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Abstract

In this paper, we exhibit AC3 isomorphism tests for coprime extensions H⋉N where H is elementary
Abelian and N is Abelian; and groups where Rad(G) = Z(G) is elementary Abelian and G = Soc∗(G).
The fact that isomorphism testing for these families is in P was established respectively by Qiao, Sarma,
and Tang (STACS 2011), and Grochow and Qiao (CCC 2014, SIAM J. Comput. 2017).

The polynomial-time isomorphism tests for both of these families crucially leveraged small (size
O(log |G|)) instances of Linear Code Equivalence (Babai, SODA 2011). Here, we combine Luks’
group-theoretic method for Graph Isomorphism (FOCS 1980, J. Comput. Syst. Sci. 1982) with the
fact that G is given by its multiplication table, to implement the corresponding instances of Linear
Code Equivalence in AC3.

As a byproduct of our work, we show that isomorphism testing of arbitrary central-radical groups
is decidable using AC circuits of depth O(log3 n) and size nO(log logn). This improves upon the previous
bound of nO(log logn)-time due to Grochow and Qiao (ibid.).
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1 Introduction

The Group Isomorphism problem (GpI) takes as input two finite groups G and H, and asks if there
exists an isomorphism φ : G → H. When the groups are given by their multiplication (Cayley) tables,
it is known that GpI belongs to NP ∩ coAM. The generator-enumeration strategy has time complexity
nlogp(n)+O(1), where n is the order of the group and p is the smallest prime dividing n. This strategy was
independently discovered by Felsch and Neubüser [FN70] and Tarjan (see [Mil78]). The parallel complexity
of the generator-enumeration strategy has been gradually improved [LSZ77, Wol94, Wag10, CTW13, Tan13].
Collins, Grochow, Levet, and Weiß recently improved the bound for the generator enumeration strategy to

∃log
2 n∀logn∃lognDTISP(polylog(n), log(n)),

which can be simulated by depth-4 quasiAC0 circuits of size nO(logn) [CGLW25]. Algorithmically, the best
known bound for GpI is n(1/4) log(n)+O(1), due to Rosenbaum [Ros13] and Luks [Luk15] (see [LGR16, Sec.
2.2]). Even the impressive body of work on practical algorithms for this problem in more succinct input
models, led by Eick, Holt, Leedham-Green and O’Brien (e. g., [BEO02, ELGO02, BE99, CH03]) still results
in an nΘ(logn)-time algorithm in the general case (see [Wil19, Page 2]).

In practice, such as working with computer algebra systems, the Cayley model is highly unrealistic.
Instead, the groups are given by generators as permutations or matrices, or as black-boxes. In the setting
of permutation groups, GpI belongs to NP [Luk93]. When the groups are given by generating sets of
matrices, or as black-boxes, GpI belongs to PromiseΣp

2 [BS84]; it remains open as to whether GpI belongs
to NP or coNP in such succinct models. In the past several years, there have been significant advances on
algorithms with worst-case guarantees on the serial runtime for special cases of this problem; we refer to
[GQ17, DW22, GL26] for a survey.

Key motivation for GpI comes from its relationship to the Graph Isomorphism problem (GI). When
the groups are given verbosely by their multiplication tables, GpI is AC0-reducible to GI [ZKT85]. On the
other hand, there is no reduction from GI to GpI computable by AC circuits of depth o(log n/ log log n) and
size npolylog(n) [CTW13]. In light of Babai’s breakthrough result that GI is quasipolynomial-time solvable
[Bab16], GpI in the Cayley model is a key barrier to improving the complexity of GI. There is considerable
evidence suggesting that GI is not NP-complete [Sch88, BH92, IPZ01, Bab16, KST92, AK06]. As verbose
GpI reduces to GI, this evidence also suggests that GpI is not NP-complete.

In this paper, we will investigate the parallel complexity of the Group Isomorphism problem. There
are two key motivations for this. The first comes from GI, whose best known lower bound is DET [Tor04],
which is a subclass of TC1. There is a large body of work spanning almost 40 years on NC algorithms for GI–
see [LRS24] for a survey. In contrast, the work on NC algorithms for GpI is very new, and GpI is strictly
easier than GI under AC0-reductions [CTW13]. So it is surprising that we know more about parallelizing
subclasses of GI than subclasses of GpI.

The second key motivation comes from the fact that complexity-theoretic lower bounds for GpI re-
main open, even against depth-2 AC circuits. In contrast, GpI is solvable using depth-4 quasiAC0 circuits
[CGLW25]. Isomorphism testing is in P for a number of families of groups, and closing the gap between P
and AC0 for special cases is a key stepping stone in trying to characterize the complexity of the general GpI
problem.

We now turn to stating our main results.

1.1 Isomorphism Testing of Coprime Extensions

Before stating our first main theorem, we will first recall the following notation from Qiao, Sarma, and Tang
[QST11]. Let H(A, E) be the class of coprime extensions H ⋉N , where N is Abelian and H is elementary
Abelian.

Theorem 1.1 (cf. [QST11]). There exists a uniform AC3 algorithm that, given groups G1, G2 by their
multiplication tables, decides if G1, G2 ∈ H(A, E); and if so, decides if G1

∼= G2.

There has been considerable work on polynomial-time isomorphism tests for coprime and tame extensions.
Le Gall [LG09] exhibited a polynomial-time isomorphism test for groups where the normal Hall subgroup N
was Abelian, and the complement H was a cyclic group of order coprime to |N |. Subsequently, Qiao, Sarma,
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and Tang [QST11] extended Le Gall’s result, exhibiting polynomial-time isomorphism tests for the cases
when (i) H was O(1)-generated, and (ii) when H was an arbitrary elementary Abelian group. Babai and
Qiao [BQ12] subsequently gave a polynomial-time isomorphism test for the more general family of groups
with Abelian Sylow towers. Grochow and Qiao [GQ15] later gave a polynomial-time isomorphism test for
tame extensions.

The parallel complexity for isomorphism testing of coprime extensions was first investigated by Grochow
and Levet [GL26], who showed that some constant-dimensional Weisfeiler–Leman algorithm identifies, in
O(1)-rounds, all coprime extensions H⋉N , where N is Abelian and H is O(1)-generated. Consequently, they
obtained that the isomorphism problem for this family belongs to L. In his thesis, Brachter [Bra23] showed
that the class of groups with Abelian Sylow towers has Weisfeiler–Leman dimension O(log log n), but did not
control for rounds. Consequently, Brachter’s work yields nO(log logn)-time bounds for isomorphism testing of
this class. It remains open whether even the class H(A, E) has bounded Weisfeiler–Leman dimension. Prior
to this paper, it was open whether isomorphism testing of groups in H(A, E) was in NC.

Methods. The polynomial-time isomorphism test for H(A, E) [QST11] crucially leveraged small (size
O(log |G|)) instances of Linear Code Equivalence. Thus, in order to obtain our parallel bounds, we will
establish the following.

Theorem 1.2. Let m ∈ O(logn), and let C1, C2 be linear codes of length m given by their generator matrices.
We can decide equivalence between C1 and C2, as well as compute the coset of equivalences, using an AC
circuit of depth O((log2 n) · poly(log logn)) and size poly(n).

In establishing the bound of (2+o(1))m-time for Linear Code Equivalence, Babai reduces to isomor-
phism testing of graphs with O(m) vertices [BCGQ11]. When m ∈ O(log n), applying Babai’s quasipolyno-

mial GI procedure [Bab16] would only yield bounds1 of mO(log2 m) = (log n)O((log logn)2) runtime, which is
not sufficient to obtain bounds of NC.

Instead, we utilize Luks’ group-theoretic method [Luk82] to handle these small graphs. While Luks’ claims
of polynomial-time isomorphism testing are for graphs of bounded valence, the graphs we will consider need
not satisfy this condition. However, our graphs are small, having only O(logn) many vertices. Thus, we are
able to bring to bear a standard suite of NC algorithms for permutation groups [BLS87, McK84]. As the
group G is specified by its multiplication table and our graphs have O(logn) = O(log |G|) many vertices,
we are able to implement solutions for each subroutine of [BLS87, McK84] using an AC circuit of depth

poly(log log n) and size poly(n). Grochow, Johnson, and Levet [GJL25] introduced the notation FOLLO(1)

to refer to the class of languages decidable by uniform AC circuits of depth poly(log logn) and size poly(n).

We combine this suite of FOLLO(1)permutation group algorithms, as well as the FOLLO(1)procedure for small
instances of Coset Intersection due to Grochow, Johnson, and Levet [GJL25], to bear.

Our strategy of leveraging a small (size O(log |G|)) permutation domain in order to get efficient instances
of permutation group algorithms has been a common theme in Group Isomorphism to obtain polynomial-
time isomorphism tests. Crucially, the corresponding small instances of GI-hard problems such as Linear
Code Equivalence, Twisted Code Equivalence, Coset Intersection, and Set Transporter
can be implemented in time poly(|G|)—see, e. g., [BMW17, LW12, IQ19, QST11, BQ12, GQ15, BCGQ11,
BCQ12, GQ17]. By taking advantage of both a small permutation degree and existing parallel permutation
algorithms [BLS87, McK84], we are able to improve the complexity-theoretic upper-bounds for isomorphism
testing of the groups in Theorem 1.1 and Theorem 1.3 (the latter of which will be stated shortly) from P
[QST11, GQ17] to AC3.

1.2 Isomorphism Testing of Central-Radical Groups

We now turn to our second main result. We first recall that the solvable radical is the unique maximal
solvable normal subgroup of G. We will denote the solvable radical of G as Rad(G). Here, we will consider
central-radical groups, which are precisely those groups where the solvable radical Rad(G) = Z(G). In
particular, we will restrict attention to the case when Rad(G) = Z(G) is elementary Abelian.

1Babai [Bab16] established quasipolynomial-time bounds, and the exponent of the exponent was analyzed and improved by
Helfgott [HBD17].
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Theorem 1.3 (cf. [GQ17, Theorem C]). Let G1, G2 be groups given by their multiplication tables. Suppose
that G1, G2 have central, elementary Abelian radicals. Then isomorphism can be decided, and the coset of
isomorphisms found, in AC3, if either:

(a) G1/Rad(G1) is a direct product of non-Abelian simple groups; or

(b) G1/Rad(G1) is a direct product of perfect groups, each of order O(1).

This improves upon the previous polynomial-time bounds due to Grochow and Qiao [GQ17].
Key motivation for isomorphism testing of central-radical groups comes from the following series of

characteristic subgroups, known as the Babai–Beals filtration [BB99] or the solvable-radical model (see e.g.,
[CH03]):

1 ≤ Rad(G) ≤ Soc∗(G) ≤ PKer(G) ≤ G.

We will now explain the terms on this chain. Let π : G → G/Rad(G) be the natural projection map.
Soc∗(G) is the preimage of the socle Soc(G/Rad(G)) (the socle of a group H is the direct product of the
minimal normal subgroups of H), under π. The group Soc∗(G)/Rad(G) = Soc(G/Rad(G)) is the direct
product of non-Abelian simple groups T1, . . . , Tk. The conjugation action of G on Soc(G/Rad(G)) induces
a permutation action φ on T1, . . . , Tk. Now PKer(G) := Ker(φ). Note that Theorem 1.3(a) considers
precisely those groups where Rad(G) = Z(G) is elementary Abelian, and G = Soc∗(G). While these
assumptions might feel restrictive, Grochow and Qiao essentially leveraged the full weight of [GQ17] in order
to obtain a polynomial-time isomorphism test, combining deep mathematical insights (group cohomology)
with demanding algorithmic techniques (see under Methods, below).

The class of groups without Abelian normal subgroups (a.k.a. Fitting-free groups) consists precisely
of those groups G where Rad(G) is trivial. There has been considerable work on isomorphism testing of
Fitting-free groups. In the multiplication table model, it took a series of two papers [BCGQ11, BCQ12] to
obtain a polynomial-time isomorphism test. Grochow, Johnson, and Levet [GJL25] recently improved this
bound from P to AC3. Fitting-free groups have also received significant attention, from the perspective of
the Weisfeiler–Leman algorithm [BS22, Bra23, GL26, GL25, GJL25].

In the setting of permutation groups and their quotients, Cannon and Holt [CH03] have exhibited an
efficient practical algorithm for isomorphism testing of Fitting-free groups. Much of their framework is
polynomial-time computable [KL90, DT24, LST25]. On the other hand, Grochow, Johnson, and Levet
[GJL25] exhibited a reduction from Linear Code Equivalence (and hence, Graph Isomorphism) to
isomorphism testing of Fitting-free groups where G = PKer(G), given by generating sequences of permuta-
tions. The best known bound for Linear Code Equivalence is (2 + o(1))n, due to Babai [BCGQ11].
Consequently, it seems unlikely that the framework of Cannon and Holt [CH03] achieves a worst-case
polynomial-time bound.

We now return to the multiplication table model. In light of the efficient isomorphism tests for Fitting-
free groups [BCGQ11, BCQ12, GJL25], the next step is to consider groups where Rad(G) is non-trivial.
In [BCGQ11], the authors posed the problem of handling isomorphism for central-radical groups. Grochow
and Qiao [GQ17] exhibited an nO(log logn)-time algorithm to decide isomorphism of arbitrary central-radical
groups, as well as groups where Rad(G) was elementary Abelian (not necessarily central). Consequently,
Grochow and Qiao obtained polynomial-time bounds for a number of important such subclasses. In a
different work, Grochow and Qiao exhibited a polynomial-time isomorphism test for groups where Rad(G)
had elementary Abelian Sylow towers, and G/Rad(G) was tame [GQ15, Corollary 2]. Brooksbank, Grochow,
Li, Qiao, and Wilson [BGL+19] also exhibited an nO(log logn)-time algorithm for classes of groups where
Rad(G) was a class-2 p-group of exponent p ̸= 2, with bounded genus such that G acts on Rad(G) by inner
automorphisms. Le Gall and Rosenbaum [LGR16] considered the case where Rad(G) was arbitrary, and
established that in a precise sense, the projective special linear group constitutes a key obstacle for GpI.
In his dissertation, Brachter [Bra23] showed that when Rad(G) was O(1)-generated and Q is an arbitrary
Fitting-free group, the groups of the form Q ⋉ Rad(G) Weisfeiler–Leman dimension O(log logn). Brachter
also established that the class of central-radical groups where Rad(G) is O(1)-generated and G/Rad(G) is a
direct product of O(1)-generated perfect groups, has bounded Weisfeiler–Leman dimension. To the best of
our knowledge, there has been no other complexity-theoretic work on isomorphism testing for groups with
non-trivial solvable radical.
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Methods. We will now outline the key ideas and techniques involved in proving Theorem 1.3. As a
conceptual starting point, let us first consider the setting of direct products. The Remak–Krull–Schmidt
theorem provides that two direct products G = G1 × · · · × Gk and H = H1 × · · · × Hℓ are isomorpic if
and only if k = ℓ, and for some permutation σ ∈ Sym(k), Gi

∼= Hσ(i) for all i ∈ [k]. Grochow and Qiao
established that for the groups in Theorem 1.3, an analogous result holds [GQ17, Lemma 7.4] (recalled as
Lemma 7.2).

