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Primordial black holes (PBHs) may have formed in the early Universe and may account for all or
part of the dark matter. In this review, we summarize the current observational constraints on PBHs
across the full mass range, highlight potential evidence for their existence, and outline the prospects
for future searches, particularly with gravitational-wave observatories. We also discuss different
PBH formation scenarios, identify the corresponding mass functions, and present the observational
constraints in each case.
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I INTRODUCTION

D RIMORDIAL BLACK HOLES (PBHs) [I-5] have been widely studied because of their potential cosmological signif-
d&% icance. They have been proposed as candidates for dark matter (DM) [6, 7] (for a review of DM see Ref. [3]),
contributors to observed gravitational wave (GW) events [9], and plausible progenitors of supermassive black holes
(SMBHS) occupying most galactic nuclei [10]. If PBHs possess an extended mass function, as many of their formation
models predict, they could simultaneously account for several or even all of these phenomena. Indications for PBHs
also arise from various other contexts, including microlensing [11] and ~-ray bursts [12].

In contrast, numerous constraints on the abundance of PBH have been established on different mass scales, and
these have dominated PBH studies so far. The constraints are associated with a wide range of astrophysical processes:
quantum evaporation, dynamical effects, lensing, accretion, structure formation, and GW emission. These limits are
usually derived under the assumption of a monochromatic mass function. This is, however, unrealistic, since PBHs
in most scenarios are expected to have an extended mass distribution. This problem was addressed in [13]. For the
resulting constraints, this is a double-edged sword. On the one hand, by spreading the distribution over many decades
of mass, one can reduce the density required at any particular mass, thereby avoiding some constraints. On the other
hand, PBHs capable of explaining an observation at a particular mass may still contravene the limits at some larger
or smaller mass if the mass function is extended.

In recent years, there have been several developments. First, the constraints themselves have been updated, with
some becoming stronger and others weaker. Second, PBH formation mechanisms and viable mass functions have been
explored in greater detail. Third, as already indicated, in addition to constraints, we now have claims for positive
evidence. Regarding DM, the research is mostly focused on asteroid and stellar mass PBHs. In the stellar-mass range,
one expects PBHs to form more easily due to QCD effects; however, this range is already subject to several stringent
constraints that ostensibly limit PBHs to a small fraction of DM, and avoiding such constraints becomes increasingly
difficult. In contrast, the asteroid-mass window is currently free from constraints, but finding positive indications for
PBHs there is also more challenging. Nevertheless, current and near-future GW observations offer opportunities to
probe both mass ranges.

In this review, we compile the most up-to-date constraints and provide them in digitized tables accompanied by a
Mathematica notebook, available at GitHub: PBHconstraints, to evaluate these limits for extended mass functions.
Rather than reiterating previous comprehensive in-depth reviews of PBH constraints (see e.g., [14, 15]), we will
concentrate on potential positive indications for PBHs (but see also [16, 17]) and on prospects for probing PBHs with
forthcoming experiments. We will work with units ¢ = Mp; = h=kp = 1.

II FORMATION AND MASS FUNCTIONS

For a general population of PBHs, with a range of masses, the abundance and distribution of masses can be
characterized by the PBH mass function

1 dQpen

M =
¥(Mpon) Qpm dln Mpgy

(1)

where Qpy ~ 0.12h~! denotes the DM density parameter. Then the fraction of DM in PBHs fppy and the mean
PBH mass (Mppn) are given by

Q
fpBH = QPBH
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A generic extended mass function, frequently used as a benchmark case, is the log-normal distribution

Y (MppH) Lexp {—IHQ(]WPBH/]V[C)] ’

2o ®)
characterised by its width ¢ and mode mass M., the latter being related to the mean mass by (Mppn) = Mce_”2/2.
In the following, we outline the different scenarios for PBH formation and identify the corresponding mass functions
appropriate to each case.

Before considering specific cases, a few more generalities can be established about PBH formation. PBHs form
in the early universe, which we take to be any moment before recombination. An important quantity relating to
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the PBH abundance at the time of their formation is the fraction By of energy density that will be converted into
PBHs when the comoving scale k enters the horizon. Given that a PBH with mass Mpgy forms in a horizon-sized
volume with probability dPy(Mppn|0)/dIn Mpgy, provided that the conditions parametrised by the vector 8 hold
with probability P(8), the differential collapse fraction per logarithmic mass interval can be expressed as !

Mpgu dPy(Mpgu|6)
Mk dln MPBH ’

Bu(Mppi) = / d6 P(6) (4)

where
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is the horizon mass at the moment when the mode with wavenumber k re-enters the Hubble horizon, while g, and
gxs are, respectively, the energy and entropy relativistic degrees of freedom [18] evaluated at the temperature

1
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Eq. (4) is derived under the assumption that only a single PBH forms within each horizon volume and must be revised
if multiple PBHs can be produced per horizon. However, this assumption is justified, since the initial PBH abundance
in the early radiation-dominated Universe must be small to avoid PBH overproduction.

Given the collapse fraction (4), the mass function is then obtained as

1
DM

Meq> 1z | @

Y(Mpgn) = ) /dlan Br(MpsH) (Mk

Meq =~ 2.8 X 107 M, is the horizon mass at matter-radiation equality. Eq. (7) relies on the assumption that PBH

masses are constant after formation. Consequently, in scenarios featuring substantial accretion, an extremely high
merger rate, or remnants from evaporating sub-asteroid—mass PBHs, Eq. (7) must be revised (see, e.g., Eq. (24)).

A Critical collapse

When large-amplitude curvature perturbations re-enter the horizon, regions with sufficient overdensity can grav-
itationally collapse to form an apparent horizon [1, 5, 19]. In the standard picture, a PBH forms once the density
contrast d exceeds some threshold d;,. Near this threshold, the collapse exhibits critical behaviour. This universal
phenomenon was first identified in numerical studies of general relativistic collapse [20]. The resulting PBH mass
follows a critical scaling relation of the form [21, 22]

m(5) = ]CMk (5 — 5th)‘y 5 (8)

where the parameters K and « and the threshold 6y, depend on the shape of the curvature power spectrum [23-26].
The fraction of energy density collapsing into PBHs (4) of mass Mpgy then takes the form

Mppu 5p [ln MPBH:|
m(d) |’

B (Mopn) = / a5 Py (6) (9)

Oth My,
where Py () denotes the probability that a BH will form in the Hubble patch and dp is the Dirac delta function,
selecting patches in which the resulting PBH mass is Mppu. Eq. (9) is fully general provided the PBH mass is fixed
solely by the density contrast ¢ via Eq. (8). In particular, it applies in the presence of non-Gaussianity and for
computations based on peaks theory or threshold statistics (see, e.g, [27]). However, if additional variables influence
the PBH mass, the dimension of the integration domain must be enlarged accordingly, following Eq. (4).

The critical collapse scenario relies on the presence of large super-horizon curvature perturbations, which can
naturally arise during any inflationary epoch. Producing an appreciable PBH abundance requires a substantial

1 This equation assumes that the PBH forms at k = 1/aH. For instance, in critical collapse scenarios, the formation of PBHs takes place
after the density perturbation of size k enters the horizon. The delay between the horizon entry of the density perturbation and the
formation of the PBH is then accounted for in Py (Mppu|0).
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enhancement of the curvature perturbation power spectrum, namely P¢(k) ~ O(1072—1072), on the scales relevant
for PBH formation. While the amplitude and shape of the scalar power spectrum are tightly constrained on the largest
cosmological scales by direct CMB observations [28, 29], limits on CMB spectral distortions [30-34] and Lyman-« forest
observations [35], much smaller scales remain essentially unconstrained. Consequently, many primordial mechanisms
have been proposed that generate a significant enhancement of the scalar spectrum at these scales (e.g., [36-46]).
Most models capable of generating such an enhancement lead to a power spectrum that can be approximated by one
of the following representative ansétze:

A(a+ B)*
[B (k/k*)—a/x +a (k/k*)ﬁ/x}x ’
A In?(k/k,)
Vara P { 2407 } ’ -
broad: Pe(k) = AO(k — kmin) O(kmax — k), (12)

broken power-law: Pe(k) = (10)

log-normal: Pe(k) =

where © denotes the Heaviside step function. In the broken power-law case, typical of single field models [47-49],
a, > 0 describe, respectively, the growth and decay of the spectrum around the peak, while the parameter yx
characterises the flatness of the peak. The log-normal form is typically adopted for a spectrum with a narrow peak
arising from spectator field or hybrid models [50-52], characterised by a well-defined wavenumber k,. In contrast,
in the broad case [53, 54], the power spectrum does not exhibit a sharp peak but instead extends over a wide range
between kpnin and kgpax > kmin. This is the most idealised case, since in realistic scenarios, the transition at the
edges of the enhanced region is never sharp. Their spectra could be approximated by a three—power-law template
with two breaks, with the middle segment having an almost scale-invariant spectral index. However, as these tails
do not significantly impact PBH phenomenology, we will neglect them here in order to limit the number of template
parameters.

