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Abstract

We investigate the existence problem of frame measures for uniform consecutive-
digit Bernoulli convolutions under the separated scaling condition. Given parameters
N ≥ 2 and 0 < ρ < 1/N , we prove that if ρ−m = B ∈ N for some m ≥ 1 and
N ∤ B, then the associated N -Bernoulli convolution µρ,N admits no frame measure.
The proof introduces a new cyclic mask-quotient obstruction adapted to the multi-
character structure of the consecutive-digit framework.
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1 Introduction

Fourier analysis on singular fractal measures centers on a fundamental problem: to what
extent does the classical orthogonal exponential decomposition persist when Lebesgue
measure is replaced by a singular fractal measure? Spectrality provides the strongest
affirmative answer, corresponding to the existence of an orthonormal basis of exponential
functions. Fourier frames relax orthogonality while retaining stable reconstruction; we
refer to [1] for general frame and Riesz basis theory. Frame measures unify discrete
Fourier frames and their weighted counterparts: they extend discrete frame inequalities by
replacing summation over frequencies with integration against a positive Borel measure
on the frequency domain. Standard Fourier frames correspond to atomic frame measures
induced by counting measures on discrete frequency sets, while weighted Fourier frames
correspond to weighted atomic frame measures. Meanwhile, the discretization theorem
of Freeman and Speegle [10] asserts that bounded continuous frames can be sampled
to yield discrete frames. Within the exponential framework studied in this paper, this
sampling theorem permits frequency multiplicities. Precise definitions for frame measures
are recalled in Section 2.

Dutkay, Han and Weber [6] introduced frame measures as a tool to study Fourier
frame problems for singular self-similar fractal measures. They proved that a compactly
supported Borel measure admits a frame measure if and only if it admits an atomic
frame measure, which implies the existence of a weighted Fourier frame. Dutkay and Lai
[8] subsequently derived a necessary uniformity condition for measures to admit frame

1

ar
X

iv
:2

60
8.

19
67

6v
1 

 [
m

at
h.

F
A

] 
 2

0 
A

ug
 2

02
6

https://arxiv.org/abs/2608.19676v1


measures and this condition can be applied to exclude Fourier frames for non-overlapping
self-affine measures with unequal probability weights. A comprehensive survey of Fourier
bases and Fourier frames for self-affine measures can be found in [9].

A fundamental distinction separates spectrality from the existence of Fourier frames, as
demonstrated in [14]: a measure may possess only a sparse family of mutually orthogonal
exponentials yet still admit a Fourier frame. The construction in [14] produces non-spectral
Moran-type measures admitting Fourier frames via almost-Parseval-frame towers. These
examples, however, do not cover the homogeneous Bernoulli convolutions considered here.
On the spectral side, self-affine and Cantor-type measures have been studied through
Hadamard structures, affine invariant systems, tree-based frequency constructions, and
the arithmetic of consecutive digit sets [13, 7, 5, 3, 2, 4]. The existence of Fourier frames
for non-spectral homogeneous self-similar measures has remained largely unresolved for
more than two decades, with decisive progress only recently obtained for two-branch
Bernoulli convolutions.

Among such self-similar measures, the middle-third Cantor measure provides a canoni-
cal test case. Jorgensen and Pedersen [12] established its non-spectrality, and Strichartz
[16] subsequently raised the natural question of whether the weaker Fourier-frame prop-
erty might still hold. This long-standing problem was resolved in the negative by two
independent recent works [11, 15].

The negative conclusion for two-branch Bernoulli convolutions relies crucially on the
Walsh-quotient obstruction introduced in [11], which raises a fundamental structural
algebraic question: is this frame barrier exclusive to the two-element sign group {−1, 1},
or does it arise universally from character theory of finite cyclic groups of arbitrary
order? In the binary setting, there is only one nontrivial character, so a single quotient
suffices for the obstruction argument. For N ≥ 3, however, the scaling t 7→ Bt interacts
with several nontrivial characters, which requires a family of character-indexed cyclic
mask quotients rather than a direct adaptation of the binary quotient. The present
work addresses this question uniformly for general N -digit Bernoulli convolutions with
consecutive digits. Fix an integer N ≥ 2, contraction ratio 0 < ρ < 1. Let A1, A2, . . .

denote independent identically distributed random variables obtained by uniform sampling
from {0, 1, . . . , N − 1}. Define

Xρ,N =
∞∑

j=1
Ajρ

j, µρ,N = Law(Xρ,N). (1.1)

Equivalently, µρ,N is the equal-weight self-similar probability measure generated by the
affine iterated maps Sa(x) = ρ(x + a), a ∈ {0, 1, . . . , N − 1}.