Let G1, G2 be two groups under consideration in Theorem 1.3. For i = 1, 2, write Gi/Rad(Gi) =∏k
j=1 Ti,j . Let πi : Gi → Gi/Rad(Gi) be the natural projection map. Rather than considering the iso-

morphism type of the Ti,j , we will need to consider the isomorphism type of each π−1
i (Ti,j). It is then

necessary to determine whether there exists a permutation σ ∈ Sym(k) such that π−1
1 (T1,j) and π

−1
2 (T2,σ(j))

are isomorphic. However, there is an additional complication, in that we require a single isomorphism
α : Z(G1) ∼= Z(G2), such that for all j ∈ [k], α can be extended to an isomorphism of π−1

1 (T1,j) and
π−1
2 (T2,σ(j)). Grochow and Qiao handled this step using small (size O(log |G|)) instances of Linear Code

Equivalence and Coset Intersection. In these places, we will use our parallel implementation for Lin-
ear Code Equivalence (Theorem 1.2), as well as the FOLLO(1)procedure for small instances of Coset
Intersection due to Grochow, Johnson, and Levet [GJL25].

Still, we will need an additional ingredient. In order to determine the isomorphism types of the π−1
i (Ti,j)

(i = 1, 2; j ∈ [k]), Grochow and Qiao utilized [GQ17, Theorem 6.1]. Note that [GQ17, Theorem 6.1] is
quite powerful. Grochow and Qiao obtained one of their main results [GQ17, Theorem A/Corollary 6.2]
as a corollary: a bound of nO(log logn)-time for isomorphism testing of central-radical groups, as well as the
same bound for computing the coset of isomorphisms when Rad(Gi) = Z(Gi) was elementary Abelian. We
will parallelize [GQ17, Theorem 6.1]; for readability, we refer to Theorem 6.1, rather than stating the exact
theorem here. As a byproduct, we obtain the following complexity-theoretic improvement in isomorphism
testing of arbitrary central-radical groups.

Theorem 1.4 (cf. [GQ17, Theorem A/Corollary 6.2]). Isomorphism of central-radical groups of order n,
given by their multiplication tables, can be decided by AC circuits of depth O(log3 n) and size nO(log logn).
If furthermore the center is elementary Abelian, then we can decide isomorphism and compute the coset of
isomorphisms using AC circuits of depth O(log2 n) and size nO(log logn).

We refer to Section 6 for the proof.

Remark 1.5. Grochow and Qiao discuss key difficulties in extending [GQ17, Theorem C] to a broader
class of groups. While Theorem 1.3 provides a complexity-theoretic improvement over the previous work of
Grochow and Qiao, it runs into the same obstacles. We will briefly outline these obstacles here.

As [GQ17, Theorem C] and Theorem 1.3 consider central, elementary Abelian radical groups, it is natural
to ask about extending these results to the case when Rad(G) = Z(G) (no assumption of elementary Abelian).
Grochow and Qiao showed that [GQ17, Theorem C.2] can be extended to the case when Rad(G) = Z(G),
provided that the coset of group code equivalences of length m over cyclic p-groups can be found in time
2O(m) (see [GQ17, Observation 7.8]). It is a longstanding open problem whether a 2O(m)-time algorithm
exists, even to decide whether to such codes are equivalence [BCGQ11].

It is also natural to ask whether we can consider central, elementary Abelian radical groups where
G/Rad(G) is a direct product of perfect groups that are each O(1)-generated. As non-Abelian finite simple
groups are 2-generated, this class of groups would generalize both of those considered in Theorem 1.3.
However, this would yield codes of length m ∈ O(n2 logn) in the worst case. A (2 + o(1))m algorithm for

Linear Code Equivalence would then yield a runtime of (2 + o(1))O(n2 logn), which is worse than the
nO(logn)-time bound obtained by generator-enumeration.

1.3 Further Related Work

The work on NC algorithms for GpI is comparatively nascent compared to that of GI. Indeed, much of the
work involves parallelizing the generator-enumeration strategy (ibid), which has yielded bounds of L [Tan13]
for O(1)-generated groups. Other families of groups known to admit NC isomorphism tests include Abelian
groups [CTW13, GL26, CGLW25], graphical groups arising from the CFI graphs [BS20, CL24, Col23],
coprime extensions H ⋉N where H is O(1)-generated and N is Abelian [GL26] (parallelizing a result from
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[QST11]), groups of almost all orders [CGLW25] (parallelizing [DW22]), and Fitting-free groups where the
number of non-Abelian simple factors of the socle is O(logn/ log logn) [GL26] (parallelizing a result from
[BCGQ11]). Grochow, Johnson, and Levet recently exhibited an AC3 isomorphism test for the class of all
Fitting-free groups [GJL25]. Johnson, Levet, Vojtěchovský, and Widholm [JLVW26] recently showed that
in the multiplication table model, a fully-refined direct product decomposition of a group can be computed
in AC3. They also exhibited an NC isomorphism test for central quasigroups. To the best of our knowledge,
no other special family of quasigroups that are not groups (beyond O(1)-generated quasigroups) are known
to admit even a polynomial-time isomorphism test.

2 Preliminaries

2.1 Groups and Codes

Groups. All groups will be assumed to be finite. A Hall subgroup of a group G is a subgroup N such that
|N | and |G/N | are coprime. When a Hall subgroup is normal, we refer to G as a coprime extension. We
will consider the following classes of finite groups, using the notation of Qiao, Sarma, and Tang [QST11].
Let E be the class of elementary Abelian groups,

∏
E be the class of direct products of elementary Abelian

groups, and A the class of Abelian groups. For classes of finite groups X ,Y, let H(X ,Y) denote the class of
coprime extensions H ⋉N , where N ∈ X and H ∈ Y.

Let G be a group. Given g, h ∈ G, the commutator [g, h] := ghg−1h−1. For sets X,Y ⊆ G, the
commutator subgroup [X,Y ] := ⟨{[g, h] : g ∈ X,h ∈ Y }⟩. We say that G is perfect if G = [G,G], and that G
is centerless if Z(G) = 1. Let d(G) be the minimum size taken over all generating sets of G. A basis of an
Abelian group A is a set of generators {a1, . . . , ak} such that A = ⟨a1⟩ × · · · × ⟨ak⟩.

Codes. Let F be a field. Let Matn×m(F) denote the set of n×m matrices over the field F. GLm(F) denotes
the set of m×m invertible matrices over F. A linear code of length m is a subspace U ≤ Fm. A d×m matrix
A over F generates the code U if the rows of A span U . Let U,W be d–dimensional codes of length m over
F, generated by d ×m matrices A,B, respectively. Then U and V are equivalent if and only there exists a
permutation matrix P ∈ GLm(F) and a matrix T ∈ GLd(F) such that B = TAP . If A1, A2 are generator
matrices for two codes U1, U2 respectively, we write CodeEq(A1, A2) for the coset of code equivalences taking
U1 to U2.

2.2 Group Extensions and Cohomology

In this section, we recall preliminaries concerning group extensions and cohomology from [GQ17]. We
will restrict attention to Abelian cohomology. Given a finite group G, we will consider an Abelian normal

subgroup A ⊴ G when consideringG as an extension of A byQ := G/A. Here, we denote this as A
ι
↪−→ G

π
↠ Q,

where ι : A → G is an injection and Im(ι) = ker(π). As A is Abelian, we write the group operation of A
additively, even though we denote the group operation of G multiplicatively– this is standard in this area.
Despite that A ≤ G, we will use these notations in different contexts, and so it should not cause confusion.
We refer to G as the total group.

Let π : G → G/A ∼= Q be the natural projection map. Any function s : Q → G such that π(s(q)) = q
for all q ∈ Q is called a section of π. Any such section gives rise to a function fs : Q × Q → A defined by
fs(p, q) = s(p)s(q) · s(pq)−1. We are free to choose s(1) = idG, and then f(1, q) = f(q, 1) = 0 for all q ∈ Q.
Such sections are called normalized. We will assume that all sections are normalized, unless otherwise stated.

For g ∈ G, the conjugation action θg : G → G is defined by θg(x) = gxg−1. As the operation of G is
associative, we have that for all p, q, r ∈ Q:

fs(p, q) + fs(pq, r) = θp(fs(q, r)) + fs(p, qr).

This is the 2-cocycle identity.
Any function f : Q×Q→ A is called a 2-cochain. If f satisfies the 2-cocycle identity with respect to θ,

then f is called a 2-cocycle with respect to θ. Given any homomorphism θ : Q → Aut(A), every 2-cocycle
with respect to θ arises as fs for some section s of some extension A ↪−→ G↠ Q with respect to θ.
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Given any function u : Q→ A, the 2-coboundary associated to u is the function bu : Q×Q→ A defined
by bu(p, q) = u(p) + θp(u(q)) − u(pq). Any two 2-cocycles associated to the same extension differ by a
coboundary.

The 2-cochains form an Abelian group C2(Q,A) defined by pointwise addition: (f + g)(p, q) = f(p, q) +
g(p, q). Observe that the 2-cocycle identity is Z-linear. Thus, the 2-cocycles form a subgroup of C2(Q,A), de-
noted by Z2(Q,A, θ). Similarly, the 2-coboundaries form a subgroup of Z2(Q,A, θ), denoted by B2(Q,A, θ).

A 2-cohomology class is a coset of H2(Q,A, θ) := Z2(Q,A, θ)/B2(Q,A, θ). If f ∈ Z2(Q,A, θ), we
denote the corresponding cohomology class by [f ]. It follows from the above discussion that each extension
A ↪−→ G↠ Q determines a single cohomology class [f ] ∈ H2(Q,A, θ). We now recall the following definition
from Grochow and Qiao:

Definition 2.1 ([GQ17, Definition 2.1]). Let A be an Abelian group, and Q an arbitrary group. Let
θ : Q → Aut(A) be an action, and f : Q × Q → A a 2-cocycle (f ∈ Z2(Q,A, θ)). The pair (θ, f) is called
extension data. Two extension data for the pair (Q,A) are equivalent if they have the exact same action
and if the two 2-cocycles are cohomologous (differ by a coboundary).

Given an extension A ↪−→ G ↠ Q, the associated extension data are the action θ as defined above,
and any 2-cocycle fs for any section s : Q → G. The extension data are in general not unique– we may
choose any representative of the corresponding 2-cohomology class. Furthermore, if the action is trivial, then
this extension is called central. If the 2-cohomology class is trivial, then this extension is called split, and
G = P ⋉A for some subgroup P ≤ G isomorphic to Q.

We now turn to discussing when two different extension data (θ1, f1), (θ2, f2) yield isomorphic total
groups. We begin by recalling some additional notation and terminology. Recall that a subgroup N ≤ G
is characteristic if for all φ ∈ Aut(G), φ(N) = N . The analogous notion for isomorphisms (rather than
automorphisms) is a function S that assigns to each group G a subgroup S(G) such that any isomorphism
φ : G1 → G2 restricts to an isomorphism φ|S(G1) : S(G1) → S(G2). We call such a function S a characteristic
subgroup function. Most natural characteristic subgroups encountered are characteristic subgroup functions–
for instance, the center Z(G), the commutator [G,G], and the solvable radical Rad(G).

Definition 2.2 ([GQ17, Definition 2.2]). Let A be an Abelian group, and let Q be an arbitrary group. Let
(θ1, f1), (θ2, f2) be extension data for A-by-Q. Then the extension data are pseudo-congruent if there exists
(α, β) ∈ Aut(A)×Aut(Q) such that:

θ1(q)(a) = α−1

(
θ2(β(q))(α(a))

)
=: θα,β2 (q)(a). (1)

for all q ∈ Q, a ∈ A, and

f1(p, q) = α−1(f2(β(p), β(q))) + bu(p, q),

for all p, q ∈ Q and for some coboundary bu. In this case, we write (θ1, f1) ∼= (θ2, f2).

Lemma 2.3 (see e.g., [GQ17, Lemma 2.3] and [HEO05, Section 2.7.4]). Let S be a characteristic subgroup
function. Let G1, G2 be groups, such that S(G1) and S(G2) are both Abelian. Then G1

∼= G2 if and only if
both of the following conditions hold:

1. S(G1) ∼= S(G2) and G1/S(G1) ∼= G2/S(G2).

2. (θ1, f1) ∼= (θ2, f2), where (θi, fi) is the extension data of A ↪−→ Gi ↠ Q (i = 1, 2).

Note that if the 2-cohomolohy class is trivial (in which case, the extension splits), Lemma 2.3 yields
Taunt’s Lemma as a corollary:

Lemma 2.4 (Taunt [Tau55]). Let G = H ⋉θ N and Ĝ = Ĥ ⋉θ̂ N̂ . If α : H → Ĥ and β : N → N̂ are
isomorphisms such that for all h ∈ H and all n ∈ N ,

θ̂α(h)(n) = (β ◦ θh ◦ β−1)(n),

then the map (h, n) 7→ (α(h), β(n)) is an isomorphism of G ∼= Ĝ. Conversely, if G and Ĝ are isomorphic
and |H| and |N | are coprime, then there exists an isomorphism of this form.
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2.3 Computational Complexity

We assume that the reader is familiar with standard complexity classes such as P,NP, L, and NL. Denote by
FL the class of logspace computable functions. For a standard reference on circuit complexity, see [Vol99].
We consider Boolean circuits using the gates AND, OR, NOT, and Majority, where Majority(x1, . . . , xn) = 1
if and only if ≥ n/2 of the inputs are 1. Otherwise, Majority(x1, . . . , xn) = 0.

In this paper, we will consider DTIME(logc n)-uniform circuit families (Cn)n∈N, for some fixed c ≥ 1. For
this, one encodes the gates of each circuit Cn by bit strings of length O(logc n). Then the circuit family
(Cn)n≥0 is called DTIME(logc n)-uniform if (i) there exists a deterministic Turing machine that computes
for a given gate u ∈ {0, 1}∗ of Cn (|u| ∈ O(logc n)) in time O(logc n) the type of gate u, where the types are
x1, . . . , xn, NOT, AND, OR, orMajority gates, and (ii) there exists a deterministic Turing machine that decides
for two given gates u, v ∈ {0, 1}∗ of Cn (|u|, |v| ∈ O(logc n)) and a binary encoded integer i with O(logc n)
many bits in time O(logc n) whether u is the i-th input gate for v. When c = 1, this notion of uniformity is
referred to as DLOGTIME-uniformity. For circuit families of size poly(n), we will use DLOGTIME-uniformity.