For relatively narrow power-spectra, the critical scaling law (8) determines the shape of the PBH mass function.
This is well approximated by a power-law tail at low masses and an exponential cutoff at high masses [55]:

Yoo (MpBH) M;E%IM exp [—c1(Mpu/(Mpgu))?] , (13)

where 7y is a universal exponent associated with the critical collapse and the mean mass is approximately given by the
horizon mass when the largest perturbations re-enter the horizon, (Mppy) ~ My, . The coefficient ¢; is determined
by the condition that (Mppy) represents the average PBH mass and the coefficient ¢ ~ 1 depends on the amplitude
and shape of the curvature power spectrum. This ansatz fails to capture the mass functions arising from broad
scale-invariant spectra [54, 56-59]. In such cases, a broken power law provides a more accurate description:

e (Mppzr) o [/3 (M];‘jH) ta (MA?:Hﬂ - (14)

with typical choices & = 1+ 1/y and 8 = 0.5, while M, is a free parameter that determines the location of the
maximum of the distribution. We note that 8 = 0.5 assumes a radiation-dominated expansion history. In non-
standard expansion histories, where the equation of state of the dominant fluid is p = wP, the power law in the
UV is 8 = —2w/(1 + w) [4], so that a non-inflationary universe w € (—1/3,1] corresponds to § € [—1,1) and
radiation-domination corresponds to = —1/2 .

When numerically computing the PBH mass functions from a given power spectrum, we adopt the prescription
based on the threshold statistics of the compaction function [60-63]. An alternative approach uses peak statistics [64—
66]. In the absence of strong primordial non-Gaussianity (NG), the two methods differ only by a mild rescaling of
the power spectrum amplitude [27, 67, 68], leading to negligible modifications of the resulting mass functions. This
justifies our adoption of a single formalism for the analysis presented in this work.

1 Impact of the QCD phase transition

The dynamics of PBH formation is governed by the competition between self-gravity and pressure forces. Within
this framework, the equation of state (EoS) of the cosmic fluid plays a pivotal role: PBH formation is enhanced
whenever the EoS softens. Prior to big-bang nucleosynthesis, the universe may have experienced exotic phases,
which may alter the equation of state [69]. In particular, an early matter-dominated epoch can greatly boost PBH
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FIG. 1. Left panel: Broad mass functions obtained from critical collapse, including the effect of the QCD phase transition. The
solid line is given by the ansatz in Eq. 15, while the dashed line is computed assuming a broad power spectrum as in Eq. 12.
Right panel: Narrow mass functions obtained from critical collapse with the QCD phase transition included (bright lines) and
omitted (faded lines). The solid lines are given by Eq. 15 while dashed lines are numerically computed assuming a log-normal
power spectrum with width A = 0.3 centered at k. = 6 - 105 Mpc™* (blue) and k. = 2 x 10° Mpc™* (red). In both panels, the
mass functions are normalized by f d1n Mpeu ¥ (Mppu) = 1.

formation [70-75]. Such an epoch can occur during reheating, when a heavy oscillating inflaton induces a temporary
matter-dominated era [76-79].

Within the standard cosmological model, after reheating, the Universe is dominated by relativistic species. As the
temperature decreases as a result of cosmic expansion, the thermal plasma undergoes a sequence of transitions where
the EoS softens appreciably. Notable examples include the electroweak phase transition at T' ~ 100 GeV, epochs of
quark annihilation, the QCD phase transition at T' ~ 200 MeV, and the stages of electron—positron annihilation and
neutrino decoupling around 7'~ 1 MeV.

Variations in the EoS affect the critical threshold dy, for PBH formation, a quantity that generally depends on
the shape of the primordial power spectrum [24, 80, 81]. As a consequence, multiple cosmological transitions can
generate multimodal PBH mass distributions, often characterised by a dominant peak accompanied by secondary
features. For concreteness, we focus here on the dominant peak, associated with the QCD phase transition, and
attempt to parametrise its impact on the PBH mass function?. In particular, when the power spectrum is not nearly
scale-invariant, the QCD transition has a significant effect only if the mass function is centred around O(0.1—10) M,
as illustrated in Fig. 1. We fit the resulting feature with the log-normal mass function (3). Typically, the characteristic
mass scale is M, = O(1) Mg and the width is o ~ [0.2,0.5], with exact values depending on the shape of the power
spectrum and the level of primordial NG [62, 91]. For example, for very broad mass spectra without primordial NG,
typical values are M, = 1.7 M, and o = 0.5. For narrow spectra, these parameters depend sensitively on the location
of the main peak. Including the effect of the QCD phase transition, the PBH mass function arising from the critical
collapse can be approximated as

Y(Mppn) = AYec(Mppn) + Bwm(Mpph) , (15)

where the coefficients A and B characterise the relative contributions arising from the main peak and the QCD part.

In order to numerically determine the impact of the EoS on the thresholds, we follow Ref. [25], in which detailed
numerical simulations are presented. Examples of narrow and broad mass functions modified due to QCD phase
transitions are shown in Fig. 1. As evident from the right panel, in addition to slightly distorting the overall shape,
the QCD phase transition can also shift the average PBH mass (m).

2 Importance of non-Gaussianity

In recent years, it has become increasingly clear that restricting the analysis to the approximation that the proba-
bility distribution function (PDF) of density fluctuations Py (d) is Gaussian is not accurate [62—-64, 68, 92-108]. NG of

2 For additional works studying the effect on the threshold from QCD or other phase transitions see Refs. [16, $2-90].
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FIG. 2. Left panel: Broad (solid) and narrow (dashed) mass functions resulting respectively from a broad power spectrum
(with kmin = 10° Mpc™" and Emax = 10**5 Mpc™!) and a log-normal power spectrum (with A = 0.5 and k. = 6 x 10* Mpc™?)
with different realisations of the NG in the curvaton model, i.e. different rgec (see Ref. [54] for more details of the model).
The amplitude of the power spectrum has been re-scaled for each rgec such that PBHs comprise the totality of DM. Right
panel: Height of the peak at the QCD scale for different rqec. We choose the benchmark points kmin = 10° Mpc™* (red) and
Emin = 10° Mpc™! (blue) respectively. The plot shows a decreasing trend of 1solar = ¥(1M@) when rqec increases, resulting
from the effect of NG reducing the abundance of high masses. The dashed lines represent the height of the peak at the QCD
scale, computed by taking into account only non-linearities. The mass functions are normalized in order to get the main peak
at m ~ 5 x 107 M. In both panels, the mass functions are normalized by fdln Mpgu Y (Mpgn) = 1.

the primordial curvature perturbation is not a marginal technicality but a central element that controls the mapping
between an inflationary power spectrum and the resulting PBH mass function. As PBH formation is controlled by the
extreme tail of the PDF of the density contrast, even modest deviations from Gaussian statistics produce exponen-
tially large effects on abundances and on the relative weight of different mass ranges, and therefore must be treated
explicitly rather than absorbed implicitly into a single rescaling of the power-spectrum amplitude. In practice, NG
enters through two conceptually distinct channels that often act together:

1. The non-linear relation between curvature perturbations ¢ and the density contrast field § induces NG even if
¢ is exactly Gaussian [60, 61, 109]. This NG is referred to as non-linearity (NL).

2. In many scenarios that produce large primordial perturbations, including curvaton [54, 110, 111] or ultra-slow-
roll (USR) [112-114] scenarios, the primordial curvature perturbations are already non-Gaussian. This NG is
referred to as primordial NG.

