \(k)) + (1 —
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) (y (k), \H(k)) into (B.19), we obtain
(B.20)

QW (" M (), XU (k) — Q™ (my.c () + (1 = m)y (), mAu (k) + (1 = m)AL (k)

> S e (), A ) + (1= )50, A ) = (100, A )

S (), A () + (1= )0/ (), N (R)) = () (), A2

2
_KTay

S (G R AT R) = (9 () X () + (7 = D), A R))) 1P

(a;1 - ’f)’fay || -1

S A ) A () = (9 (), A () + (7 = DR, A ) I

By the k-strong convexity of —@Q in (y, A), it holds that
= QW (ny..(k) + (1 = )y (k), nA (k) + (1 = A (k) < —nQ(’“)(y*(k), (k)

— (1=n)QW (Y (k), N (k)) — gn(l = (1 k), AT (R)) — (g (k) A (R)) 7.
Hence, let valy1y(k) = QW (y. (k), A (k) — QP (yt+H (k), A+ (k) for any k > 0,
Q™ (" (k) A (k) — Q<k)(77y k) + (1= n)y™ k), nA (k) + (1 — A (k)
< QW (k), N (k) = nQ™ (g (k), Au (k) — (1 = mQ™ (3 (), A" (k)
— Zn(1 =)l " <k>7w<k>> = (G (D), A )

= —valpa) (k) + (1 = nvaliy (k) — gn( I k), A (R)) = (g (k) A (R) 1P

(
(

which, combined with (B.20), yields
(B.21)

0t~ = Dwaly (k) = 507" = DI (R), A (R) = (g (k) A (R)) 1P

| X

O 0 ) — (). A + 7 = 68, 28 )|

()~ val g1y (k) + *Iln NI R), AU (R)) = (e (), A (R))

+(t - 1)(2/[“(76)7)\“]( I
We will use the following identity that holds for any a,b € R™ and ¢ € [0, 1)

+
>

1 2

la= b2 = cllal = (1= ) ||+ 7= = [l
Plugging a = (4 (k), A (k)) = (3 (k), A (k). b = §((wa (k), AT () = (41 (1), A1) (K))), and
¢ = %1::) into the above inequality yields

B (O, AR — (), A RD) + (), A R)) — (o (), A ()P

= SO =1 k), A (8)) — (o (R, Ao () P

= [ (), A R)) — (10, X)) + (51 (), A () = (g (), A ()
SO L) 0, A ) = (9 ), A ()]

= B0, X)) — o 81 080 + S ()0, 2
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—1

@A) Sl k9, M R) — (R, A ) P

SWH@M(@, A (R)) = (g (), A (k)
(o' —mn™"
a;l _ K./,n—l

2

+ (! (), N (k) = (), X )|

together with (B.21), implies that

—1 —1
oy, — KN

0 = Dualg () + 2| 1), AT (8) = (5 (), M (R)
522 ot () ) — 0 A )|

>0~ valji) (k)
2 @, AR — (G (B M () + 7 = D (), A [
If t > 1, then using the relations i) (k) = (k) + 152 (y1 (k) — y*~V(k)) and
M (k) = A (k) + 152 (AW (k) — A= (k)), it yields that
(4100, A (1)) — (9 ), Ae () + 21
=" (k), A (k) = (4 (k), A ()
b L =, k) — (), A (h)))

n=mn L+n~t
=0~ (" (k). N (k) — ((y*(k), Ae(B) + (7 = DR, /\[H](k))) :

and obviously, for t = 0 (recalling that (X (k), A (k) = (41 (k), A (k) = (y*, AF)),
W (k) A (R)) = (g (k) M (B) + ———

= (" A) = (ys(k), A ().

Therefore, we can rewrite (B.22) as follows:
Case 1: Ift > 1,

valpy (k) + 5 |07 (1 R), N (R)) = (g (R), A (B)) + (07" = D)1 (R), A (R)))

<(1 =) [valg (k)

+ g Hn*l(y[t](k),)\[t](k)) — (g (B), M (k) + (" = 1)(y[t 1 G 1] H ]
Case 2: If t =0,

2

valia (6) + 5 [0 (1 0, A (0)) = (3 (), A (k) + (™ = D (), A1) |
<(1 =) [valig (6) + SN = (e (B) A R)IP] -

Thus, we can conclude that for any ¢ > 0,
O
K
valiean) () < (1) [oali (8) + S (6% ) — (3 (8), A (D]
which is the desired result (a). Part (b) follows from (a) immediately by the k-strong
concavity of function @ in (y, A).
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Proof of Theorem 4.14. Using the strong convexity of —Q(z, z,u,v,y,A) in