Definition 2.5. Fix k ≥ 0. We say that a language L belongs to (uniform) NCk if there exist a (uniform)
family of circuits (Cn)n∈N over the AND,OR,NOT gates such that the following hold:

• The AND and OR gates take exactly 2 inputs. That is, they have fan-in 2.

• Cn has depth O(logk n) and uses (has size) nO(1) gates. Here, the implicit constants in the circuit
depth and size depend only on L.

• x ∈ L if and only if C|x|(x) = 1.

The complexity class ACk is defined analogously as NCk, except that the AND,OR gates are permitted to
have unbounded fan-in. That is, a single AND gate can compute an arbitrary conjunction, and a single
OR gate can compute an arbitrary disjunction. The class SACk is defined analogously, in which the OR
gates have unbounded fan-in but the AND gates must have fan-in 2. The complexity class TCk is defined
analogously as ACk, except that our circuits are now permitted Majority gates of unbounded fan-in. We also
allow circuits to compute functions by using multiple output gates.

For every k, the following containments are well-known:

NCk ⊆ SACk ⊆ ACk ⊆ TCk ⊆ NCk+1.

In the case of k = 0, we have that:

NC0 ⊊ AC0 ⊊ TC0 ⊆ NC1 ⊆ L ⊆ NL ⊆ SAC1 ⊆ AC1.

We note that functions that are NC0-computable can only depend on a bounded number of input bits. Thus,
NC0 is unable to compute the AND function. It is a classical result that AC0 is unable to compute Parity
[FSS84]. The containment TC0 ⊆ NC1 (and hence, TCk ⊆ NCk+1) follows from the fact that NC1 can
simulate the unbounded fan-in Majority gate.

The complexity class FOLL is the set of languages decidable by uniform AC circuits of depth O(log logn)

and polynomial-size [BKLM01]. We will use a slight generalization of this: we use FOLLO(1) to denote the
class of languages L decidable by uniform AC circuits of depth O((log log n)c) for some c that depends only

on L [GJL25]. It is known that AC0 ⊊ FOLLO(1) ⊊ AC1, the former by a simple diagonalization argument on

top of Sipser’s result [Sip83], and the latter because the Parity function is in AC1 but not FOLLO(1) (nor any

depth o(log n/ log log n)). FOLLO(1) cannot contain any complexity class that can compute Parity, such as

TC0,NC1, L,NL, or SAC1, and it remains open whether any of these classes contain FOLLO(1).

We will also be interested in NC circuits of quasipolynomial size (i. e., 2O(logk n) for some constant k). For
a circuit class C ⊆ NC, the analogous class permitting a quasipolynomial number of gates is denoted quasiC.
Note that DLOGTIME uniformity does not make sense for quasiNC, as we cannot encode gate indices using
O(logn) bits. Instead, we will use DPOLYLOGTIME-uniformity for quasiNC [Bar92, FGSTT20].
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2.4 Permutation Group Algorithms

We will consider the permutation group model, in which groups are specified succinctly by a sequence
of permutations from Sym(m). The computational complexity for the permutation group model will be
measured in terms of m. We will first recall some key concepts concerning permutation groups. We refer to
the textbook by Dixon & Mortimer [DM96] for many of the concepts around permutation groups that we
briefly review here. A permutation group G ≤ Sym(m) is transitive if the permutation domain [m] is a single
G-orbit. An equivalence relation ∼ on [m] is G-invariant if x ∼ y ⇔ xg ∼ yg for all x, y ∈ [m], g ∈ G. The
discrete equivalence—in which all elements are pairwise inequivalent—and indiscrete equivalence—in which
all elements are equivalent—are considered trivial. The equivalence classes of any G-invariant equivalence
relation are called blocks of G. The singleton sets and the whole set [m] are considered trivial blocks; any
other blocks, if they exist, are non-trivial. G is primitive if it has no non-trivial blocks, or equivalently, has
no non-trivial G-invariant equivalence relations.

Equivalently, a block for G is a subset ∆ ⊆ [m] such that for every g ∈ G, ∆g is either disjoint from ∆
or equal to ∆. A system of imprimitivity for G is a collection of blocks that partition [m] (equivalently, the
equivalence classes of a G-invariant equivalence relation). If G is transitive, every system of imprimitivity
arises as {∆g : g ∈ G} for some block ∆. A block is minimal if it is non-trivial and contains no proper
subset that is also a non-trivial block. Two distinct minimal blocks can intersect in at most one point.

We will now recall a standard suite of problems with known NC solutions in the setting of permutation
groups. In our setting, m will be small (m ∈ O(polylog(n))) relative to the overall input size n, which will

yield FOLLO(1) bounds for these problems.

Lemma 2.6. Let c ∈ Z+, and let m ∈ O(logc n). Let G ≤ Sym(m) be given by a sequence S of genera-

tors. The following problems are in FOLLO(1) relative to n, that is, they have uniform AC circuits of depth
poly(log log n) and poly(n) size:

(a) Compute the order of G.

(b) Decide whether a given permutation σ is in G; and if so, exhibit a word ω such that σ = ω(S).

(c) Find the kernel of any action of G.

(d) Find the pointwise stabilizer of B ⊆ [m].

(e) Given a list of generators S for G, compute a minimal (non-redundant) of generators S′ for G of size
poly(m).

(f) Computing a non-trivial, minimal block system for G, if one exists; otherwise, a report that G is
primitive.

(g) Computing the orbits of G.

(h) Coset Intersection: Given G,H ≤ Sym(m) and x, y ∈ Sym(m), compute Gx ∩Hy.

Proof. Each of these problems in (a)–(g) is known to be solvable using a circuit of depth O(polylog(m)) and

size O(poly(m)): see [BLS87] for (a)–(e), [McK84] for (f)–(g). The FOLLO(1) bound follows from the fact
that m ∈ O(logc n).

For (h), the FOLLO(1)bound was established in [GJL25]2.

Finally, we consider the Transversal problem, which takes as input H < G ≤ Sym(m) such that [G :
H] ∈ mO(1) and asks for a left transversal3 for H in G. Kantor, Luks, and Mark [KLM99, Proposition 3.13]
exhibited an NC algorithm for Transversal when |G| ∈ mO(logm). We will instead consider Transversal
when m ∈ O(logn) and [G : H] ∈ (log n)O(log logn). A careful analysis of [KLM99, Proposition 3.13] yields
the following for our setting:

2Grochow, Johnson, and Levet only stated this bound for the case when m ∈ O(logn). However, a careful analysis of their

proof shows that the FOLLO(1)bound holds when m ∈ O(logc n).
3Kantor, Luks, and Mark ask for a right transversal. The proof of [KLM99, Proposition 3.13] is easily modified to yield a

left transversal without affecting the complexity.
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Lemma 2.7 (cf. [KLM99, Proposition 3.13]). Let m ∈ O(log n), and let H < G ≤ Sym(m). Suppose
that [G : H] ∈ (log n)O(log logn). We can solve Transversal using an AC circuit of depth O((log n) ·
poly(log log n)).

Proof. As G ≤ Sym(m), |G| ≤ m!. From the proof of [KLM99, Proposition 3.13], the recursion depth is
log |G| ∼ m logm ∈ O((log n) · (log log n)). At each recursive call, we use subroutines for deciding subgroup
membership and computing the pointwise stabilizer. By Lemma 2.6(b) and (d), respectively, each of these

subroutines is FOLLO(1)-computable. The result now follows.

2.5 Representation Theory of Finite Groups

We recall key preliminaries concerning the representation theory of finite groups. For a general reference,
see [Ser77].

Let G be a finite group, and let V be a vector space. A representation of G over V is a group homo-
morphism φ : G → GL(V ). The trivial representation maps every group element to the identity matrix
in GL(V ). If V ∼= Fd, for some field F and some d ∈ N, a homomorphism φ : G → GLd(F) is called a
representation of G over F of dimension d. Let φ : G → GL(V ) be a representation. A subspace L ≤ V is
invariant with respect to φ if for all g ∈ G, φg(L) = L. Note that 0, V are the trivial invariant subspaces. A
representation without any non-trivial invariant subspaces is called an irreducible representation. We may
test whether a representation is irreducible using the following.

Proposition 2.8. Let φ : G → GL(V ) be a representation. We have that φ is irreducible if and only if for
all non-zero v ∈ V , ⟨vg|g ∈ G⟩ = V .

Fix a field F. For the rest of this section, we consider representations over F. Let φ : G → GL(V ) and
ρ : G → GL(W ) be representations. The direct sum φ⊕ ρ is a representation of G over V ⊕W , defined as
(φ ⊕ ρ)g(u + v) = φg(u) + ρg(v), for all g ∈ G. A representation is completely reducible if it is the direct
sum of irreducible representations. Maschke’s theorem states that if the characteristic of F is 0 or coprime
to |G|, then any representation of G over F is completely reducible.

Two representations φ,ψ : G → GL(V ) are equivalent if there exists an invertible linear transformation
T : V → V such that φ(g) = Tψ(g)T−1 for all g ∈ G. Suppose that φ,ψ are completely reducible. Write
φ = ιd1

1 ⊕ · · · ⊕ ιdℓ

ℓ and ψ = ιe11 ⊕ · · · ⊕ ιeℓℓ , where the ιi’s are irreducible and pairwise inequivalent, and each
di, ei ≥ 0. We have that φ and ψ are equivalent if and only if di = ei for each i ∈ [ℓ].

The character of φ, denoted χφ : G→ F, is the function that maps χφ(g) = tr(φ(g)). If the characteristic
of F does not divide |G|, then two representations of G are equivalent if and only if their characters are the
same. This yields the following.

Lemma 2.9. Let G be a group of order n specified by its multiplication table, and let p ≤ n be a prime
that does not divide n. Let k ∈ O(log n), and φ,ψ : G → GLk(Zp) be representations given explicitly by
associating with each g ∈ G, the corresponding matrix φ(g) (respectively, ψ(g)). We can decide if φ,ψ are
equivalent in AC0.

Proof. As p does not divide n, φ and ψ are equivalent if and only if their characters are the same. For
a given g ∈ G, we may evaluate tr(φ(g)) as follows. First, we note that as p ≤ n, each entry in φ(g)

is represented using O(log n) bits. We first compute
∑k

i=1 φ(g)ii and
∑k

i=1 ψ(g)ii. As k ∈ O(logn), we
are adding O(log n)-many O(logn)-bit integers. This step is AC0-computable (cf. [Vol99]). Note that the
resulting sum uses only O(log n)-many bits. Thus, we may reduce the resulting sum modulo p in AC0. We

can then test whether
∑k

i=1 φ(g)ii =
∑k

i=1 ψ(g)ii in AC0.

We now show that we can efficiently decompose a representation.

Proposition 2.10. Let p, q be distinct primes. Let G = Zℓ
q ⋉φ Zk

p be given by its multiplication table. In

AC1, we can list the irreducible components of φ and group them by equivalence type. In particular, each
irreducible component is returned as a function of the form τ : Zℓ

q → GLkτ
(Zp), where kτ is the dimension

of τ .
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Proof. Let v ∈ Zk
p be non-zero. In FL, we may write down each φg(v) = vg. Then in FL ∩ FOLL, we may

write down W = ⟨vg : g ∈ G⟩ using a membership test [BKLM01]. Now for each w ∈W , we may write down
W ′

w = ⟨wg : g ∈ G⟩ and test whether W =W ′ in L∩ FOLL. By Proposition 2.8, W is irreducible if and only
if for all w ∈W , W ′

w =W .
Now for each invariant subspace W , we may in AC1, fix a basis for that subspace [JLVW26, Proposi-

tion 4.5]. Now for each g ∈ Zℓ
q, we consider the conjugation action of g on the basis of W . This allows us

to compute the matrix representation Mg of g on W . Let τW : Zℓ
q → GLdim(W )(Zp) be the representation

sending g 7→ Mg. By Lemma 2.9 we can, in AC0, decide when two representations are equivalent. Thus, in
AC0, we can group the equivalent irreducible representations.

Our algorithm is AC1-computable, as desired. The result now follows.

3 Isomorphism Testing of Small Graphs in Parallel

In this section, we will establish the following.

Theorem 3.1 (cf. [Luk82]). Fix n ∈ N. Let X,Y be graphs with m ∈ O(log n) vertices. We can decide
whether X and Y are isomorphic, using an AC circuit of depth O((log n)2 ·poly(log log n)) and size poly(n).

In order to establish Theorem 3.1, we essentially parallelize the previous work of Luks for isomorphism
testing for graphs of bounded valence [Luk82]. While our graphs here need not have bounded valence, they
are small. We will crucially take advantage of this, in tandem with a suite of efficient parallel algorithms for
permutation groups (see Section 2.4).

Fix an edge e of X. We compute Aute(X), the automorphism group of X that fixes e. Following [Luk82],
define Xr to be the subgraph of X consisting of all vertices and all edges of X, which appear in paths of
length ≤ r through e. So X1 = e and Xm−1 = X. We will compute Aute(Xr) for each r = 1, . . . ,m − 1.
The groups are related via the homomorphisms:

πr : Aute(Xr+1) → Aute(Xr),

where πr(σ) is the restriction of σ to Xr. Thus, given (generators for) Aute(Xr), determining generators for
Aute(Xr+1) reduces to two problems:

• Find a set R of generators for Ker(πr).

• Find a set S of generators for Im(πr).

Let ∆(X) be the maximum degree of X. Let A ⊆ 2V (Xr) {∅} contain those subsets of size at most ∆.
Define f : V (Xr+1) V (Xr) → A by:

f(v) := {w ∈ V (Xr) : vw ∈ E(X)}.

Proposition 3.2. We can compute R in AC0.

Proof. Luks [Luk82, Section 3.1] established that Ker(πr) =
∏

a∈A Sym(f−1(a)). As |V (X)| ∈ O(logn), we

have that ∆ ∈ O(log n) and |A| ∈ poly(n). So we can compute ∆, and hence A in AC0. Furthermore, we
can compute f−1(a) in AC0 for each a ∈ A. Now the symmetric group is 2-generated. So in AC0, we may
write down standard generators for each Sym(f−1(a)). The result now follows.