When the closed form is unknown, the usual approach is to parametrise the primordial NG with a local expansion

C=C(o+ 2+ onnCe+ ..., (16)

where (g obeys Gaussian statistics, and fnr and gni, encode deviations from the Gaussian limit. We stress that,
as shown in Ref. [62], this expansion does not capture the correct results for cases with closed relations, as in the
curvaton or USR cases. For narrow (peaked) power spectra, the perturbative expansion can converge rapidly, so a
truncated series (with convergence checks) may provide reliable estimates of the mass fraction; by contrast, for broad
spectra, the perturbative approach typically fails because the region of (¢ that dominates the tail lies outside the
radius of convergence of the series, and only a non-perturbative treatment of the full function F'({s) captures the
correct result. This practical dichotomy has immediate consequences for mass functions: in the narrow case, NG
mostly rescales and slightly shapes an otherwise localised mass peak, while in the broad case, NG can break naive
scale-invariance and introduce an explicit dependence of the PBH fraction (m, M},) on the horizon mass My, creating
broad redistribution of mass and even secondary features (for example, modifying the prominence of the QCD-related
secondary peak). This effect is shown in Fig. 2.

The impact of NG on the abundance of PBHs 2 strongly depends on the precise relation between the fully non-
Gaussian curvature field ¢ and its Gaussian counterpart (o. Examples of these effects are shown in Fig. 3, where we

3 Large negative NG also affects the collapse threshold (see Refs. [106, 115]).
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FIG. 3. Left panel: Amplitudes for a broken power-law curvature spectrum (Eq. (10)) required to have fppu = 1 for the
curvaton model (red solid line) and the USR-like model (blue solid line), using the full NG relation, while the dashed line shows
the results using the quadratic approximation. We assume o =4, f =3, v = 1, k. = 10” Mpc~! and 6y, = 0.55.

compare the required amplitude of a given power spectrum shape to achieve fppg = 1 for two cases: quadratic NG,
i.e., the first two terms of Eq. 16 (left panel) and the curvaton model (right panel).

From Fig. 3, an important observation can be made. One may ask whether the leading-order expansion in fyr, can
accurately capture the PBH abundance compared to the full curvaton or USR-like cases. For the curvaton, the NG
is controlled by the curvaton decay parameter rge. € (0,1), and the fxr, parameter of the curvaton is given by [110]

5 3 T'dec
= - —-1- 17
po= 5 (1= a7)
so fx1L > —5/4, as illustrated in the upper z-axis of Fig. 3. The USR-like case can be expressed as?
6 ! 6
c=-(%hL) - g, (18)

so that the expansion (16) agrees with it at the quadratic order. Such a relation is responsible for generating
exponential tails in the distribution of perturbations of ¢. Although Eq. (18) was initially derived in the context of
inflection point models with a USR to constant-roll transition [113, 117], in which case fxr, is positive [118], it has also
been observed in the context of first order phase transitions but with a negative fnr, [119]. Thus, we will label (18)
as USR-like and consider it as another generic example of non-Gaussian fluctuations without reference to a specific
scenario.

As seen in Fig. 3, for most of the parameter space scanned in both scenarios, the quadratic approximation (dashed
line) does not capture the correct abundance when compared to the full NG relation (solid lines). The quadratic
approximation overestimates the PBH abundance for the curvaton model and underestimates it for the USR-like
models. In the limit, rqec — 1, the NG relation of the curvaton will take the USR-like form (18) and, expectedly,
both estimates match at that point.

Moreover, one might naively expect that making fyr, more negative would monotonically increase the required
amplitude of the power spectrum, corresponding to fpgg =~ 1. However, as shown in Fig. 3, the amplitude reaches a
maximum around fni, >~ —1.5, with the precise value depending on the model under consideration. The emergence of
this peak and the subsequent decrease of A for smaller fxr, can be traced back to the fact that the PDF of the density
contrast field ¢, the fundamental quantity for computing the PBH abundance by Eq. (9), is not linearly related to that
of the curvature perturbation {. Consequently, suppressing the PDF of ¢ does not necessarily imply a suppression of
the PDF of § [120].

B Other mechanisms

In addition to inflationary mechanisms that amplify density perturbations on small scales, PBHs can be produced
in several non-inflationary scenarios [121]. These alternative channels exploit processes in the early Universe such as

4 The absolute value follows from Ref. [114] and mostly serves to guarantee numerical stability for 5fn.{q/6 > 1. Recent lattice
simulations indicate a different continuation beyond that limit [116]. As fluctuations remain perturbative in the examples considered
here, the effect of this choice is not significant.



phase transitions or collapse of topological defects, or particle dynamics beyond the Standard Model.

1 Phase transitions

Cosmological first-order phase transitions can lead to formation of PBHs in bubble collisions [122, 123] or from
collapsing false vacuum regions [124-127]. Collapsing false vacuum regions can also arise from vacuum bubbles
nucleated during inflation [128-131]. While the PBH mass function arising from the collapse of false-vacuum regions
during a first-order phase transition is typically very narrow [127], the collapse of vacuum bubbles nucleated during
inflation can yield a much broader distribution. In this case, the spectrum can take the form of a cut piecewise
power-law,

(Mpgu/Mp)®, Mmin < Mppu < M, (19)

M .
?/Jpl( PBH) X {(MPBH/Mb),B’ Mb < MPBH < Mmax

The bubble nucleation scenarios of Refs. [129, 130] predict {a, 8} = {0,—1/2} and {—1/2,1/2}, respectively, with the
latter also allowing for M, = Mpip.

Recent attention has focused on slow and strongly supercooled first-order phase transitions, including a period of
thermal inflation during which the Universe remains trapped in a metastable vacuum until well below the critical
temperature [119, 132-138]. In such transitions, the formation of only a few large bubbles per Hubble volume gives
rise to considerable stochastic density fluctuations and the PBH formation is based on critical collapse. A subsequent
work [137] found that, once the coupling between density perturbations and metric perturbations is properly accounted
for, PBH formation is highly suppressed. However, accounting for the gradient energy of the bubble walls may change
this result [139].

Large density perturbations may also emerge in strongly supercooled transitions that are not of first order [140].
Including both thermal and quantum fluctuations, Ref. [141] found that the induced curvature perturbations are,
however, insufficient to source PBHs. Furthermore, to enhance PBH formation from collapsing false vacuum regions,
it has been proposed that particles that are heavy in the true vacuum become trapped inside the false vacuum regions,
where they are subsequently compressed into PBHs during collapse [142, 143]. However, once the backreaction of
these particles on the bubble wall dynamics is taken into account, PBH formation through this mechanism is strongly
suppressed [144] unless the trapped particles possess sufficiently strong attractive self-interactions [145].

2 Topological defects

The possibility that topological defects, such as cosmic strings, monopoles, and domain walls [146], could seed
PBHs has long been recognized [147]. A cosmic string network rapidly settles into a scaling regime in which loops
of sub-Hubble size are continuously generated through string intercommutations. These loops contract under their
own tension and can collapse to form PBHs [147-153]. Ref. [153] found the resulting PBH mass function to have the
power-law form,

Yp1(Mppr) < Mpgy, Munin < Mppa < Mmax (20)

with & = —1/2 in a radiation-dominated era. The locations of the mass cutoffs and the abundance of PBHs depend
on the properties of the string network, most notably the string tension.

In the case of domain walls, a small bias between vacua is required to prevent the domain walls from dominating
the energy-density of the Universe. Although the network eventually annihilates due to this bias, rare higher-energy
domains can persist long enough for their collapse to produce PBHs [154-160]. The PBH mass function in this case
is expected to be nearly monochromatic [158].