(y,A\) and the definition of (y.«(k), A«(k)), it holds that

ﬁ(xk Zk ’U,k Uk) _Q(k)(yk )\k)

K

> (V0 Q™ (5 (k) A (k). (y Yo (k), A (k)) = (5%, A0)) + 1" A) = (g (R), A (R))II?,
which implies 9(z*, 2%, u¥, v%) — QW) (y*, AF) > £|(y*, A*) — (y.(k), A (K))|?. Com-
bined with part (b) in Lemma 4.13, yields that
(B.23) O

. 4 .

H (yk+17 >‘k+1) - (y*(k)v )‘*(k)) H2 < 7(1 - Hall)T [ﬁ(xk7 Zk’ uk7 Uk) - Q(k)(yk7 )‘k) :
/1 VR,

The remainder of the proof follows a similar line of argument as in the proof of
Theorem 4.8. Specifically, by substituting (1 — ko) T with %(1 — J/Fay)T, one can
replicate the steps of Theorem 4.8 to obtaln the result. Hence, we omit the proof here
for simplicity.

Appendix C. Details of the case study in power system.
The upper-level DS optimizes its economic dispatch subject to DC power flow
constraint and power balance equation, i.e.,

(C.1) min Z (Z (a;(p],) 2 bipd, + ) + CHP?)

teT \i€G
0; — 9j .
(C.2) s.t. pij = - V(i,j) € L
(C3) > vl - Zpd =0
i€G i€EN
(C.4) P < pig <PV G) € L
(C.5) p{m < pl, <p?Vie G

In the above model, G, L and N denote the sets of generators, branches, and buses in
the power system, respectively. The coefficient c¥ is the cost of the power exchange
with the ISO. The variable p;; denotes the active power flow from bus 7 to bus j, with

pg‘m, pi;** representing the minimum and maximum transmission capacity limits of
branch ij, respectively. For the generator at bus 4, p/"™", p?"™** indicate its minimum

and maximum allowable active power outputs. The variable 6; denotes the phase angle
of bus i. Eq. (C.2) is the DC power flow equation. Eq. (C.3) represents the active
power balance equation.

The objective of MG is to minimize the operation cost based on the market
clearing price (DLMP) announced by DS. A economic dispatch model for MG is
formulated as follows.

T

min Z {Z (TPt + & ug,e + (1 — uge—1)ug,t)

t=1 L ¢
(C.6)

+ Z cdeg pb 2 +p§h§) + c?“yp?“y C;ell sell + churcpm}

(C 7)

Zpg ¢+ ch“” Z — Py phg) P —pi =) ple S, e T

1

(C.8)

max

ug,tpq "< Dg,t < Ug,tPy
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(C.9)
pg,t - pg,tfl S RZpAt, pg,tfl - pg,t S RgownAt
(C.10)
vhi Fohs <10 <phy < pp o, 0 <y < wy oy
(C.11)
1 is
By = FEp— 1+pr b AL — dispgytAt
Up
(C.12)
EM™ < Epy < EP™, Eyo= Eyr
(C.13)

curt forecast forecast curt forecast
prt+p7‘t = DPrit ) OSp'rt<pr,t ) 0<p <p

(C.14)
bu, rid,max sell rid,max sell bu
0<p™ <p® , 0<p <pf PP =0

)

where {pg ¢, ug ¢, pb L, p}}‘f, pPY peell, Py} are the decision variables of the MG model,

which represent generator output, unit commitment status, charging and discharging

power of the energy storage system (ESS), power purchased and sold, and curtailed

renewable power, respectively. The operation cost of MG includes the following com-

ponents: the generation cost of dispatchable generators ¢f Dg,t, the start-up cost of gen-

erators cj'ug ¢, the degradatlon cost of energy storage cdeg (pb terdlS) the cost/revenue
uy buy aell sell

from grid interaction ct Dy p;°", and the penalty cost from renewable curtail-
ment " *p. Eq. (C.7) is the active power balance constraint. Eq. (C.8) enforces
the generator output limits. Eqs. (C.9) are the generator ramp-up and ramp-down
constraints. The ESS charging and discharging logic and power limits are captured by
constraints (C.10). Eq. (C.11) is the energy balance equation. Eqs. (C.12) enforce the
energy storage capacity limits. The constraints of renewable generation utinization
and curtailment are in (C.13). Eqgs.(C.14) represent the power exchange constraints.
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