It remains to compute S. Our key result will thus be as follows:

Proposition 3.3. Take the same assumptions as Theorem 3.1 and fix r ∈ [m − 1]. Suppose we are given
generators for Aute(Xr). We can compute S using an AC circuit of depth O((logn) · poly(log log n)) and
size poly(n).

Proposition 3.3 immediately yields Theorem 3.1.

Proof of Theorem 3.1. We proceed for m − 1 ∈ O(logn) times iterations. At each iteration, we apply
Proposition 3.2 and Proposition 3.3. The result now follows.
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The remainder of this section will be devoted to the proof of Proposition 3.3.
Luks [Luk82] previously established that σ ∈ Aute(Xr) is in Im(πr) if and only if, for each 0 ≤ s ≤ m − 1,
σ stabilizes the set of fathers of s-tuples:

As := {a ∈ A : |f−1(a)| = s},

as well as the set A′ of new edges. Color A accordingly with 2m colors (see e.g., [Luk82, Page 49]). We need
to now find the automorphisms in G = Aute(Xr) acting on A, that preserve the edge colors. We now recall
some notions from Luks [Luk82].

Definition 3.4. Let A be a colored set, with coloring χ. Let B ⊆ A and K ≤ Sym(A). The set of
permutations in K that preserve the colors in B is:

CB(K) := {σ ∈ K : for all b ∈ B,χ(σ(b)) = χ(b)}.

Observe that:

CB(K ∪K ′) = CB(K) ∪ CB(K ′), and

CB∪B′(K) = CB(K) ∩ CB′(K).

Note that if CB(σB) is non-empty, then it is a left-coset of the subgroup CB(G) ≤ K [Luk82, Lemma 2.4].

Remark 3.5. Luks [Luk82] uses that CB∪B′(K) = CB(CB′(K)). As m ∈ O(log n), we can compute CB(K)∩
CB′(K) in FOLLO(1) (Lemma 2.6(h)), and we will later take advantage of this.

We now turn to solving the Color Automorphism problem. For k ∈ N, let Γk be the class of groups
G where all the non-Abelian composition factors of G are subgroups of Sym(k).

Definition 3.6. The Color Automorphism problem is defined as follows:

• Instance: Generators for a subgroup G ≤ Sym(A) with G ∈ Γk, a G-stable subset B, and σ ∈ Sym(A).

• Solution: The set CB(σG).

We will consider the Color Automorphism problem in the case when k = m ∈ O(log n). In order to
solve the Color Automorphism problem, we proceed via a divide-and-conquer procedure. We have the
following cases in the recursion:

• Case 1 (Base Case): The recursion bottoms out when |B| = 1. In this case, we compute the

Pointwise Stabilizer of CBσ−1 (G) in FOLLO(1)using Lemma 2.6(d). Now σCBσ−1 (G) = CB(σG).

• Case 2 (Intransitive Case): Suppose that B is the disjoint union of G-stable subsets Z1, . . . , Zk. We

use Lemma 2.6(g) to, in FOLLO(1), break B up into orbits Z1, . . . , Zk. In particular, for each i ∈ [k],
G acts transitively on Zi. We now have that:

CB(σG) =
k⋂

i=1

CZi(σG).

We may thus compute each CZi(σG) in parallel. Note that as G acts transitively on each Zi, the
recursive calls for CZi(σG) fall under Case 1 or Case 3. In order to compute the intersection, we
use a binary tree circuit of depth O(log k) ≤ O(log |X|) ≤ O(log log n). At each node of the binary

tree, we utilize the FOLLO(1) algorithm for Coset Intersection (Lemma 2.6(h)). Thus, the total

non-recursive work in this case is FOLLO(1).

• Case 3 (Transitive Case): If |B| > 1 and B is not the disjoint union of at least two G-stable subsets,
then we find a minimal G-block system in B:

Φ = {B1, B2, · · · , Bℓ}.
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As |X| ∈ O(log n), we have by Lemma 2.6(f) that such a block system is FOLLO(1)-computable.

Furthermore, by Lemma 2.6(c), we may compute the kernel K of the G-action on Φ in FOLLO(1).
From the work of Babai, Cameron, and Palfy [BCP82], we have that [G : K] ∈ (log n)O(log logn). Thus,
we may write G as a union of (log n)O(log logn) cosets:

G =

[G:K]⋃
i=1

τiK.

This step is computable using an AC circuit of depth O((log n) poly(log log n)) and size poly(n), using
Lemma 2.7. Now the problem breaks up as follows:

CB(σG) =
[G:K]⋃
i=1

CB(στiK).

We now, in parallel, recursively compute CB(στiK) for each 1 ≤ i ≤ [G : K]. As K fixes (setwise)
each block of Φ, the computation for each CB(στiK) falls under Case 1 or Case 2. We may, in parallel,
recursively compute each CB(στiK). Note that each recursive call deals with subsets of size |B|/ℓ.
Note that when we recombine the cosets, we must take care to ensure that we only have poly(n)
generators. To accomplish this, we use Lemma 2.6(e). As our permutation domain has size O(log n),

each application of Lemma 2.6(e) is FOLLO(1)-computable. We use a binary tree circuit of depth
log[G : K] ∈ O((log log n)2) to compute CB(σG) from the CB(στiK) (1 ≤ i ≤ [G : K]). This yields a
circuit of depth poly(log logn) and size poly(n) to compute CB(σG).

Complexity Analysis. First, observe that a recursive call at the intransitive case (Case 2) results in
either the base case (Case 1) or the transitive case (Case 3). Similarly, a recursive call at the transitive
case (Case 3) results in either the base case (Case 1) or the intransitive case (Case 3). The recursive
calls in the transitive case reduce the size of the problem by at least 1/2. Thus, the recursion tree thus
has height O(logm) = O(log logn). Each level of the recursion tree is computable using an AC circuit
of depth O((logn) poly(log log n)) and size poly(n). Thus, in total, we require an AC circuit of depth
O((logn) poly(log log n)) and size poly(n), as desired. This completes the proof of Proposition 3.3.

4 Linear Code Equivalence for Small Codes in Parallel

In this section, we establish the following:

Theorem 4.1 (cf. [BCGQ11, Theorem 7.1]). Let m ∈ O(log n), and let C1, C2 be linear codes of length m
given by their generator matrices. We can decide equivalence between C1 and C2, as well as compute the
coset of equivalences, using an AC circuit of depth O((log2 n) · poly(log logn)) and size poly(n).

In [BCGQ11], Babai exhibited an algorithm that tests the equivalence of two linear codes of length m in
time (2 + o(1))m. He accomplished this by reducing to

(
m
d

)
instances of Graph Isomorphism– precisely,

isomorphism testing of d× (m− d) bipartite graphs with colored edges. We show that Babai’s reduction is
computable using an NC circuit of depth O(log2m) and size poly(m). As m ∈ O(logn), we obtain that this

reduction is FOLLO(1)-computable.

Proposition 4.2 (cf. [BCGQ11, Theorem 7.1]). Equivalence of d-dimensional linear codes of length m,
over any field, given by generators can be reduced to

(
m
d

)
instances of isomorphism of d× (m− d) bipartite

graphs with colored edges. In particular, if m ∈ O(log n), this reduction is FOLLO(1)-computable, assuming
field operations at unit cost.

Proof. We follow the strategy as in the proof of [BCGQ11, Theorem 7.1]. Let A,B ∈ Matd×m(F) be matrices
of rank d. We need to find the set of pairs (T, P ) ∈ GLd(F)× Sym(m) (where we treat P as a permutation
matrix) such that B = TAP . Our first goal is to place A in the form [Id|A1]. This step is computable
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with an NC circuit of depth O(log2m) and size poly(m)– hence, in FOLLO(1)– using Gaussian elimination
[BvH82, Mul87]. So for the remainder of the proof, we will abuse notation and refer to the previous A as
A = [Id|A1].

The remainder of the proof is identical as in [BCGQ11, Theorem 7.1], and these details provide the precise
reduction to GI. Thus, for completeness, we will recall these details here. At a multiplicative cost of

(
m
d

)
to

the circuit size, we may in parallel, consider all such d-element subsets of [m]. For clarity, fix such a subset
[d]σ ⊆ [m] under a hypothetical σ ∈ Sym(m) making A equivalent to B. By applying a single permutation
to the columns, we reduce this case to those σ satisfying [d]σ = [d]. Following the proof of [BCGQ11,
Theorem 7.1], we will refer to such σ as basic equivalences. The corresponding permtuation matrix P (σ) can
be written as a block-diagonal matrix diag(P0, P1), where P0 ∈ Matd×d(F) and P1 ∈ Mat(m−d)×(m−d)(F) are
permutation matrices.

We reduce the search for basic equivalences to one instance of finding the isomorphisms of d × (n − d)
bipartite graphs, where the edges are colored using the elements of F. Let B = [B0|B1], where B0 ∈
Matd×d(F) consists of the first d columns of B. For any pair (T, P ) such that B = TAP , we will necessarily
have that B0 = TP0. Thus, if B0 is singular, then there are no basic equivalences.

Suppose now that B0 ∈ GLd(F). Then B0B = [Id|B−1
0 B1]. Thus, without loss of generality, we may

assume that B = [Id|B1]. As we already have that A = [Id|A1], we are looking for basic equivalences
between A = [Id|A1] and B = [Id|B1]. Now suppose that there exists a pair (T, P ) ∈ GLd(F) × Sym(m),
where P = P (σ) = diag(P0, P1) is the permutation matrix corresponding to a basic equivalence σ, and P0, P1

are permutation matrices. Then TP0 = Idd, which provides that T = P−1
0 and B1 = TA1P1. Thus, we are

searching for permutations σ0, σ1 such that B1 = P (σ0)A1P (σ1). This is precisely the problem of deciding
isomorphism of bipartite graphs with F-colored edges, given by their incidence matrices A1, B1. The result
now follows.

We now prove Theorem 4.1.

Proof of Theorem 4.1. By Proposition 4.2, we can in FOLLO(1), reduce to the case of testing isomorphism
of

(
m
d

)
graphs with O(m) vertices. By Theorem 3.1, we can decide isomorphism of such graphs using an AC

circuit of depth O((log2 n) · poly(log logn)) and size poly(n). The result now follows.

Qiao, Sarma, and Tang [QST11] considered a slight generalization of Linear Code Equivalence,
which they called Generalized Code Equivalence.

Definition 4.3 ([QST11, Problem 2]). The Generalized Code Equivalence problem takes as input two
d×m matrices C1, C2 over the field F, and a permutation group S ≤ Sym(m). We then ask if there exists
some B ∈ GLd(F) and a permutation matrix P ∈ S such that BC1P = C2.

Corollary 4.4 (cf. [QST11, Corollary 5.2]). Let m ∈ O(log n), and let C1, C2 be two linear codes of length m
given by their generator matrices. Let S ≤ Sym(m). We can solve the Generalized Code Equivalence
problem between C1 and C2 using an AC circuit of depth O((log2 n) · poly(log log n)) and size poly(n), as
well as compute the coset of equivalences.

Proof. Qiao, Sarma, and Tang [QST11, Corollary 5.2] observed that Generalized Code Equivalence
may be solved by first solving Linear Code Equivalence, and then performing Coset Intersection
with S. By Theorem 4.1, we can compute the coset of equivalences for Linear Code Equivalence
between C1 and C2 using an AC circuit of depth O((log2 n) · poly(log logn)) and size poly(n). The Coset

Intersection procedure is FOLLO(1)-computable (Lemma 2.6(h)). The result now follows.

5 Isomorphism Testing of Coprime Extensions in Parallel

Recall that H(A, E) is the class of coprime extensions H ⋉N such that N is Abelian and H is elementary
Abelian. In this section, we will establish the following.

Theorem 5.1 (cf. [QST11]). Let G1, G2 be groups given by their multiplication tables. There exists a
uniform AC3 algorithm that can decide if G1, G2 ∈ H(A, E); and if so, decides whether G1

∼= G2.
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5.1 Additional Preliminaries

We begin by recalling some additional preliminaries concerning coprime extensions. We note that coprime
extensions are determined entirely by the isomorphism types of N , H and their actions– see Taunt’s lemma
(recalled as Lemma 2.4). We will now show how to compute a decomposition G = H ⋉ N , where N is
Abelian, H is elementary Abelian, and gcd(|H|, |N |) = 1, if such a decomposition exists.

Lemma 5.2. Let G be a group given by its multiplication table. We can, in FL∩FOLL, decide if there exists
an Abelian normal Hall subgroup N ⊴ G such that G/N is elementary Abelian and gcd(|N |, |G/N |) = 1, as
well as compute such an N , if one exists, and G/N in FL ∩ FOLL.

Proof. We first note that any such N is the direct product of a subset of the Abelian normal Sylow subgroups
corresponding to the prime divisors of |N |. Thus, it suffices to take N as the direct product of each Abelian
normal Sylow subgroup of G. We proceed as follows, to first construct N . For each prime p dividing |G|, we
may in FL ∩ FOLL, compute the set Sp of elements in G whose order is a power of p [BKLM01]. We then
test, in AC0, whether Sp satisfies the group axioms and whether it is Abelian. If both of these conditions
are satisfied, then Sp forms the unique Abelian normal Sylow p-subgroup of G. Thus, we can construct N
in FL ∩ FOLL.

We now turn to constructing H. While the Schur–Zassenhaus theorem (cf. [Rob82]) guarantees that
there exists H ≤ G such that G = H ⋉N , we will not explicitly construct such an H. Instead, we will use
the quotient group representation G/N . Note that in AC0, we may test whether any two elements g, h ∈ G
belong to the same coset of G/N , by testing whether gh−1 ∈ N .

Next, we claim that for any two elements g1, g2 belonging to the same coset of G/N and any n ∈ N ,
we have that ng1 = ng2 . As g1, g2 belong to the same coset of G/N , there exists some n′ ∈ N such that
g2 = g1n

′. As N is Abelian, we have that:

ng2 = g1n
′ · n · (n′)−1g−1

1 = ng1 .

Thus, the quotient group representation of H ∼= G/N fully specifies the action. The result now follows.