8  Other non-inflationary scenarios

Beyond phase transitions and topological defects, several other non-inflationary mechanisms can generate PBHs.
Among them are scenarios including a period dominated by Q-balls, with PBHs forming from the gravitational collapse
of regions where the number of Q-balls fluctuates above average due to Poisson statistics [161, 162]. Alternatively, in
confining gauge theories, PBHs can form because the large amount of energy stored in the color flux tubes connecting
quark pairs can induce gravitational collapse [163]. PBHs can also form from large baryon-number fluctuations
generated by an inhomogeneous Affleck—Dine mechanism, which later convert into density perturbations at the QCD
epoch and collapse gravitationally [164].
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BHs lose mass by emitting Hawking radiation [19, 165] with an approximately black-body spectrum with temper-
ature

1 Mppn \
Tey (M, = ~10* GeV. 21
BH( PBH) 87TMPBH ( 109g ) © ( )

The evaporation process decreases both the mass and the angular momentum of the BH. In terms of the dimensionless
spin parameter, a, < 1, the mass and spin loss rates are [166, 167]

dMppn _ da. _
@ Z a;(Mppn, as) Mpgy T > (8(Mppy, a.) — 2a;(Mppn, a.)) Mpgy , - (22)

J J

where the sums are over all particle species that are lighter than the BH temperature, m; < Tgn, and the coefficients
o, B; depend on the particle species j. They are tabulated in Refs. [167, 168]. For non-spinning BHs, assuming the
Standard Model particle content (including gravitons) and Mppy < 10" g, which corresponds to Ty > 100 GeV,
we have Zj o~ 4.4 % 1073, and the BHs evaporate entirely on a timescale

Mppg \*
T=0%(1Wg>. (23)

A non-spinning PBH with an initial mass Mppg ~ 5 x 10 g, formed at 1072% s and having the size of a proton, would
be completing its evaporation in the present era, while less massive ones would have vanished earlier. For those lighter
than 2 x 10" g, the temperature exceeds the QCD confinement scale, resulting in the emission of quark and gluon
jets that subsequently fragment into stable particles. Therefore, the overall radiation comprises both these primary
emissions and their secondary products [169-171].

While in typical formation scenarios the PBHs have vanishing spins (see e.g. [172]), those formed during a matter-
dominated period can have nearly extremal spins [73]. The evaporation timescale of such BHs is about half that
of a non-spinning one (see, e.g. [173]). Moreover, in scenarios where a population of light PBHs is formed with an
extended initial mass function, evaporation reshapes the mass distribution [174].

A Dark matter

Even when PBHs evaporate, they can contribute to the DM abundance either by partially evaporating into a dark
sector or by leaving behind a stable remnant [175-184]. If the DM mass created per PBH is Mg(mppn), then the
contribution to the present DM is given by a slightly modified version of Egs. (7) and (9):

1/2 m
fou = ﬁ/dlan (%:) /déPk(é)%k(é))- (24)

The semiclassical picture of Hawking radiation may break down as the Hawking temperature approaches the Planck
scale. The consequent evolution of the BHs is uncertain, as we do not have a complete quantum theory of gravity.
It has been suggested that the evaporation ends, leaving a stable Planck mass relic [185]. Furthermore, it has been
suggested that the evaporation may slow down or even stop much earlier due to the memory burden effect, based on
black hole information theory [186—-190].

For stable evaporation remnants, the mass produced per PBH is given by the mass of the remnant, Mg (Mpy) =
Mo when Mgy > Mo These remnants can overclose the universe [185] and thus, in addition to being a potential
DM candidate, they constrain the initial curvature perturbation. Inflationary models that predict DM in PBH
remnants consistent with current CMB observations require an initial PBH mass Mppn < 10%g [180].

If PBH remnants do not make up DM, a new stable particle, which we will denote by ¥, is needed to explain
the DM. Evaporating PBH will inevitably produce such particles as their temperature increases. If x is chemically
decoupled from the radiation bath, their comoving number density will be conserved. In this case, given that these
particles are cold today, the mass per PBH is Mg (Mpgu) = my N, (Mpgu), where N, is the number of x particles
produced per PBH. N, can be considered constant when the initial temperature of the PBH is higher than m, and
will decrease when the initial PBHs are lighter [181].
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B Gravitational waves and dark radiation

If produced abundantly, light PBHs can dominate the energy budget of the early Universe before evaporating. Such
a period of PBH dominance results in a broad GW background. First, Hawking evaporation itself generates high-
frequency gravitons, contributing to the stochastic GW background, whose spectral shape is sensitive to the PBH
mass spectrum and the spin distribution [191-195]. Second, PBHs form binaries throughout the PBH-dominated
period and these binaries then emit GWs [191, 192, 196, 197]. Third, the inhomogeneous PBH distribution generates
curvature fluctuations that will induce a GW background [198-203]. The transition of the background from matter
to radiation domination via evaporation alters the transfer functions connecting primordial curvature perturbations
to induced GWs. This affects the locations and magnitudes of the peaks in the GW spectrum when compared to
radiation-dominated scenarios.

Finally, because evaporations also inject relativistic degrees of freedom (affecting Neg) and can produce non-thermal
particle populations, joint constraints from BBN, CMB and GW observations become particularly powerful probes of
both the initial mass function and its subsequent evaporation history [201, 203].

IV CONSTRAINTS AND POTENTIAL EVIDENCE

Until recently, most PBH research has focused on obtaining observational limits on the PBH number density for
a monochromatic mass function. The limits span an enormous mass range, from 10~24Mg to 102°M and can be
expressed as upper limits on fppu(Mpph), the fraction of the DM in PBHs with mass Mpgy, or 8(Mpgn), the fraction
of the Universe going into such PBHs at formation. We show a compilation of them in Fig. 4. The digitized tables
of these constraints and a Mathematica notebook to plot them are publicly available at GitHub: PBHconstraints. In
this section, we briefly list these constraints and provide the relevant references. In addition, we discuss observations
accumulated in recent years, which have been claimed as evidence for PBHs. This corresponds to what is termed a
“positivist” approach to the subject [17].

A Evaporation
1 Constraints

The evaporation of PBHs leads to strong constraints in the mass range 10° — 10*7 g [204]. Eq. (23) implies that
non-spinning PBHs lighter than about 10° g evaporate before BBN®, while the observations of the abundances of light
elements generated during the BBN constrain 3(Mppy) and fppu(Mppn) in the mass range 10° — 103 g [14, 207]
(for recent similar works see also Refs [208-211]). The abundance of PBHs heavier than 103 g is constrained by CMB
observations, as they would evaporate during recombination and inject energetic charged particles that damp the CMB
temperature anisotropies [212]. For PBHs that evaporate in the local (low redshift) universe, constraints stronger
than those from CMB observations arise from observations of the extragalactic photon background (EGB) [207] and
observations of the electron-positron spectra with Voyager [213]. These constraints extend to PBH masses m ~ 1017 g
(see also Refs. [213-220]).

PBH evaporation constraints can be altered in models with large extra dimensions, in which the Planck mass
can be substantially lowered [227, 228]. The evaporation bounds can be further modified by the memory burden
effect [187, 190] or if the collapse ends up in some exotic ultracompact object rather than a BH [229].

2 Potential evidence

There are some observations that can be interpreted as signatures of PBH evaporation. In particular, in their final
explosive phase, evaporating PBHs produce short-duration v-ray bursts with a universal luminosity and spectrum [230,
231]. The resulting y-ray bursts would be detectable within a few parsecs [232]. Studies of the v-ray burst catalogues
have identified events that could be associated with PBHs [12, 233] and, intriguingly, by estimating the distances of -
ray bursts using an interplanetary network of detectors, Ref. [234] identified several nearby events within (1—100) AU.

5 Smaller masses, i.e. M < 10° g, can be constrained assuming that PBHs leave stable Planck mass relics [185] but with large theoretical
uncertainties [205, 206]
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FIG. 4. Compilation of constraints for monochromatic PBH mass functions (bold) and some relevant potential evidence
(dashed) (SNE [242], OGLE [11], LVK [91]). Only the dominant constraint in each mass range is labelled. The vertical dashed
line on the left indicates the PBH mass that would complete its evaporation today, while the vertical dashed line on the right
corresponds to the horizon mass at the time of CMB formation.

Moreover, the anticipated clustering of evaporating PBHs within our halo should produce a Galactic y-ray back-
ground, distinguishable from the uniform extragalactic background. Ref. [235] claimed that a galactic background
had been detected in EGRET observations and attributed this to PBHs. Later analysis of EGRET data, assuming
a variety of PBH distributions, reassessed this limit by including a realistic model for the PBH mass spectrum and
a more precise relationship between the initial and current PBH mass, leading to constraints on the PBH popula-
tion [236, 237].

Another observable signature of PBH explosions is the production of extremely energetic particles. Recently,
the KM3NeT collaboration reported the detection of the most energetic neutrino to date, with an energy of about
100PeV [238]. One possible interpretation of this event is that it originated from the explosion of a PBH [239-241].

B Lensing
1 Constraints

PBHs can be sought in the present universe through their lensing effects. The most prominent of these is mi-
crolensing (ML), which manifests as a temporary brightening of background stars when compact objects traverse
their line of sight [243]. Since the 1990s, several observational campaigns have monitored the brightness of stars in the
Magellanic Clouds, the Galactic bulge, and M31. Currently, the constraints arising from MACHO [244], EROS [245],
Kepler [246], Subaru/HSC [247] and OGLE [248-250] ML surveys® cover a broad mass range and it has been claimed
that this excludes PBHs with 1071% — 103 M making up more than 1% of the DM halo mass. The low-mass end
of this range is associated with wave-optics and finite-source-size effects that suppress the amplification, while the
high-mass end is associated with the long duration of the ML events. These constraints have been extended to higher
masses by using lensing of supernovae [253] and GW events observed by LVK [254]. The former relies on estimates
of the supernova luminosities, while the latter is based on the frequency dependence of the lensing effect.

The ML constraints can change if the PBHs are initially clustered [255, 256]. However, the amount of clustering
required to have a significant effect on lensing will affect structure formation and is in conflict with Lyman-a con-
straints [257]. Consequently, ML constraints remain largely unchanged in models with phenomenologically viable
initial clustering.

ML constraints depend sensitively on the assumed DM density profile and velocity dispersion in the Milky Way [258,
259]. It has been claimed that these constraints may be relaxed by up to two orders of magnitude [260], although
Ref. [250] argues that the profiles used here are inconsistent with observations of the Milky Way rotation curve.

6 The validity of the recent analysis by the OGLE collaboration has been challenged and is discussed in Refs. [251, 252].
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2 Potential evidence

Several excess ML events have been observed and might be attributed to a population of PBHs. In particular, the
MACHO collaboration detected 13 — 17 events, which is significantly more than the 2 — 4 that could be attributed to
known stellar populations [261]. Moreover, using data from the five-year OGLE survey of microlensing events in the
Galactic bulge, Ref. [11] identified 6 ultra-short events that can be attributed to planetary-mass objects in the range
1075 —10"*M, which is more than expected for free-floating planets. The same group also carried out an observation
of Andromeda with the Subaru Hyper Suprime-Camera (HSC) and reported a single ML event by a compact body
with mass in the range 10711 — 1075 M, [262].

ML events have also been searched for in the light curves of multiply-lensed quasars. In particular, photometric
monitoring of Q0957+561 showed that small variations in brightness in one image were repeated in the second image
a year later, which confirmed its identification as a gravitational lens [263]. Although the ML of quasars might be
attributed to ordinary stars, in some cases, the line of sight is too far from the galaxy for this to be viable, and it has
been argued in [264] that stellar mass PBHs are the most plausible candidates for these events. Moreover, based on
a large sample of quasar light curves, Ref. [265] claims that the observed distribution of their amplitudes implies that
stellar mass compact objects constitute an appreciable fraction of the DM.

C Gravitational waves
1 Constraints

PBHSs naturally form binary systems in the early Universe, constituting the first gravitationally bound structures to
emerge [266]. The formation mechanism relies on the gravitational decoupling of a PBH pair from cosmic expansion
in regions of locally enhanced PBH deunsity (for a review, see [267]). When fppy < 1, a significant fraction of binaries
with coalescence times comparable to the age of the Universe survive until the present [268-270] and thus contribute
to the observed merger rate. When fppg = O(1), nearly all these binaries are expected to be perturbed [269-271].
However, because binary formation is much more efficient, and the binaries merging presently are mostly formed via
3-body processes in the early universe [267, 270], the fppu = O(1) case results in a much less eccentric PBH binary
population than fppy < 1 scenarios. Such a population retains its characteristics, including the merger rates, even
if the binaries are frequently disrupted [270, 272].

The LIGO-Virgo-KAGRA (LVK) collaboration has detected hundreds of binary BH mergers to date [273-276].
However, it has been argued that the observed merger rate is inconsistent with scenarios in which stellar-mass PBHs
comprise even 0.1% of the DM. Therefore, the LVK observations place a strong constraint on PBHs [66, 91, 277-282].
The constraint shown in Fig. 4 is based on Ref. [91], which incorporates data up to the third LVK observing run. In
addition to measurements of the merger rate, unresolved PBH binaries will also induce a stochastic GW background,
which implies fppy < O(10~2) for stellar-mass PBHs [280, 283]. However, this is currently weaker than the constraint
obtained from resolvable PBH binary mergers.

Further GW constraints can be obtained from the link between PBH formation and scalar-induced GW (SIGW)
production. We do not report those in Fig. 4 since they assume PBH formation from critical collapse and depend on
the shape of the curvature power spectrum, which are discussed in detail in Sec. VITA.

2 Potential evidence

The BH population observed by LVK exhibits a mass distribution with two or more peaks [284, 285]. While this
could arise from multiple astrophysical binary formation channels, it remains possible that some of the LVK events
originate from PBH mergers [91, 280, 281]. In particular, LVK has detected events in mass gaps [284, 285] that are
difficult to explain with stellar progenitors. In the upper mass gap between 60 — 120 My, progenitor stars are not
expected to form BHs, as pair-instability supernovae would completely disrupt them [286, 287]. In the lower mass gap
between 2 — 5 M), compact remnants are disfavoured due to the maximum mass of neutron stars and the minimum
mass required for BH formation via stellar collapse [288, 289]. Although there are astrophysical processes that may
fill both mass gaps (see, e.g., [285] and references therein), the mass gap events could also point to the existence of a
PBH population [290, 291]. In addition, a candidate subsolar-mass event with a false alarm rate of 1 in 5 years was
identified during O3 by GstLAL [292], whose potential primordial origin was considered in Ref. [293].

Additionally, the existence of very heavy PBHs, with Mppy > 10 Mg, can be tested through a possible detection
of the ringdown phase associated with their formation [294, 295], using future proposed CMB experiments looking for
B-modes, such as PIXIE [296], Super Pixie [297], and Voyage2050 [298].
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D Dynamics

1 Constraints

There are numerous ways to probe PBHs through their dynamical effects on astrophysical structures. For PBHs
larger than a stellar mass, these are associated with dynamical friction effects, heating of galactic discs, galactic tidal
distortions [299], effects on stellar systems in dwarf galaxies [300, 301], disruption of wide binary star systems [302],
and the CMB dipole anisotropy [303]. Moreover, the Poisson fluctuations associated with PBH formation influence
cosmic structure formation by enhancing the small-scale matter power spectrum. In particular, the Lyman-« forest
and the UV luminosity function constrain such an enhancement [304-308]. There have also been attempts to constrain
the asteroid-mass range from the effects of PBHs on white dwarfs and neutron stars; we discuss this in Sec. V.

2 Potential evidence

The main potential dynamical evidence for PBHs is the triggering of explosions of stars. In particular, some
recently observed supernovee, the so-called “calcium-rich transients”, do not trace the stellar density but are located
off-centre from their host galaxies and appear to originate from white dwarfs with masses of around 0.6 M. Ref. [242]
argues that these events could have been triggered by collisions with PBHs in the mass range 10712 — 10~'° M, with
1073 < fpeu < 0.1. The wider mass range of 10~ — 1078 M, has been invoked to explain how some r-process
elements (i.e. those generated by fast nuclear reactions) can be produced by the interaction of PBHs with neutron
stars and this may also explain the large luminosities and millisecond durations of fast radio bursts (FRBs) [309, 310].
Estimates of the rates of such collisions indicate that PBHs can account for the observed FRBs only if the PBH
density profile is sufficiently spiky in galactic centers [311, 312].

Other possible dynamical effects include the heating of stars in the Galactic disk [313] and the heating of the
cold DM through PBH infall and two-body processes in a scenario where PBHs provide a subdominant DM compo-
nent [314]. Interestingly, the latter may lead to the formation of the observed cores in dwarf galaxies. The recent
JWST observations have triggered interest in the possible role of PBHs in structure formation [315-324], for ”little
red dots” [325-328] and the SMBHs in galactic nuclei [329-332].