5.2 Representations of Zℓ
q over Zp

Let p, q be distinct primes. We recall key facts regarding representations of Zℓ
q over Zp, as well as additional

background from [QST11, Section 5.2]. For n ∈ N, the cyclotomic polynomial Φn(x) is the unique irreducible
polynomial that is a divisor of xn−1, but for all k < n, is not a divisor of xk−1. Suppose that Φq(x) factors
as g1(x) · · · gr(x), where g1(x), . . . , gr(x) ∈ Zp[x] are monic polynomials of degree d = (q − 1)/r. Note that
d = |Z×

q |. Let M ∈ GLd(Zp) be the companion matrix of g1(x). For v ∈ Zℓ
q with v ̸= 0, define v∗ : Zℓ

q → Zq

by mapping v∗(u) = (v, u) (the inner product of v and u).
For u ∈ Zℓ

q, let 0 ≤ hu < q such that hu ≡ v∗(u) (mod q). Now define fv : Zℓ
q → GLd(Zp) by sending

u 7→Mhu . We will abuse notation by writing Mv∗(u) in place of Mhu . Let f0 : Zℓ
q → GLd(Zp) be the trivial

representation. Now {fv : v ∈ Zℓ
q} forms the set of all irreducible representations of Zℓ

q over Zp. Note that

for distinct and non-zero u, v ∈ Zℓ
q, fu and fv might be equivalent. We recall the following characterization

from Qiao, Sarma, and Tang [QST11].

Lemma 5.3 ([QST11, Claim 1]). Let u, v ∈ Zℓ
q be distinct and both non-zero. Let fu, fv be the corresponding

irreducible representations. We have that fu and fv are equivalent if and only if there exists some s ∈ Zq such
that u = sv, and Ms and M are conjugate (by abuse of notation, we associate s with the least non-negative
integer belonging to the equivalence class s ∈ Zq).

Let τ : Zℓ
q → GLk(Zp). As p, q are distinct primes, we have by Maschke’s theorem that τ is completely

reducible. Write τ = fk1
v1 ⊕· · ·⊕fkt

vt , where each vi ∈ Zℓ
q, and k1 ≥ k2 ≥ · · · ≥ kt ≥ 1. For a given multiplicity

w ∈ [k], define Lτ (w) to be the set of irreducible representations with multiplicity w appearing in τ . Now
define Lτ := (Lτ (w))w∈[k]. We have that Lτ determines τ up to equivalence. In order to deal with the
concrete form of the representations, Qiao, Sarma, and Tang introduced the following.

Definition 5.4 ([QST11, Definition 5.4]). Let τ : Zℓ
q → GLk(Zp), and let w ∈ [k]. Define Lτ (w) to be a set

of vectors such that for every irreducible representation f ∈ Lτ (w), there exists a unique v ∈ Lτ (w) such

14



that f and fv are equivalent. Now define Lτ := (Lτ (w))w∈[k]. We refer to such a tuple Lτ as an indexing
tuple of Lτ .

Qiao, Sarma, and Tang established that a representation τ : Zℓ
q → GLk(Zp) has at most 2k indexing

tuples [QST11].

Proposition 5.5 ([QST11, Claim 2]). Let τ, γ : Zℓ
q → GLk(Zp) be two representations. We have that τ and

γ are equivalent if and only if there exist indexing tuples of τ and γ, Lτ and Lγ , such that Lτ = Lγ .

Let φ ∈ GLℓ(Zq). The representation of fv induced by φ has the following form: (fv ◦φ)(u) = fv(φ(u)) =

Mv∗(φ(u)) = M (φT (v))∗(u) = fφT (v)(u). Now for any two representations g, h of an arbitrary group and any

φ′ ∈ Aut(G), we have that (g ⊕ h) ◦ φ′ = (g ◦ φ′)⊕ (h ◦ φ′). Thus, if τ : Zℓ
q → GLk(Zp) is a representation,

then τ ◦φ = fk1

φT (v1)
⊕· · ·⊕ fkt

φT (vt)
. If S ⊆ Zℓ

q, then S
φ = {φT (v) : v ∈ S}. Thus, for any τ : Zℓ

q → GLk(Zp),

we have that Lτ◦φ = Lφ
τ = (Lτ (w)

φ)w∈[k].

Lemma 5.6. Let p, q be distinct primes, and let G = Zℓ
q ⋉φ Zk

p be given by its multiplication table. We can

list all indexing tuples of φ in NC3.

Proof. We first factor the cyclotomic polynomial Φq(x) in NC3 [Ber67] (see [Ebe91]). Let g1(x), . . . , gr(x)
be the irreducible factors of Φq(x). In AC0, we may write down the companion matrix M for g1(x). By

Proposition 2.10, we can compute the decomposition of φ = τk1
1 ⊕ · · · ⊕ τkt

t into its irreducible components,
in AC1. In particular, each irreducible representation is given explicitly by identifying each group element in
Zℓ
q with a corresponding matrix. Furthermore, we may in FL, sort the τi to ensure that k1 ≥ k2 ≥ · · · ≥ kt.

Now recall that for each irreducible representation τ in the decomposition of φ, there exists some v ∈ Zℓ
q

such that τ is equivalent to fv. We will proceed in parallel for each non-zero v ∈ Zℓ
q, to explicitly construct

fv. For clarity, we will consider some fixed v ∈ Zℓ
q. For each u ∈ Zℓ

q, we may compute v∗(u) = (v, u) (the
inner product) in parallel as follows. We first evaluate (v, u) in the integers. As this is a sum of O(logn)-
many O(logn)-bit integers, we can compute this sum in AC0 (see e.g., [Vol99]). As the resulting sum uses
only O(log n)-many bits, we may then reduce the sum modulo q in AC0. Thus, we may evaluate v∗(u) in
AC0. Thus, in AC0, we may select a corresponding hu such that hu ≡ v∗(u) (mod q).

We now turn to computing Mhu . We will use the repeated squaring technique to perform O(log n)

matrix multiplications. Observe first that if A,B ∈ Md×d(Zp), then (AB)ij =
∑d

h=1AihBhj (mod p). We
may evaluate this sum in AC0, by the discussion in the preceding paragraph. Thus, we may compute Mhu

in AC1. It follows that we can compute the map fv(u) =Mhu , for all u ∈ Zℓ
q, in AC1.

Now for each τi (i ∈ [t]), we identify the set Si of v ∈ Zℓ
q corresponding to the fv that are equivalent to

τi. By Lemma 2.9, this step is AC0-computable.
Now we may construct a single indexing set Lφ in the following manner. In parallel, for each w ∈ [k]

and each i ∈ [t] such that ki = w, we select a single vector v ∈ Si to include in Lτ (w). This step is AC0-
computable. Qiao, Sarma, and Tang [QST11] previously established that the number of indexing sequences
for φ is at most 2k. As k ∈ O(log n), there are poly(n) such indexing sequences. It follows that once the Si

sets have been constructed, we may write down all such indexing sequences in AC0.
Our algorithm is thus NC3-computable, as desired. The result now follows.

5.3 Isomorphism Testing of H(E , E)
In this section, we will establish the following.

Theorem 5.7 (cf. [QST11, Theorem 1.3]). Given groups G1, G2 by their multiplication tables, there exists
a uniform AC3 algorithm that decides if G1, G2 ∈ H(E , E); and if so, decides if G1

∼= G2.

Proof. We first use Lemma 5.2 to, in FL, find decompose Gi = Hi ⋉τi Ni (i = 1, 2). We may then, in L,
decide whether: (i) the Ni and Hi are elementary Abelian groups of coprime order, (ii) N1

∼= N2, and (iii)
H1

∼= H2 [BKLM01]. Suppose that N1
∼= N2

∼= Zk
p and H1

∼= H2
∼= Zℓ

q. Now τ1, τ2 : Zℓ
q → GLk(Zp) are

representations. It remains to decide whether τ1 and τ2 are equivalent.
By Proposition 2.10, we may in AC1, decompose τ1, τ2 into their irreducible components and group them

by equivalence type. Write τ1 = fk1
v1 ⊕· · ·⊕fkt

vt and τ2 = f ℓ1u1
⊕· · ·⊕f ℓt′ut′ . Now in NC3 (using Lemma 5.6), we
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may obtain indexing tuples Lτ1 ,Lτ2 . We may check in L that t = t′; as well as that for all w ∈ [k], whether
|Lτ1(w)| = |Lτ2(w)|. If these conditions are not satisfied, then τ1 and τ2 are not equivalent; in which case,
G1 and G2 are not isomorphic.

We now consider our fixed indexing tuple Lτ1 for τ1. By Proposition 5.5, it suffices to decide if there
exists an indexing tuple Lτ2 of τ2 and φ ∈ GLℓ(Zp) such that Lφ

τ1 = Lτ2 . In parallel, we will consider all

indexing tuples of τ2. Note that we can list all such indexing tuples of τ2 in NC3 (using Lemma 5.6). For
clarity, fix such an indexing tuple Lτ2 . Qiao, Sarma, and Tang [QST11, Proposition 5] showed that deciding
whether such a φ exists reduces toGeneralized Code Equivalence for a code of lengthm ∈ O(log n) over∏k

w=1 Sym(|Lτ1(w)|). As the symmetric group is 2-generated, we can write down standard generators for
Sym(|Lτ1(w)|) in AC0. By Corollary 4.4, we can solve this instance of Generalized Code Equivalence
using an AC circuit of depth O((log2 n) · poly(log logn)) and size poly(n).

In total, our algorithm is AC3-computable. The result now follows.

As a consequence, we obtain the following corollary.

Corollary 5.8 (cf. [QST11, Section 5.3]). There exists a uniform AC3 algorithm that, given groups G1, G2

by their multiplication tables, decides if G1, G2 ∈ H(
∏

E , E); and if so, decides if G1
∼= G2.

Proof. We first use Lemma 5.2 write Gi = Hi ⋉φi
Ni, where Ni is the direct product of the Abelian normal

Sylow subgroups of Gi. Now in L, we may compute the Abelian normal Sylow subgroups of Ni, and test
whether each is elementary Abelian [BKLM01]. Similarly, in L, we test whether Hi is elementary Abelian.
Finally, in L, we may test whether N1

∼= N2 and H1
∼= H2 [BKLM01]. Otherwise, we reject.

For i ∈ [2], let Ai,p ≤ Ni be the Sylow p-subgroup of Ni (and hence, Gi). Let φi,p : Hi → GL(Ai,p)
be the projection of φi onto Ai,p. Let Gi,p = Hi ⋉ φi,pAi,p. Qiao, Sarma, and Tang [QST11, Section 5.3]
established that G1

∼= G2 if and only if, for all primes p dividing |N1| = |N2|, G1,p and G2,p are isomorphic.
We have shown that, in FL, we can construct each G1,p, G2,p. We now apply Theorem 5.7 in parallel for
each prime p dividing |N1| = |N2| to decide isomorphism between G1,p and G2,p in AC3.

In total, our algorithm is AC3-computable. The result now follows.

5.4 Le Gall’s Technique in Parallel

In this section, we will establish the following.

Proposition 5.9 (cf. [LG09, BQ12]). Let A be an Abelian p-group given by its multiplication table. Let
S = (g1, . . . , gs) be a basis for A, where Zpei

∼= ⟨gi⟩. Let φ1, φ2 ∈ Aut(A) be given by matrices in R(A) with
respect to S (see Definition 5.10). Suppose that |φ1| = |φ2|. If p does not divide |φ1| = |φ2|, then there
exists an FL∩FOLL computable map Ψp : Aut(A) → GLs(Zp) such that φ1 and φ2 are conjugate if and only
if Ψp(φ1) and Ψp(φ2) are conjugate.

Following the strategy of [LG09, QST11, BQ12], we will later use Proposition 5.9 to reduce isomorphism
testing of H(A, E) to the case of H(E , E). Le Gall [LG09] established Proposition 5.9 in the case when the
complement was cyclic. He also showed that this reduction is NC-computable relative to |A|. Babai and
Qiao [BQ12] subsequently showed that Le Gall’s reduction holds for arbitrary complements.

Our goal in this section is to carefully analyze Le Gall’s result, to show that Ψp is FL∩FOLL computable.
This is a critical step in order to establish the AC3 bounds in Theorem 5.1.

We first recall key background concerning the matrix characterization of the automorphism groups of
Abelian groups, from Ranum [Ran07] and Le Gall [LG09, Section 4.2]. Throughout this section, we will
assume that A is an Abelian p-group. Suppose that A ∼= Zpe1 × · · · × Zpes , for some positive integers s and
e1 ≤ e2 ≤ · · · ≤ es. Let (g1, . . . , gs) be a basis for A, where Zpei = ⟨gi⟩.

Definition 5.10 ([Ran07]). Define M(A) as the following subset of s× s matrices over Z.

M(A) = {(uij) ∈ Zs×s | 0 ≤ uij < pei and pei−emin(i,j) divides uij for all i, j ∈ [s]}.

Given U,U ′ ∈M(A), define the multiplication operation ∗ as follows: U ∗U ′ is the integer matrix W of size
s× s such that wij = (

∑s
k=1 UijU

′
kj) (mod pei), for all i, j ∈ [s]. That is, after computing the usual matrix

multiplication UU ′, we reduce each entry modulo pei , where i is the row entry.
Let R(A) = {U ∈M(A) : det(U) ̸≡ 0 (mod p)}.
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Ranum established that if A is an Abelian p-group, then (R(A), ∗) ∼= Aut(A) [Ran07]. We now recall key
details regarding the structure of R(A). Write A = H1 × · · · ×Ht, where Hi = Zki

pfi
, f1 < f2 < · · · < ft, and

each ki > 0. So fi is the ith smallest element in the sequence (e1, . . . , es), and ki is the multiplicity of fi.
Observe that k1 + · · ·+ kt = s.

Let U ∈ M(A). We define t blocks D1(U), . . . , Dt(U) as follows. Di(U) is the ki × ki matrix obtained
by selecting the rows and columns with indices from (k1 + · · ·+ ki−1 + 1) to (k1 + · · ·+ ki−1 + ki). Observe
that Di(U) lies on the diagonal of U . For any matrix U ∈ M(A) and any i ∈ [t], define [U ]i as the matrix
obtained by reducing the entries of Di(U) modulo p. Thus, [Ui] ∈ GLki

(Zp). For each ℓ ∈ [t], define the
following subset of M(Hℓ):

Ki(A) = {(uij) ∈M(Hℓ) | p divides (uij − δij) for all i, j ∈ [kℓ]}.

Here, δij is the Kronecker delta function. That is, δij = 1 if i = j, and δij = 0 otherwise. Thus, each
diagonal entry of a matrix in Ki(A) is of the form 1+ pλii, and each non-diagonal entry is of the form pλij .
We now recall the following definition from Le Gall.

Definition 5.11 ([LG09]). Let N(A) be the following subset of M(A):

N(A) := {U ∈M(A) : Di(U) ∈ Ki(A) for each i ∈ [t]}.

We will also consider the following subgroup of GLs(Zp).

V (A) := {M ∈ GLs(Zp) : V = diag(V1, . . . , Vt) with Vi ∈ GLki
(Zp) for each i ∈ [t]}.