E Accretion
1 Constraints

PBHs with mass m 2, 10Mg can accrete significant amounts of surrounding gas. The radiation emitted in this
process could alter the Universe’s recombination history [303], generate anisotropies and spectral distortions in the
CMB [333, 334], increase the population of X-ray sources [335] and modify the 21-cm signal [220, 336-338]. These
limits rely on uncertain astrophysical inputs, including the accretion mode (disk vs. spherical), and often assume
Bondi accretion [338-340]. Moreover, efficient accretion changes the PBH mass function and can substantially weaken
the constraints at m 2 10Mg [341]. On the other hand, PBH clustering enhances accretion and can strengthen the
corresponding constraints [342].

2 Potential evidence

Compelling evidence for stellar-mass PBHs may come from the source-subtracted cosmic infrared and X-ray back-
grounds [343]. The level of the infrared background suggests an overabundance of high-redshift halos that could be
explained by the PBH Poisson effect if a significant fraction of the CDM comprises stellar-mass PBHs. In these halos,
a few stars form and emit infrared radiation, with this naturally explaining both the amplitude and angular spectrum
of the source-subtracted infrared anisotropies. The spatial coherence with the source-subtracted X-ray background
may be explained if the X-rays are generated by black hole accretion in these structures [344]. Although these would
not necessarily be primordial, they could be.
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V ASTEROID-MASS WINDOW

The asteroid-mass window - spanning approximately 10717 Mg to 1070 M, - lies between the evaporation and
ML constraints and remains the only unconstrained region in the PBH mass spectrum. These PBHs are too heavy
to evaporate, and the optical ML searches are insensitive due to wave-optics and finite-source-size effects.

Potential signatures in the asteroid mass range arise from the destruction of stars by PBHs that are swallowed
by them. There are two mechanisms by which a PBH can be swallowed. The first is dynamical capture [345],
which occurs when a PBH passes through or near a star and loses sufficient kinetic energy through gravitational
interactions, allowing it to become gravitationally bound. The orbit of the PBH gradually contracts as it loses energy
during subsequent passages. Eventually, the orbit lies entirely within the star, and the PBH settles into the stellar core.
The probability for this process is significantly reduced by perturbers affecting the PBH orbit [346—348]. The second
mechanism operates during star formation, where the gradual contraction of baryonic matter can adiabatically draw
PBHs into the forming star [349]. This process effectively captures the PBHs without requiring close encounters. Both
processes have potentially catastrophic consequences for the star as the PBH gradually consumes it. The observational
consequences of this are a reduction in the stellar population and potential observable transients, such as supernovae.

Several works have placed constraints on the allowed abundance of PBHs in the asteroid-mass window by analysing
the survival of neutron stars in globular clusters [345, 348-350]. However, these constraints are sensitive to the
density of DM in globular clusters, which remains highly uncertain. An alternative approach considers the potential
destruction of main-sequence stars in dwarf galaxies, which are known to be DM dominated [351-354]. However,
although realistic accretion modelling yields consumption times comparable to the simple Bondi time for compact
stars [355], recent work indicates that the lifetimes of main-sequence stars are much longer than the Bondi time and
remain largely unaffected by asteroid-mass PBHs embedded in their cores [356].

Similarly, Ref. [357] proposed that a PBH traversing a carbon-oxygen white dwarf (WD) could ignite runaway
carbon fusion and thus trigger a thermonuclear explosion by locally heating a narrow cylindrical region through
dynamical friction. From the observed survival of WDs, it was inferred that PBHs with masses 10'°-10%° g cannot
make up the bulk of the local DM. Ref. [346] subsequently revisited this scenario, using hydrodynamic simulations of
PBH passages through WDs. The results show that, under realistic conditions, PBHs in the relevant mass range fail
to produce self-sustaining ignition. Even for very massive WDs and under optimistic assumptions, the heated region
cools or mixes before runaway carbon fusion can develop. This eliminates the constraints proposed in Ref. [357].

Another attempt to constrain the asteroid-mass range was based on femtolensing searches of «-ray bursts [358].
However, closer scrutiny [359] showed that this constraint does not hold because the sizes of most y-ray burst sources
are too large for femtolensing.

The asteroid-mass window currently lacks robust observational constraints, making it an interesting target for future
searches. X-ray ML has recently emerged as one of the most promising probes of PBHs in this mass range [360—
362]). Compact X-ray pulsars overcome the limitations of finite-source-size and wave-optics effects by providing
emission regions only tens of kilometres across and photons with sufficiently short wavelengths. As a result, transient-
brightening events induced by PBHs passing near the line of sight can be detected with current instruments such as
NICER and, more effectively, with next-generation X-ray observatories such as STROBE-X, AstroSat, Athena/Lynx,
and eXTP. Depending on instrument sensitivity and exposure time, these searches may decisively test whether PBHs
lighter than about 107'3 My can explain DM. A complementary approach exploits the exquisite precision of Solar
System ephemerides to search for transient perturbations in planetary orbits induced by PBH flybys [363]. Indeed, If
PBHs in the asteroid-mass range provide all the DM, several such events are expected per decade, giving detectable
signatures in the Earth-Mars or Earth—Venus distance residuals.

VI CONSTRAINTS FOR EXTENDED MASS FUNCTIONS

The PBH constraints are typically given in the literature by assuming a monochromatic mass function. The issue of
translating constraints obtained for monochromatic mass functions to extended mass functions was examined in [13].
Importantly, the constraints on fpgy depend on the assumed mass function. In Fig. 4, for example, Mppy and fpay
represent the two parameters of the monochromatic mass function, and the constraint is imposed on the total fpgm, not
the PBH fraction in a particular mass range. As a result, one cannot simply compare ¥)(Mppn) = dfppu/dIn Mppy
with the constraints on fpgy in Fig. 4 as they represent different quantities. Instead, one must specify the mass
function for each scenario at the outset and then constrain whatever parameters describe it.

To extend the constraints to broad mass functions, we will follow the approach of Ref. [13]. For this, one must
consider the observable A that imposes the constraint and then examine how the observable is affected by the PBH
mass function. In general, any observable must be describable by some functional A[¢)(Mpgn)] of the PBH mass
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distribution ¢ (Mppn) (defined in Eq. (7)) and a bound on that observable can thus be expressed as
A[w(MPBH)] S Aexp . (25)

where Aeyp is the observational upper limit on A. If each PBH contributes independently to the observables that are
constrained, the functional must be linear

Alp(Mpgn)] = Ao + /dln Mpgu A1 (Mper)Y(MesH) , (26)

where Ag is the contribution in the absence of PBHs and A;(Mpgg) is an integration kernel that depends on the
physics underlying the observable and the details of the experiment. Many observables fall into this pattern. The
shape kernel can be explicitly inferred for the lensing and survival of stars [364], for evaporation [6] and neutron star
capture and accretion [365].

From Egs. (25) and (26), a constraint for a monochromatic mass function ¢(Mppn) x 6(Mppu — M,) centred
around M, can thus be expressed as

Aexp - AO
pBH(M.) < —
Jren(Me) A;(Mpgn)
where fiax(M.) represents the constraint on the PBH abundance from the observable A. In this way, the kernel
A1 (Mpgn) can be effectively extracted from the monochromatic constraint. Eq. (26) now implies that

Y (Mpgn)
Jmax(MpBH)

which gives the upper bound on the total dark matter fraction fpgy for an extended mass function from constraint
A. Constraints from multiple observables A;, which give an upper bound on the abundance fmax j(Mpgu) for a
monochromatic mass function, can be combined using quadrature (for details see [13]). The combined constraint for
extended PBH mass functions from multiple measurements can then be evaluated as

= fmax(M.) . (27)

/dlnMpBH S 1, (28)

2

Y (Mpgh)
zj: |:/ dln MPBH %ﬁnax’j (MPBH) S 1. (29)

We now discuss some limitations associated with the use of Eq. (29). First, it is derived under the assumption
that each PBHs contributes independently to the constrained observable (26), which means that it does not fully
capture constraints that depend on phenomena involving the collective effect of multiple PBHs, given that the effect
is sensitive to the PBH mass. An example is the constraint from their mergers, as binary formation involves at least
two PBHs and binary disruption (see Eq. (33)). It is additionally affected by the Poisson clustering of PBHs, which
receive corrections from the width of the mass distribution, especially when fpgg = O(1). In general, any constraint
that depends on how PBHs cluster and modify structure formation can violate Eq. (26) to some extent. Examples
of this are Ly-a constraints, dynamical constraints, and to a lesser extent lensing and accretion constraints. Related
to that are the effects of mass segregation inside cosmic structures, which cause lighter PBHs to migrate outwards
while heavier ones concentrate in the central regions. Such effects introduce corrections to phenomena that depend
on assumptions about the environment of PBHs. In particular, this affects constraints from stellar evolution in dwarf
galaxies [300, 301].