Let Ψp : R(A) → V (A) be defined by Ψp(U) = diag([U ]1, . . . , [U ]t). That is, the diagonal blocks of U are
reduced modulo p, and the remaining entries are set to 0.

Le Gall established that Ψp is a group homomorphism. We are now ready to prove Proposition 5.9.

Proof of Proposition 5.9. We have from Le Gall [LG09, Proposition 4.2] and Babai–Qiao [BQ12] that φ1, φ2

are conjugate if and only if Ψp(φ1) and Ψp(φ2) are conjugate. It remains to show that Ψp is FL ∩ FOLL-
computable.

We first compute |gi| in FL∩ FOLL [BKLM01]. Thus, in FL∩ FOLL, we can compute t ≤ s and k1, . . . , kt
such that A ∼= Zk1

pf1
× · · · × Zkt

pft
. Furthermore, in FL ∩ FOLL, we can compute for each i ∈ [t], the indices

(k1 + · · · + ki−1 + 1) to (k1 + · · · + ki−1 + ki) corresponding to Di(φ1) (resp., Di(φ2)). In particular, this
allows us to explicitly write down each Di(φ1) (resp., Di(φ2)). Now as each entry in φ1, φ2 is represented
using O(log |A|) many bits, we may in AC0 reduce the entries of each Di(φ1) (resp., each Di(φ2)) modulo p,
and then set the remaining entries of the original matrix to 0. In total, Ψp is FL ∩ FOLL computable. The
result now follows.

5.5 Isomorphism Testing of H(A, E) in Parallel

In this section, we prove Theorem 5.1.

Proof of Theorem 5.1. We first use Lemma 5.2 write Gi = Hi ⋉φi
Ni, where Ni is the direct product of the

Abelian normal Sylow subgroups of Gi. Now in FL, we may compute the Abelian normal Sylow subgroups of
Ni. Similarly, in L, we test whether Hi is elementary Abelian. Finally, in L, we may test whether N1

∼= N2

and H1
∼= H2 [BKLM01, CTW13, CGLW25]. Otherwise, we reject.

For i ∈ [2], let Ai,p ≤ Ni be the Sylow p-subgroup of Ni (and hence, Gi). Let φi,p : Hi → Aut(Ai,p)
be the projection of φi to Ai,p. Let Gi,p = Hi ⋉ φi,pAi,p. Qiao, Sarma, and Tang [QST11, Section 5.3]
established that G1

∼= G2 if and only if, for all primes p dividing |N1| = |N2|, G1,p := H1 ⋉φ1,p
A1,p and

G2,p := H2 ⋉φ2,p
A2,p are isomorphic. We have shown that, in FL, we can construct each G1,p, G2,p.

By [JLVW26, Proposition 4.5], we may in AC1 compute a basis β for A1,p, as well as A2,p, and thus fix
an isomorphism ϕp : A1,p

∼= A2,p. Let Ψp be as defined in Definition 5.11. By Proposition 5.9 (applied with
β), we have that φ1,p, φ2,p are conjugate if and only if Ψp(φ1,p) and Ψp(φ2,p) are conjugate. Furthermore,
Ψp is FL∩FOLL computable. Thus, given G1,p and G2,p, we may in AC1 write down G′

i,p := H1⋉Ψp(φi,p)Z
sp
p

(i = 1, 2). As H1
∼= H2 and A1,p

∼= A2,p, we have that the following are equivalent:
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• G1,p
∼= G2,p,

• G′
1,p

∼= G′
2,p, and

• Ψp(φ1) and Ψp(φ2) are conjugate.

Thus, it suffices to test for isomorphism between G′
1,p

∼= G′
2,p, which is AC3-computable using Theo-

rem 5.7. The result now follows.

6 Isomorphism Testing of Central-Radical Groups in Parallel: When
Enumerating Aut(Q) is Allowed

In this section, we will establish the following.

Theorem 6.1 (cf. [GQ17, Theorem 6.1]). Let S be a logspace-computable characteristic subgroup function.
Fix functions d(n) ∈ Ω(log2 n) and s(n). Let G1, G2 be two groups of order n given by their multiplication
tables, and suppose that (i) S(G1) ≤ Z(G1) and (ii) Aut(G1/S(G1)) can be listed using an AC circuit of
depth d(n) and size s(n). Then the following hold:

(a) We can decide isomorphism between G1 and G2 using an AC circuit of depth max{d(n), log3(n)} and
size s(n) · nO(1).

(b) If furthermore, S(G1) is elementary Abelian, then the coset of isomorphisms can be found using an AC
circuit of depth d(n) and size s(n) · nO(1).

Remark 6.2. The key reason for the difference in circuit depth, between Theorem 6.1(a) and (b), is due to
the difference in parallel complexity for solving systems of linear equations. Over arbitrary Abelian groups,
solving a system of linear equations is NC3-computable [MC83, Mul87]. In the case of elementary Abelian
groups, solving a system of linear equations is NC2-computable (see e.g., [BvH82, Mul87, BDHM92]).

We will now record a couple corollaries of Theorem 6.1. Grochow and Levet [GL26] previously estab-
lished that Aut(G/Rad(G)) can be listed using an SAC (and hence, AC) circuit of depth O(log n) and size
nO(log logn). Subsequently, Grochow, Johnson, and Levet [GJL25] showed that this could be accomplished
using a AC circuit of depth O(log log n) and size nO(log logn). We thus obtain the following corollary.

Corollary 6.3 (cf. [GQ17, Theorem A/Corollary 6.2]). Isomorphism of central-radical groups, given by their
multiplication tables, can be decided by AC circuits of depth O(log3 n) and size nO(log logn). If furthermore
the center is elementary Abelian, then we can decide isomorphism and compute the coset of isomorphisms
using AC circuits of depth O(log2 n) and size nO(log logn).

Babai, Codenotti, Grochow, and Qiao [BCGQ11] previously established that ifG/Rad(G) hasO(log n/ log log n)
minimal normal subgroups, then Aut(G/Rad(G)) has size poly(|G/Rad(G)|). Grochow and Levet [GL26]
established that in this case, we can list Aut(G/Rad(G)) in logspace. Thus, we obtain the following corollary.

Corollary 6.4 (cf. [GQ17, Corollary 6.3]). Let G and H be central-radical groups of order n, given by their
multiplication tables. If G/Rad(G) has O(log n/ log logn) minimal normal subgroups, then isomorphism
between G and H can be decided in AC3. If furthermore, the center is elementary Abelian, then we can
decide isomorphism and compute the coset of isomorphisms in AC2.

6.1 Additional Preliminaries

We recall from Grochow and Qiao [GQ17] details on how to work with 2-cohomology classes algorithmically.
First, as the action is trivial in central extensions, we will drop it from Z2(Q,A), B2(Q,A), and H2(Q,A).

Write A := S(G), and let A =
∏k

i=1 Z/p
µi

i Z be the decomposition of A into cyclic subgroups.
By choosing an arbitrary section s, we get a cocycle f : Q×Q → A. We may view f as a k × |Q|2-size

integer matrix, which we denote Mf . The rows are indexed by [k], and the columns are indexed by Q×Q.
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For i ∈ [k] and (q, q′) ∈ Q × Q, the entry Mf [i, (q, q
′)] is the ith coordinate of f(q, q′) relative to the basis

(e1, . . . , ek) modulo pµi

i .
Under this identification, the set C2(Q,A) is the set of all such matrices. Now Z2(Q,A) is a subgroup

of C2(Q,A), under matrix addition. Similarly, B2(Q,A) is a subgroup of Z2(Q,A) under matrix addition.
We will use Ui to denote the subgroup of C2(Q,A) consisting of matrices whose only non-zero entries are

in the ith row (so Ui
∼= (Z/pµi

i Z)|Q|2). Aut(A) acts on C2(Q,A) by left-multiplication, and Aut(Q) acts on
C2(Q,A) by permuting the columns according to the diagonal action of Aut(Q). Note that the actions of
Aut(A) and Aut(Q) commute.

Proposition 6.5 (cf. [GQ17, Proposition 6.8]). For any µ ≥ 1, a Z-basis of B2(Q,Z/pµZ) can be computed
in AC0. Furthermore, a Zp-basis of B2(Q,Zp) can be computed in the same bound.

Proof. We will parallelize [GQ17, Proposition 6.8]. Let A = Z/pµZ. For q ∈ Q, q ̸= id, let uq : Q → Z be
given by uq(q

′) = δ(q, q′), where δ is the Kronecker delta function. Let fq : Q×Q→ A be the 2-coboundary
based on uq. The set V := {fq : q ∈ Q} then forms a basis for B2(Q,Z/pµZ). There are |Q| basis elements,
each of which is constructed by computing its |Q|2 values. Each such value can be computed by a constant
number of additions in Z/pµZ and a single product in Q. Both of these steps are AC0-computable.

Note that if µ = 1, then V is a Zp-basis for B
2(Q,Zp). The result now follows.

Now for a 2-cochain f ∈ C2(Q,A) with corresponding k × |Q|2 matrix M , let Ri ≤ (Z/pµi

i Z)|Q|2 be the

subgroup generated by the ith row of M . For µ < µi, let R
(µ)
i denote the subgroup of (Z/pµi

i Z)|Q|2 that is

given by taking Ri modulo pµ. For µ > µi, let R
(µ)
i denote the subgroup of (Z/pµi

i Z)|Q|2 that is given by

multiplying every element of Ri by p
µ−µi . For any prime q ̸= p, let R

(q,µ)
i denote the trivial subgroup. If

q = p, let R
(q,µ)
i := R

(µ)
i . Let R(p,µ) = ⟨R(p,µ)

1 , . . . , R
(p,µ)
k ⟩.

Proposition 6.6 ([GQ17, Proposition 6.9]). Let A =
∏k

i=1 Z/p
µi

i Z be an Abelian group (the pi are primes,
not necessarily distinct). Let f1, f2 ∈ C2(Q,A). With the notation as above, there exists α ∈ Aut(A) such
that f1 and fα2 are cohomologous if and only if

⟨R(pi,µi)
1 , B2(Q,Z/pµi

i Z)⟩ = ⟨R(pi,µi)
2 , B2(Q,Z/pµi

i Z)⟩,

for each i ∈ [k]. Here, ⟨·⟩ denotes the Z-span (=group generated by).

Proposition 6.7 (cf. [GQ17, Proposition 6.10]). For A = Zk
p and a group Q, let n = |A| · |Q|. In NC2, we

can compute an Aut(A)-invariant complement W of B2(Q,A) in C2(Q,A), as well as a Zp-linear projection
π : C2(Q,A) →W that commutes with every α ∈ Aut(A).

Proof. We parallelize [GQ17, Proposition 6.10]. By Proposition 6.5, we can compute a basis V0 of B2(Q,Zp)
in AC0. Let W0 be a linear complement of V0 in C2(Q,Zp) (which can be thought of as the space of row
vectors of length |Q|2). We can compute W0 in NC2 by solving an appropriate system of linear equations
(see e.g., [BvH82, Mul87, BDHM92]). For each i ∈ [k], let Ri denote the subgroup of C2(Q,A) consisting
of those matrices whose only non-zero entries are in the ith row, and let Bi be the copy of B2(Q,Zp) in Ri.
Let Wi be the copy of W0 in Ri, and let πi : Ri →Wi be the projection of Ri to Wi along Bi. (As Grochow
and Qiao note, here we are identifying each Ri with C

2(Q,Zp) as in [GQ17, Proposition 6.5]). Now define
π : ⊕k

i=1Ri → ⊕k
i=1Wi by π(x1, . . . , xk) = (π1(x1), . . . , πk(xk)) to be the projection along ⊕k

i=1Bi. Note that
C2(Q,A) = ⊕k

i=1Ri. Grochow and Qiao previously established that we can construct each πi (i ∈ [k]), and
hence π, by solving an appropriate system of linear equations. We can compute such a solution in NC2 (see
e.g., [BvH82, Mul87, BDHM92]).

Grohow and Qiao previously established that f, g ∈ Z2(Q,A) are cohomologous if and only if π(f) = π(g).
Furthermore, Grochow and Qiao previously established that for any α ∈ Aut(A), πα = απ. The result now
follows.

We will also need the following observation from Grochow and Qiao [GQ17].

Observation 6.8 ([GQ17, Observation 5.2]). Let X be a subgroup of an extension Y
ι
↪−→ X

π
↠ Z. Suppose

that Y ⊆ ι(Y ) generates ι(Y ) ∩X, and Z ⊆ Z generates π(X). Furthermore, suppose that for each z ∈ Z,
there exists xz ∈ X such that π(xz) = z. Then Y ∪ {xz ∈ X : z ∈ Z} generates X.
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We will use Observation 6.8 when X,Y, Z are automorphism groups of other groups.
We are now ready to prove Theorem 6.1(a).

Proof of Theorem 6.1(a). We follow the strategy of [GQ17, Theorem 6.1]. We begin by listing Aut(Q)
using an AC circuit of size s(n) and depth d(n). Choose arbitrary sections of G,H, to get a 2-cocycle f1
of G and a 2-cocycle f2 of H. By Lemma 2.3, it is sufficient and necessary to test whether there exist

(α, β) ∈ Aut(A)×Aut(Q) such that f1 and f
(α,β)
2 are cohomologous.

For each β ∈ Aut(Q), we get f ′2 := f
(id,β)
2 . We first use Proposition 6.5 to, in AC0, get a basis V for

B2(Q,A). Let M1 be the matrix representation of f1, and M2 be the matrix representation for f ′2. By
Proposition 6.6, it suffices to determine whether the Z-span of the rows in M1 with V , is the same as the
Z-linear span of the rows of M2 with V . Checking this condition reduces to solving a system of linear
equations over the Abelian group A, which is NC3-computable [MC83, Mul87]. The result now follows.

6.2 Proof of Theorem 6.1(b)

In this section, we will prove Theorem 6.1(b).

Proof of Theorem 6.1(b). We parallelize the proof from Grochow and Qiao [GQ17, Section 6.1.2]. Here, we
will assume that the solvable radical is central and elementary Abelian.

• Deciding isomorphism. This proof is slightly different than Theorem 6.1(a), in that it provides the
key structure for computing the full coset of isomorphisms. Instead of including a basis of B2(Q,A)
among the rows of an extended matrix Mfj , we use an Aut(A)-invariant projection from C2(Q,A) →
C2(Q,A)/B2(Q,A) (Proposition 6.7). We now proceed with the details.