It is also important to consider the possibility that the mass function evolves due to PBH accretion [341, 366]. This
issue can be addressed by interpreting the mass functions introduced in this work not as initial mass functions but
rather as effective mass functions that already incorporate these types of corrections. In principle, all the constraints
discussed above and those presented in our figures apply to these effective mass functions, which may differ from one
constraint to another. However, estimating how these effects modify the initial mass functions would require detailed
numerical simulations, which are beyond the scope of the present work.

The constraints for extended mass functions are summarised in Figs. 5 and 6. The left panel of Fig. 5 shows the
critical-collapse mass function (13) with v = 0.36 and ¢o = 1. Because this mass function is relatively narrow, the
change in the constraints compared to the monochromatic case is mild. The right panel of Fig. 5 shows the constraints
for log-normal mass functions (3) with different widths o and mean masses (Mppn). The colour-coding indicates the
maximal fraction of DM allowed for a given combination of (Mppy) and o. In the white region, this fraction is
feeu < 107°, while in the black region, PBHs can constitute all DM. We see that the constraints become stronger
for broader mass functions, and the asteroid-mass window closes for o 2 2.5. In the same way, Fig. 6 shows the case
of the cut power-law mass function (20).
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FIG. 5. The solid curves show the constraints for critical-collapse mass functions (13) (upper left), log-normal mass function (3)
with o = 1 (upper rigtht), and truncated power-law mass function ¥ o Mgpy with & = —1 (lower left) and o = 1 (lower right).
The dashed curves show the constraints for monochromatic mass functions.
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VII GRAVITATIONAL WAVE PROSPECTS
A Scalar-induced gravitational waves

In the critical-collapse scenario, the same curvature perturbations that lead to PBH formation also generate scalar-
induced gravitational waves (SIGWs). More generally, SIGWs are produced whenever curvature perturbations re-enter
the horizon, even if their amplitude falls below the threshold required for PBH formation. The shape of the resulting
GW spectrum is determined by the properties and statistics of the underlying scalar perturbations [367-376]. On
CMB scales, the scalar spectrum is tightly constrained, and SIGWs have undetectably small amplitudes. However,
PBH production requires a boost in the power spectrum at smaller scales, and this would inevitably enhance the
SIGW signal. In this section, we focus on the interplay between SIGWs and PBHs, exploiting their common origin
and relating current and future GW data to PBH production (see also [377-383]).

1 Spectrum

SIGWs were first theorized in [367-370], where it was noticed that scalar perturbations could generate GWs at
second order in perturbation theory, and this possibility was fully analysed in [374, 375]. At first order in perturbation
theory, tensors, vectors and scalars are independent, but at second order a coupling between scalars and tensors arises.
Neglecting first-order tensor and vector perturbations (for more details on tensor-induced GWs see [384, 385]) and
anisotropic stress, the Einstein equations give [371, 372, 374, 375]

hii(x,m) 4 2Hhi; (x, ) — V2hij(x,m) = —4’]T‘é;n8[m(x, n), (30)

where ']TZ” is the projector in the transverse-traceless (TT) gauge, needed to extract the propagating degrees of
freedom, and 7 is the conformal time. The source term S;;(x,7) is given by

2(1 4 3w) 4

Sij = 499,0;® + —— 20,89, — —————
’ e+ 3(1+w) 7T 31+ w)H?

[0;9'0;®" + HO;P0; " + HI;D'0;P] , (31)
where @ is the first-order gravitational potential and the dependence on x and 7 is implicit. The last equation shows
explicitly that second-order tensors are sourced by scalars (see [3806] for a recent physical explanation of the origin of
SIGW). In Fourier space, ®(k,n) = To(k,n)((k) where Tg(k,n) denotes the transfer function and (k) the comoving

curvature perturbation, so the equation of motion can be solved with the Green’s method, leading to the following
SIGW spectrum [375, 376, 387, 388]:

Qsiaw.o(k) = rado (g;(gn)> <gi%l)>4/3 (H]ZW)> (;7]:;6

dq, d3
X Z/ (2:)13 (2:)2362/\(ka )=k, ax)I([k —ayf, g1, mI(| =k = as],¢2,m) Te(ar k — a1, 92, —k —qy)
A

(32)

where Qyqq,0 is the current radiation density parameter [28]. The kernel I(|k — q;|, ¢1,7) contains all the information
about the evolution of scalar and tensor perturbations at any epoch. The Qx(k,q;) functions project the internal
momenta to the GW ones by using the corresponding polarization tensors; their explicit form can be found in [376, 388
391]. Finally, 7¢ is the trispectrum of scalar perturbations, which we will briefly discuss in the next section.

2 Imprints of non-Gaussianity

A noteworthy aspect is that SIGWs are not only sensitive to the expansion history of the Universe, but also to
primordial NG, as is evident from Eq. (32), where the tensor spectrum is dependent on the trispectrum of scalar
perturbations [392-401]. We argued in Sec. IT A 2 that NG can have an enormous impact on the PBH abundances.
By contrast, the impact of NG on the SIGW is not fully understood [114]. Regardless of how one includes NG in
the computation, it is expected to modify the GW spectrum, not only enhancing or suppressing it but also leaving
specific spectral features. Explicitly, this can be understood by decomposing the trispectrum into a connected and
a disconnected component T (ki,ko, ks, kq) = T (ki, ko, ks, kq)|c + T (ky, ko, ks, kq)|s. In the absence of NG, the
connected contribution vanishes and only the disconnected contribution survives, resulting in a term proportional to
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FIG. 7. Left panel: Constraints on the amplitude of the scalar power spectrum, obtained using the latest NANOGrav re-
sults [406], for a log-normal curvature power spectrum with A = 0.5. The Gaussian case is shown in black, while the green
curves show a benchmark non-Gaussian case with | fxr.| = 2. The dot-dashed lines correspond to fpeu = 1. In the non-Gaussian
case we show the line corresponding to fnxr, = —2, which gives the most stringent estimate. Right panel: Corresponding con-
straints on the PBH abundance. The shaded region on the bottom of the plot excludes regions with less than a single PBH in
the current Hubble volume.

products of curvature power spectra P (k1)P¢(k2). A simple way to model primordial NG is to adopt the local ansatz
of Eq. (16). As in the PBH case, the use of this ansatz has many limitations [114], but it nevertheless reveals the
effects of NG on the GW spectrum [389, 390, 402-404]. We stress that this affects the GW spectrum quite differently
from the PBH abundance. In the latter case, it substantially changes the tail of the distribution, inducing a variation
in the abundance of many orders of magnitude. For SIGWSs, the main effect is the presence of additional features in
the GW spectrum with a relatively small variation in the amplitude.

3 Interplay between SIGW and PBHs

SIGWs are a guaranteed background that is potentially observable by future and current GW detectors [390, 391,
405]. Here we explore their interconnection with PBHs. The detection of a SIGW background can be mapped into
constraints on the amplitude of the scalar curvature power spectrum, A, at the corresponding pivot frequency f, (or
ky = 27 f,). The implications for the PBH abundance are straightforward since the pair (A, k,) will, in turn, imply
some abundance and mean mass of PBHs ( fppu, (Mppn)) (see Sec. IT). So bounds on the amplitude of scalar-curvature
perturbations will also constrain the PBH abundance in critical-collapse scenarios.

The most interesting mass ranges are in the otherwise unconstrained asteroid-mass window (see Sec. V), where
DM may consist entirely of PBHs, and the solar/sub-solar mass ranges (see Sec. IV C), in which the observed BH
binary mergers have generated substantial interest in PBHs. In addition, recent PTA measurements [406-409] pro-
vide evidence of a stochastic GW background in the nano-Hz band, while the Laser Interferometer Space Antenna
(LISA) [410], expected to operate within the next decade, will survey the milli-Hz region. Coincidentally, those ranges
correspond exactly to the formation of solar/subsolar and asteroid-mass PBHs. Either a detection or non-detection
of a SIGW background in these experiments would thus have decisive consequences for PBHs.