We list Aut(Q) using an AC circuit of depth d(n) and size s(n). For i = 1, 2, fix an arbitrary section
of Q in Gi to obtain a 2-cocycle fi. We use Proposition 6.7 to obtain the following in NC2:

– a complement W of B2(Q,A) in C2(Q,A) such that W is Aut(A)-invariant; and

– a projection π : C2(Q,A) →W , such that for every α ∈ Aut(A), πα = απ.

By Lemma 2.3, it is necessary and sufficient to test whether there exists an (α, β) ∈ Aut(A)×Aut(Q)

such that π(f1) = π(f
(α,β)
2 ). As every α ∈ Aut(A) commutes with both π and every β ∈ Aut(Q), this

condition is equivalent to π(f1) = (π(f
(id,β)
2 ))(α,id). That is, we may leave α unspecified until the final

step.

For each β ∈ Aut(Q), compute f ′1 = π(f1) and f
′
2 = π(f

(id,β)
2 ). Note that f ′1, f

′
2 ∈ W ≤ C2(Q,A). It

remains to find an α ∈ Aut(A) such that f ′1 = α−1(f ′2). There exists such an α ∈ Aut(A) if and only if

the row spans ofMf ′
1
andMf ′

2
are the same in Z|Q|2

p . This latter task reduces to solving an appropriate

system of linear equations, which is NC2-computable (see e.g., [BvH82, Mul87, BDHM92]). Lemma 2.3
implies that G1

∼= G2 if and only if the preceding test succeeds for some β ∈ Aut(Q).

In total, we utilized an AC circuit of depth d(n) and size s(n) · poly(n), as desired.

• Computing the coset of isomorphisms. Note that Aut(G) maps into Aut(A) × Aut(Q). Let
ρ : Aut(G) → Aut(Q) × Aut(Q) be this homomorphism. We will apply Observation 6.8 twice: once
to split the computation into computing generators for Im(ρ) ≤ Aut(A) × Aut(Q) and Ker(ρ); and
then once to split the computation of Im(ρ) into its projections onto Aut(A) and Aut(Q) respectively.
Following the strategy of Grochow and Qiao, we will handle this latter step first.

Using the notation of Observation 6.8, we will take Y = Aut(A) and Z = Aut(Q). As we can enumerate
Aut(Q), we may in fact take Z to be the entirety of the projection of Aut(G) onto Aut(Q). In order
to use Observation 6.8, for each automorphism of Q that admits a compatible automorphism of A, we
need to construct one such automorphism of A. This is handled in NC2 using parallel linear algebra,
as described in the procedure above to decide isomorphism.

We then also need the automorphisms of A that preserve the given cohomology class f : Q×Q → A;
that is, the automorphisms of A that send f to itself modulo B2(Q,A). Equivalently, we want the
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stabilizer of the matrix Mπ(f) in Aut(A) ∼= GLk(Zp). As Aut(A) acts on each column of a 2-cochain
independently, the stabilizer is the same as the pointwise stabilizer of the set of columns of Mπ(f). If
the columns ofMπ(f) span A, then this stabilizer is trivial, and we are done. More generally, let B ≤ A

be the space spanned by the columns of Mπ(f). In AC1, we may construct a basis {e1, . . . , ek} for A
such that {e1, . . . , edim(B)} restricts to a basis for B [JLVW26]. In this basis, the stabilizer of Mπ(f)

in Aut(A) ∼= GLk(Zp) consists of all block matrices of the form(
id ∗
0 ν

)
,

where ν ∈ GLk−dim(B)(Zp) and ∗ indicates any (dim(B))× (k − dim(B)) matrix. A generating set for
this subgroup is AC0-computable, by writing down a standard set of generating matrices for GL (e.g.,
elementary matrices). Observation 6.8 then yields a generating set for Im(ρ) ≤ Aut(A)×Aut(Q).

Finally, we apply Observation 6.8, with Y = Ker(ρ) and Z = Im(ρ). We must do the following:

– For each such generator of Z, we compute its lift in Aut(G).

– Compute a set of generators for Ker(ρ).

We will first compute a lift of z in Aut(G). Fix a section s : Q → G. We will proceed in parallel, for
each generator of Z. For clarity, fix a generator z ∈ Z. Given (α, β) ∈ Im(ρ) ≤ Aut(A) × Aut(Q),
every element of G is uniquiely represented as a · s(q) for some a ∈ A, q ∈ Q. The corresponding
automorphism of G then acts by sending a · s(q) 7→ α(a) · s(β(q)). It is readily verified that this is
indeed an automorphism of G.

Now Ker(ρ) consists of those automorphisms of G that fix Q pointwise and fix A pointwise. In
particular, the automorphisms in Ker(ρ) can only move elements around within their respective cosets
modulo A. Thus, any automorphism in Ker(ρ) is determined by a map δ : Q → A such that the
automorphism is given by sending a · s(q) 7→ a · δ(q) · s(q). Grochow and Qiao previously established
that this map is indeed a homomorphism. These |Q|2 equations form a homogenous system of linear
equations in |Q| · k variables over Zp. We can solve such a system in NC2 (see e.g., [BvH82, Mul87,
BDHM92]), to recover generators for Ker(ρ). Observation 6.8 now yields generators for Aut(G).

In total, we utilized an AC circuit of depth d(n) and size s(n) · poly(n). The result now follows.

7 Isomorphism Testing of Central-Radical Groups in Parallel: When
Aut(Q) is too big

In this section, we will establish the following theorem.

Theorem 7.1 (cf. [GQ17, Theorem C]). Let G1, G2 be groups given by their multiplication tables. Suppose
that G1, G2 have central, elementary Abelian radicals. Then isomorphism can be decided, and the coset of
isomorphisms found, in AC3, if either:

(a) G1/Rad(G1) is a direct product of non-Abelian simple groups; or

(b) G1/Rad(G1) is a direct product of perfect groups, each of order O(1).

7.1 Additional Preliminaries

We will begin by recalling some additional preliminaries from [GQ17, Section 7]. The following lemma from
Grochow and Qiao establishes conditions in which the cohomology splits, allowing us to restrict attention to
the extensions corresponding to the individual direct factors of the quotient. Throughout this section, we
will consider central extensions A ↪−→ Gj ↠ Q (j = 1, 2), with A = Z(Gj), and Q =

∏ℓ
i=1 Ti with each Ti

perfect, centerless, and indecomposable.
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Lemma 7.2 ([GQ17, Lemma 7.4]). Given two central extensions A ↪−→ Gj ↠ Q (j = 1, 2), with A = Z(Gj),

and Q =
∏ℓ

i=1 Ti with each Ti perfect, centerless, and indecomposable. Let Uj,i be the preimage of Ti under
the natural projection map Gj → Gj/A. The extensions A ↪−→ Gj ↠ Q (j = 1, 2) are equivalent if and only
if for all i ∈ [ℓ], the extensions A ↪−→ Uj,i ↠ Ti (j = 1, 2) are equivalent.

Lemma 7.3. Let G be a group of order n. We can decide if (i) Rad(G) = Z(G) is elementary Abelian; and
if so, (ii) compute the decomposition of G/Z(G) into a direct product of either non-Abelian simple groups or
O(1)-size perfect, indecomposable groups in FL. Furthermore, we can group the direct factors by isomorphism
type in FL.

Proof. We first compute Z(G) in AC0 by identifying those group elements g which compute with every x ∈ G.
As G is given by its multiplication table we may, in AC0, compute the prime divisors of |Z(G)| [CGLW25,
Lemma 2.3]. If more than one prime divides |Z(G)|, we reject. So now, let p be the unique prime divisor
of |Z(G)|. Now Z(G) is elementary Abelian if and only if for each 1 ̸= x ∈ Z(G), |x| = p. We can verify
this condition in L [BKLM01, CGLW25]. Next, note that Z(G) = Rad(G) if and only if G/Rad(G) has no
Abelian normal subgroups. We may write down the multiplication table for G/Z(G) in AC0. We can then
decide if G/Z(G) has no Abelian normal subgroups in AC0 using [GJL25, Lemma 7.11 in arXiv Version].
Thus, at this stage, we may now assume that Z(G) = Rad(G).

(a) We now turn to checking whether G/Z(G) decomposes as a direct product of non-Abelian simple
groups. We may compute such a decomposition or decide that no such decomposition exists, in FL
[GL26, Lemma 6.11].

(b) We now turn to checking whether G/Z(G) decomposes as a direct product of O(1)-size perfect groups.
As G/Z(G) has at most log |G/Z(G)| ≤ logn direct factors, we may in AC0, enumerate the possible
direct factors (by listing the elements of each proposed direct factor) and test whether each purported
direct factor satisfies the group axioms. As each direct factor has bounded size, we may in AC0 test
whether the subgroups T1, . . . , Tℓ we have enumerated are perfect, normal in G/Z(G), and satisfy

Ti ∩ Tj = ∅ for all distinct i, j. Furthermore, we may test in L whether
∏ℓ

i=1 |Ti| = |G/Z(G)|, which
ensures that

∏ℓ
i=1 Ti = G/Z(G). The total work in this case is computable in FL.

Now given the direct factors, we may use the generator-enumeration strategy to decide when two such
factors are isomorphic in FL [Tan13]. Thus, we may group the direct factors by isomorphism type in FL.
The result now follows.

Definition 7.4. Let Q =
∏ℓ

i=1 Ti. Classify the Ti’s together and group them by their isomorphism types,

identifying Q =
∏r

i=1Q
ℓi
i . Then Aut(Q) ∼=

∏r
i=1 Aut(Qi) ≀ Sym(ℓi). A diagonal of Aut(Q) is an element in∏r

i=1 Aut(Qi).

Lemma 7.5. Let Q be as defined in Definition 7.4, and suppose that each Ti is O(1)-generated. Suppose
that we are given the decomposition Q =

∏r
i=1 T

ℓ
i . We can enumerate all diagonals of Q in FL.

Proof. Grochow and Qiao [GQ17, Proof of Theorem 7.1] established that we can enumerate all diagonals of
Q using the generator-enumeration technique, which is FL-computable [Tan13].

Lemma 7.6 ([GQ17, Lemma 7.5]). Let A′ × A′′ ι
↪−→ G

π
↠ Q be a central extension of A′ × A′′ by Q. Let

pA′ : A′ × A′′ → A′ be the projection onto A′ along A′′. If there is a 2-cocycle f : Q × Q → A′ × A′′ such
that pA′ ◦ f is a 2-coboundary, then G is isomorphic (even equivalent) to A′ × (G/A′).

Furthermore, if Z(G) is elementary Abelian, then A′ can be computed in NC2 using linear algebra over
Abelian groups.

Proof Sketch. Grochow and Qiao only claimed polynomial-time bounds for computing A′. The NC2 bound
follows from using Proposition 6.5 in place of [GQ17, Proposition 6.4] and known NC2 algorithms to solve
systems of linear equations over Zp (see e.g., [BvH82, Mul87, BDHM92]).
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Definition 7.7 ([GQ17, Proof of Theorem 7.1]). Let G be a group under consideration in Theorem 7.1. We
say that a 2-cocycle fj : Q×Q→ A respects the direct factors if there exist fj,i : Ti × Ti → A (i ∈ [ℓ]) such
that the following condition holds:

fj((p1, . . . , pℓ), (q1, . . . , qℓ)) =
∑
i∈[ℓ]

fj,i(pi, qi).

Let Z2
prod(Q,A) denote the set of 2-cocycles respecting the direct factors. Grochow and Qiao [GQ17,

Lemma 7.4] showed that Z2
prod(Q,A) ̸= ∅. Similarly, we say that a 2-coboundary bj : Q × Q → A re-

spects the direct factors if there exist bj,i : Ti × Ti → A (i ∈ [ℓ]) such that the following condition holds:

bj((p1, . . . , pℓ), (q1, . . . , qℓ)) =
∑
i∈[ℓ]

bj,i(pi, qi).

LetB2
prod(Q,A) be the set of 2-coboundaries respecting the direct factors. The difference of two cohomologous

2-coycles in Z2
prod(Q,A) belongs to B

2
prod(Q,A). Define C2

prod(Q,A) as the set of 2-cochains respecting the

direct factors. We may view the elements of C2
prod(Q,A) as k ×

(∑
i∈[ℓ] |Ti|2

)
matrices, whose rows are

indexed by [k] and whose columns are indexed by triples (i; p, q) with p, q ∈ Ti. That is, C2
prod(Q,A) =⊕

i∈[k] C
2(Ti, A).

7.2 Proof of Theorem 7.1

We now turn to proving Theorem 7.1.

Proof of Theorem 7.1. We follow the strategy of Grochow and Qiao [GQ17, Section 7.3]. We begin by

decomposing Gj (j = 1, 2) as an extension of A = Rad(Gi) = Zk
p by Q =

∏ℓ
i=1 Ti. Fix arbitrary sections

sj : Q→ Gj (j = 1, 2), and let fj be the corresponding 2-cocycles. We then classify the Ti’s according to their

isomorphism types. Grouping them together by isomorphism type, we have Q =
∏r

i=1Q
ℓi
i . By Lemma 7.3,

this step is FL-computable. We may now enumerate all diagonals of Aut(Q) in FL using Lemma 7.5. By
Lemma 2.3, G1

∼= G2 if and only if they are pseudo-congruent extensions of A by Q. The extensions are
pseudo-congruent if and only if there exists (α, β) ∈ Aut(A) × Aut(Q) such that, after twisting by (α, β),
the resulting extensions are equivalent. Once we fix such an (α, β) ∈ Aut(A)×Aut(Q), Lemma 7.2 provides
that the problem is reduced to determining the equivalence of G1|Ti

and G2|Ti
(i ∈ [ℓ]).

• Deciding Isomorphism. We first show how to decide isomorphism.

(a) Consider first the case when each Ti is non-Abelian simple. In this case, each Ti is 2-generated,
we can list Aut(Ti) in FL [Tan13]. By Theorem 6.1, we can determine the equivalence type of
G|Ti in AC2.

Note that every β ∈ Aut(Q) can be represented as a pair (δ, σ) ∈ (
∏r

i=1 Aut(Qi)
ℓi)⋊(

∏r
i=1 Sym(ℓi)).

Thus, Z2
prod(Q,A) is an invariant subset of Z2(Q,A) under the actions of both Aut(A) and Aut(Q).

Similarly, B2
prod(Q,A) is an invariant subset of B2(Q,A) under the actions of both Aut(A) and

Aut(Q). By Proposition 6.7, we can in NC2, compute for each i ∈ [ℓ] an Aut(A)-invariant Wi

such that C2(Ti, A) = B2(Ti, A)⊕Wi, along with a projection πi : C
2(Ti, A) → Wi such that πi

commutes with the action of Aut(A).

Grochow and Qiao showed that each element of Wi (i ∈ [ℓ]) can be written as a k× 17 matrix, in
a manner that is still Aut(A)-equivariant. For the remainder of this proof, we will denote πi as
the composition of the previous πi, followed by the mapping onto k × 17 matrices.

Furthermore, Grochow and Qiao established that for each choice of diagonal δ =
∏ℓ

i=1 Aut(Ti),
we may choose the complements Wi,Wh such that whenever Ti ∼= Th, δ identifies Wi and Wh.
With this choice, we can construct

πδ =

ℓ⊕
i=1

πi : C
2(Q,A) →W ≤ Matk×17ℓ(Zp),
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for some Aut(A)-invariant W ≤ C2
prod(Q,A) such that C2

prod(Q,A) = B2
prod(Q,A) ⊕W and πδ

commutes with the action of Aut(A) ×
∏r

i=1 Sym(ℓi). For each diagonal δ, it remains to decide

whether there exists (α, σ) ∈ Aut(A)×
∏r

i=1 Sym(ℓi) such that π(f1) = π(f
(id,δ,id)
2 )(α,id,σ). Note

that as α, δ commute and σ is already on the right, we have that (α, δ, σ) = (id, δ, id)(α, id, σ).

Let M1 := Mπ(f1). We may assume that M1 has rank k. Otherwise, we may in NC2 (using
Lemma 7.6), split out a direct factor of the center as A′×Gj/A

′ (j = 1, 2). Note that Lemma 7.6
explicitly returns such an A′ as a direct factor of Z(Gj) (j = 1, 2). Grochow and Qiao note that
while Lemma 7.6 is concerned with Z2(Q,A) and B2(Q,A), it is readily adapted to the setting of
Z2
prod(Q,A) and B

2
prod(Q,A). By the Remak–Krull–Schmidt theorem, we then reduce to testing

isomorphism between G1/A
′ and G2/A

′, where the desired rank condition holds.

Now in parallel, for each diagonal δ of
∏ℓ

i=1 Ti, we compute π(f1) and π(f
(id,δ,id)
2 ). Let M1 =

Mπ(f1) and M2 = M
π(f

(id,δ,id)
2 )

. Again note that we can enumerate all such diagonals in FL

(Lemma 7.5). Furthermore, we have established above that π can be constructed in NC2.

As the action of Aut(A) on M1,M2 is by left multiplication, and the action of
∏r

i=1 Sym(ℓi) is on
the blocks of columns, we treat M1,M2 as generators of two Zp-codes of dimension k and length
17ℓ. As ℓ ≤ logn, we compute the coset of equivalences CodeEq(M1,M2) ⊆ Sym(17ℓ) using an AC
circuit of depth O((log2 n)(poly(log log n))) and size poly(n) (Theorem 4.1). We then compute

CodeEq(M1,M2) ∩
∏r

i=1 Sym(ℓi) in FOLLO(1)using Lemma 2.6(h). If this intersection is non-
empty, then we report isomorphic. Using a single OR gate, we return true (report isomorphic)
if and only if at least one of these intersections is non-empty (where the OR is taken over all
diagonals of Q).

The total work is computable using an AC circuit of dpeth O((log2 n)(poly(log log n))) and size
poly(n). The AC3 bound now follows in this case.

(b) Consider now the case in which each Ti has size at most D ∈ O(1). This case is handled almost
identically as part (a). We will discuss the differences here. Note that in this case, we can
determine the isomorphism type of a given Ti in AC0, by trying all of the at most D! ∈ O(1)
permutations. Grochow and Qiao establishd that the corresponding linear codes have length
ℓ ·D2, rather than 17ℓ. As ℓ ≤ log n, we compute the coset of equivalences CodeEq(M1,M2) using
an AC circuit of depth O((log2 n)(poly(log log n))) and size poly(n) (Theorem 4.1). We then

compute CodeEq(M1,M2)∩
∏ℓ

i=1 Sym(ℓi) in FOLLO(1)using Lemma 2.6(h). If this intersection is
non-empty, then we report isomorphic. Using a single OR gate, we return true (report isomorphic)
if and only if at least one of these intersections is non-empty.

The total work is computable using an AC circuit of dpeth O((log2 n)(poly(log log n))) and size
poly(n). The AC3 bound now follows in this case.

• Computing the coset of isomorphisms. The algorithm is essentially the same for both cases (a)
and (b). This is also identical to that of Grochow and Qiao [GQ17, Section 7.3]. Here, we use our

parallelization of Linear Code Equivalence (Theorem 4.1), the FOLLO(1)implementation for small
instances of Coset Intersection (Lemma 2.6(h)), and parallel linear algebra (see e.g., [BvH82,
Mul87, BDHM92]) to obtain improvements. We now proceed to parallelize the work of Grochow and
Qiao.

Let δ be a diagonal such that CodeEq(M1,M2) ∩
∏r

i=1 Sym(ℓi) is non-empty. By the above work
on deciding isomorphism, we can find such a δ in AC3. We pick a single σ ∈ CodeEq(M1,M2) ∩∏r

i=1 Sym(ℓi). Now we apply (δ, σ) to the columns ofM2, to obtain a matrixM ′
2. Next, we use parallel

linear algebra (see e.g., [BvH82, Mul87, BDHM92]) to, in NC2, find a matrix X in Aut(A) ∼= GLk(Zp)
XM1 =M ′

2.

We now turn to constructing a generating set for Aut(G1). As in the proof of Theorem 6.1(b), we
can compute the homomorphisms Q → A in NC2 using parallel linear algebra. These constitute the
kernel of the map Aut(G1) → Aut(A)× Aut(Q). We now apply Observation 6.8, viewing Aut(G1) as
an extension of Aut(A) ×

∏r
i=1 Aut(Qi)

ℓi by
∏r

i=1 Sym(ℓi). For each diagonal δ ∈
∏r

i=1 Aut(Qi)
ℓi ,

we compute CodeEq(M1,M1)∩
∏r

i=1 Sym(ℓi). We can compute CodeEq(M1,M1) using an AC circuit
of depth O((log2 n)(poly(log log n))) and size poly(n) (Theorem 4.1), followed by the intersection in
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FOLLO(1)(Lemma 2.6(h)). The union of these coset intersections generates the image of Aut(G1) in∏r
i=1 Sym(ℓi). It remains to compute generators of the kernel of the map Aut(G1) →

∏r
i=1 Sym(ℓi),

as a subgroup of Aut(A)×
∏r

i=1 Aut(Qi)
ℓi .

We will now apply Observation 6.8 again. Let Aut0(G1) denote the subgroup of Aut(G1) whose projec-
tion onto

∏r
i=1 Sym(ℓi) is trivial. We can determine the projection of Aut0(G1) to

∏r
i=1 Aut(Qi)

ℓi by
enumerating over all diagonals, and including only those diagonals δ for which the matrix associated to

π(f1) (which we callMπ(f1)) and the matrix associated to π(f
(id,δ,id)
1 ) (which we callM

π(f
(id,δ,id)
1 )

) have

the same rowspan. We may enumerate all such diagonals in FL using Lemma 7.5, and then compute
the rowspans in NC2 (see e.g., [BvH82, Mul87, BDHM92]). For each such diagonal δ, we obtain a cor-
responding lift to Aut0(G1) by using linear algebra to, in NC2, find a matrix X of Aut(A) ∼= GLk(Zp)
such that XMπ(f1) =M

π(f
(id,δ,id)
1 )

.

We finally need to compute generators of Aut(A) that fixes π(f1). It was established in the proof of
Theorem 6.1(b) that this step is NC2-computable.

The total work is computable in AC3, as desired. The result now follows.

8 Conclusion

We exhibited an AC3 isomorphism test for the class H(A, E) of coprime extensions H ⋉ N , where N is
Abelian and H is elementary Abelian. Additionally, we showed that in AC3, we can decide isomorphism
and even compute the coset of isomorphisms between two central, elementary-Abelian radical groups, where
G/Rad(G) is a direct product of either non-Abelian simple groups or O(1)-size perfect groups. In the
process, we showed that isomorphism testing of arbirary central-radical groups is decidable using AC circuits
of depth O(log3 n) and size nO(log logn). Our work leaves open several questions.

Question 8.1. Can the bounds for either Theorem 1.1 or Theorem 1.3 be improved to L?

Isomorphism testing of many natural families of graphs, including graphs of bounded treewidth [ES17]
and graphs of bounded genus [EK14], are L-complete. While GpI is not L-complete under AC0-reductions
[CTW13, CGLW25], establishing an upper bound of L for isomorphism testing nonetheless remains a natural
target.

Kantor, Luks, and Mark [KLM99] exhibited an NC algorithm for Transversal when |G| ∈ mpolylog(m).
They claimed to have a proof, to appear in future work, that Transversal was NC-computable without
imposing restrictions on |G|. However, we were unable to find this stronger result in the literature. We thus
ask the following.

Question 8.2. Show that Transversal belongs to NC for arbitrary G.

Resolving Question 8.2 would yield an FOLLO(1)bound when our permutation domain has size O(log n).
Consequently, this would decrease the circuit depth for our Linear Code Equivalence procedure from
O((log2 n)(poly(log log n))) to O((log n)(poly(log logn))).

Another bottleneck for improving the circuit depth for isomorphism testing of H(A, E) is in factoring
polynomials over finite fields. This problem is solvable in NC3 [Ber67] (see [Ebe91]). We ask the following.

Question 8.3. Is it possible to factor polynomials over finite fields in TC2?
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[Sch88] Uwe Schöning. Graph isomorphism is in the low hierarchy. Journal of Computer and System
Sciences, 37(3):312 – 323, 1988. doi:10.1016/0022-0000(88)90010-4.

[Ser77] Jean-Pierre Serre. Linear representations of finite groups, volume Vol. 42 of Graduate Texts
in Mathematics. Springer-Verlag, New York-Heidelberg, french edition, 1977. doi:10.1007/

978-1-4684-9458-7.

[Sip83] Michael Sipser. Borel sets and circuit complexity. In David S. Johnson, Ronald Fagin, Michael L.
Fredman, David Harel, Richard M. Karp, Nancy A. Lynch, Christos H. Papadimitriou, Ronald L.
Rivest, Walter L. Ruzzo, and Joel I. Seiferas, editors, Proceedings of the 15th Annual ACM
Symposium on Theory of Computing, 25-27 April, 1983, Boston, Massachusetts, USA, pages
61–69. ACM, 1983. doi:10.1145/800061.808733.

[Tan13] Bangsheng Tang. Towards Understanding Satisfiability, Group Isomorphism and Their Connec-
tions. PhD thesis, Tsinghua University, 2013.

[Tau55] D. R. Taunt. Remarks on the isomorphism problem in theories of construction of finite groups.
Mathematical Proceedings of the Cambridge Philosophical Society, 51(1):16–24, 1955. doi:10.

1017/S030500410002987X.

[Tor04] Jacobo Torán. On the hardness of graph isomorphism. SIAM J. Comput., 33(5):1093–1108,
2004. doi:10.1137/S009753970241096X.

[Vol99] Heribert Vollmer. Introduction to Circuit Complexity - A Uniform Approach. Texts in Theoret-
ical Computer Science. An EATCS Series. Springer, 1999. doi:10.1007/978-3-662-03927-4.

[Wag10] F. Wagner. On the complexity of isomorphism testing for restricted classes of graphs. PhD
thesis, Universität Ulm, 2010. URL: https://oparu.uni-ulm.de/xmlui/bitstream/handle/
123456789/3923/vts_7264_10267.pdf.

30

https://arxiv.org/abs/1511.00151
https://doi.org/10.1515/gcc-2012-0008
https://doi.org/10.1109/SFCS.1983.74
https://doi.org/10.1145/800133.804331
https://doi.org/10.1007/BF02579205
https://doi.org/10.4230/LIPIcs.STACS.2011.567
https://doi.org/10.4230/LIPIcs.STACS.2011.567
https://doi.org/10.2307/1986235
https://arxiv.org/abs/1304.3935
https://doi.org/10.1016/0022-0000(88)90010-4
https://doi.org/10.1007/978-1-4684-9458-7
https://doi.org/10.1007/978-1-4684-9458-7
https://doi.org/10.1145/800061.808733
https://doi.org/10.1017/S030500410002987X
https://doi.org/10.1017/S030500410002987X
https://doi.org/10.1137/S009753970241096X
https://doi.org/10.1007/978-3-662-03927-4
https://oparu.uni-ulm.de/xmlui/bitstream/handle/123456789/3923/vts_7264_10267.pdf
https://oparu.uni-ulm.de/xmlui/bitstream/handle/123456789/3923/vts_7264_10267.pdf


[Wil19] James B. Wilson. The threshold for subgroup profiles to agree is logarithmic. Theory of Com-
puting, 15(19):1–25, 2019. doi:10.4086/toc.2019.v015a019.

[Wol94] Marty J. Wolf. Nondeterministic circuits, space complexity and quasigroups. Theoretical Com-
puter Science, 125(2):295–313, 1994. doi:10.1016/0304-3975(92)00014-I.

[ZKT85] V. N. Zemlyachenko, N. M. Korneenko, and R. I. Tyshkevich. Graph isomorphism problem. J.
Soviet Math., 29(4):1426–1481, May 1985. doi:10.1007/BF02104746.

31

https://doi.org/10.4086/toc.2019.v015a019
https://doi.org/10.1016/0304-3975(92)00014-I
https://doi.org/10.1007/BF02104746

	Introduction
	Isomorphism Testing of Coprime Extensions
	Isomorphism Testing of Central-Radical Groups
	Further Related Work

	Preliminaries
	Groups and Codes
	Group Extensions and Cohomology
	Computational Complexity
	Permutation Group Algorithms
	Representation Theory of Finite Groups

	Isomorphism Testing of Small Graphs in Parallel
	Linear Code Equivalence for Small Codes in Parallel
	Isomorphism Testing of Coprime Extensions in Parallel
	Additional Preliminaries
	Representations of Zq over Zp
	Isomorphism Testing of H(E, E)
	Le Gall's Technique in Parallel
	Isomorphism Testing of H(A, E) in Parallel

	Isomorphism Testing of Central-Radical Groups in Parallel: When Enumerating `3́9`42`"̇613A``45`47`"603AAut(Q) is Allowed
	Additional Preliminaries
	Proof of Theorem 6.1(b)

	Isomorphism Testing of Central-Radical Groups in Parallel: When `3́9`42`"̇613A``45`47`"603AAut(Q) is too big
	Additional Preliminaries
	Proof of Theorem 7.1

	Conclusion