In the following, we will discuss what existing NANOGrav and prospective LISA observations can say about PBHs
and discuss the impact of NG. Fig. 7 shows the constraints on fppm in the solar-mass range [27] implied by PTA
observations [406]. The left panel shows the constraints on the amplitude of the scalar power spectrum for fy;, = —2
and fyr, = 0 if one has a log-normal scalar power spectrum (11) with A = 0.5. The amplitude corresponding to
fpeu = 1 is indicated by the dot-dashed lines. In the right panel, the implied constraints on the abundance of PBHs
are shown. In the Gaussian (fnr = 0) case, current GW data can exclude PBHs in the 10-100 M, range and place
stronger constraints in the surrounding mass range than those indicated in Fig. 4. The presence of NG can significantly
alter the constraints. While the SIGW deviations are not remarkable” the PBH abundance is strongly affected, with
differences of many orders of magnitude with respect to the Gaussian case. For fyr, = —2, the formation of PBHs in
the 1-100 M, range is entirely excluded, while their abundance is strongly suppressed, down to fpgy ~ 1071, for
(Mppn) ~ 0.1 Mg. As illustrated by Fig. 3, the strongest non-Gaussian suppression of PBH formation, and thus the

7 In this case, the NG correction is proportional to fl%’IL, so it does not distinguish between positive and negative fni,.
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FIG. 8. Left panel: Constraints on the amplitude of the scalar power spectrum, assuming a null-detection by LISA [410], for a
log-normal curvature power spectrum with A = 0.5. The Gaussian case is shown in black, while the red and orange curves show
a benchmark non-Gaussian case with | fyr.| = 2 and |fxi| = 50, respectively. The dot-dashed lines correspond to feea = 1. In
the non-Gaussian case we show the line corresponding to fx1, = —2, which returns the most stringent estimate, and fnr, = 50.
Right panel: Corresponding constraints on the PBH abundance. The shaded region at the bottom of the plot excludes regions
with less than a single PBH in the current Hubble volume.

largest amplitudes permitting fpgu = 1, are obtained when fxr, & —2 . As a result, the fnr, = —2 case gives the
weakest (i.e., most conservative) constraint, indicating that PTA data excludes fppy = 1 in the range 0.1 — 100Mg
in critical-collapse scenarios.

In a similar way, LISA can probe PBHs in the asteroid mass range [411, 412]. Fig. 8 shows the sensitivity to
frpau, including the impact of NG in the range fnr € [—2,50] [412]. As seen in the left panel, SIGWs can probe
the amplitude of the power spectrum down to O(10~%). The right panel shows that LISA could, in principle, probe
any conceivable PBH abundance in the asteroid mass range, except in the case of strong NG (fxr, = 50). As the
amplitude required to produce fppy = 1 is O(1072) and therefore much smaller than in the Gaussian case, such large
NG can still be in the perturbative regime (see [412] for more details). We add that since weaker signals lead to larger
uncertainties in estimating fyr, distinguishing whether SIGWs arise from Gaussian or non-Gaussian fluctuations
becomes challenging, thereby limiting LISA’s ability to probe PBHs. Therefore, the low-mass corner of the asteroid
mass window may be left untested by LISA, motivating GW detectors such as AEDGE [413] that cover the frequency
range between LISA and ET.

B Gravitational waves from binaries

The PBH merger rate is dominated by binaries formed through the early two-body channel. The merger rate is
given by [269, 270]

(33)

34 32
dRppy 1.6 x 105 ,_ 2 [¢]75 [ M |75 _a ¥ (ma)p(mo)
- ~ Sl S[(M, f] — =2
dm,dms Gpc3yr1 fPBH to M@ n 37 [w( PBH)> } myms )

where M = mj + mg, 7 = mimg/M?, and S is a suppression factor that accounts for the disruption of binaries
after their formation. Neglecting the mild z-dependence in S, this merger rate grows as Rppg x (1 + 2)51/ 37 in a
matter-dominated background. As shown in the left panel of Fig. 9, this strongly contrasts with the merger rate
of astrophysical BHs, which decreases at z 2 3 [414]. Therefore, observing a substantial population of BHs at high
redshift would provide compelling evidence for PBHs [415]. Such observations will be possible with the next-generation
GW observatories (e.g. ET [405], AION/AEDGE [413, 416], LISA [410]). Another strong indicator of PBHs would
come from GW detections of subsolar mass binaries, since such systems are not expected to form through astrophysical
channels. The middle panel of Fig. 9 indicates the parameter ranges accessible to upcoming GW observatories. The
solid curves denote the sensitivity to extragalactic binaries, while the dashed curves show the reach for galactic sources.
The latter extend the prospects for detecting PBH binaries down to masses of order 107° M. A comparable mass
range can also be accessed through searches for the stochastic GW background from PBH binaries [417].

8 The Figure holds for a broken power law power spectrum, but similar results are obtained for a log-normal.
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FIG. 9. Left panel: The redshift dependence of the PBH merger rate (black) and the merger rate of astrophysical BHs (gray)
(from [280]). Middle panel: The sensitivities of future observatories to the DM fraction in PBHs through GW observations of
individual binaries (from [417]). Right panel: The sensitivities of future observatories on the DM fraction in PBHs through
observations of lensing effects in GW signals (from [254]).

C Lensing of gravitational waves

In the solar-mass range, optical ML searches lose sensitivity because the potential events become longer than the
monitoring time. However, for GW signals, the coherent nature of the waveform allows the detection of lensing effects
even when the lens motion is negligible. In this regime, lensing produces a frequency-dependent magnification that
imprints a characteristic frequency dependence on the signal’s amplitude [418]. In fact, the event GW231123 [419]
has been recently claimed to be a potential candidate for the first lensed GW event [420-423].

A lower cutoff on the lens mass to which GW lensing searches are sensitive is set by the onset of the wave-optics
regime, where diffraction suppresses the observable modulations. With the current LVK sensitivity, this restricts the
constraining power to PBH masses above 100, M, [254, 424-428], as shown by the red shaded region in the right
panel of Fig. 9. As shown by the green curve, the next generation GW detectors, such as ET, are expected to reach
sensitivities which probe PBH abundances as low as fpgu ~ 107* and masses down to Mpgy ~ 1072 Mg through
GW lensing [254, 426, 427, 429, 430]. The sensitivity range is further enhanced for fppy < 1 when a particle DM
minihalo surrounding the PBHs is taken into account [254], as indicated by the dashed curves.

VIII SUMMARY AND OUTLOOK

Over the past decades, PBHs have been extensively studied as potential DM candidates. In this work, we have re-
viewed the main formation mechanisms, including those associated with inflationary perturbations, phase transitions,
and topological defects, and discussed the mass functions predicted in these scenarios. We have also summarised the
key observational constraints, from quantum evaporation, dynamical effects, lensing, accretion, and GW emission,
highlighting the mass windows where PBHs could still constitute a significant fraction of DM. The digitised tables of
the constraints, together with a Mathematica notebook that displays them for extended mass functions, are publicly
available at GitHub: PBHconstraints. In addition to constraints, we have reviewed the hints for PBHs from various
observations, such as ML and GW events.

We have also discussed the prospects for future searches. In particular, GW observations offer a powerful avenue
to probe PBHs. Current and upcoming detectors can potentially observe mergers across a wide range of masses and
redshifts, including the sub-solar and high-redshift regimes, where astrophysical black holes are not expected. In
addition, PBHs can be associated to a stochastic background of SIGWs sourced by primordial scalar perturbations.
The detection of such a background would provide a complementary and independent probe of PBHs, especially in
the asteroid-mass range, which is hard to access with other observations.

PBHs remain one of the most intriguing DM candidates. Theoretical work continues to refine our understanding
of their formation and is exploring how different formation mechanisms influence their mass and abundance. At the
same time, ongoing and upcoming observational programs, ranging from GW detectors to high-precision ML surveys
and X-ray observations, will probe both the asteroid and solar mass ranges, testing scenarios that were previously
inaccessible and searching for direct or indirect signatures of PBH dark matter.


https://github.com/vianvask/PBHconstraints
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