We focus our investigation on the separated parameter regime where cylinder sets do
not overlap, which corresponds to the range 0 < ρ < 1/N . A sharp geometric transition
occurs at the critical threshold ρ = 1/N . When 0 < ρ < 1/N , the coding map associated
with digit sequences is injective, and coordinate characters of the cyclic group Z/NZ
induce well-defined functions on the support of µρ,N . For ρ > 1/N , cylinder sets overlap,
and these character packets fail to yield globally consistent functions without further
regularization. We therefore restrict our analysis entirely to the separated parameter
regime 0 < ρ < 1/N and do not treat systems with overlapping cylinders in the present
paper.
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The spectral problem for the N -digit Bernoulli convolutions (1.1) has been completely
settled. Comprehensive spectral classifications for such measures were developed in [3, 2, 4],
showing that the measure admits an orthonormal exponential basis if and only if ρ = 1/q

for some integer q divisible by N . The remaining difficulty is to exclude the more flexible
frame structures in nonspectral cases. Our main theorem gives such an obstruction
whenever iterated scaling dynamics produce a nonzero residue modulo N after finitely
many iterations.

Theorem 1.1. Let N ≥ 2 and 0 < ρ < 1/N . Suppose that ρ−m = B for some integers
m ≥ 1, B ≥ 2, and that N ∤ B. Then µρ,N admits no frame measure.

Since every ordinary Fourier frame induces an atomic frame measure, Theorem 1.1
in particular rules out the existence of Fourier frames. The divisibility condition N ∤ B

generalizes the parity obstruction arising in the binary setting N = 2. Theorem 1.1
recovers the reciprocal-power nonexistence theorem established in [11]. For all integers
N ≥ 3, it provides new frame obstructions for general consecutive-N digit self-similar
measures.

The proof proceeds by contradiction, combining analytic estimates with a character-
theoretic construction based on an abstract contradiction principle (Theorem 2.3). Assum-
ing a frame measure exists, one derives a uniform positive lower bound on certain L2-norms,
while the upper frame bound, a large-value propagation estimate, and the dominated
convergence theorem force the same quantities to tend to zero. The character-theoretic
side constructs unit-norm test functions and cyclic mask quotients using the symbolic
coding associated with µρ,N , and the independence inherent to these objects serves to
verify exactly the hypotheses required for Theorem 2.3.

The paper is organized as follows. In Section 2, we compile the preliminary background
on frame measures and establish the abstract obstruction principle central to our argument.
In Section 3, we construct the cyclic group structure of N -digit Bernoulli convolutions
through symbolic character packets, twisted masks, and factorizations of Fourier transforms.
In Section 4, we convert this cyclic algebraic structure into a rigorous obstruction precluding
the existence of frame measures and complete the proof of Theorem 1.1.

2 Preliminaries

In this section, we introduce the basic theory of frame measures and extract the key
analytic principle underlying the proof of Theorem 1.1. We adopt the following standard
Fourier transform convention throughout the paper: for any finite Borel measure σ on R,
σ̂(λ) =

∫
R e−2πiλx dσ(x). Similarly, for f ∈ L2(ν), we define the Fourier transform of the

measure fν by

f̂ν(λ) =
∫
R

f(x)e−2πiλx dν(x),

which conforms to the standard frame-measure formalism in [6, 8].

Definition 2.1. Let ν denote a compactly supported Borel probability measure on R. A
countable subset Λ ⊂ R is called a Fourier frame spectrum for ν if there exist constants
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0 < A ≤ C < ∞ satisfying

A∥f∥2
L2(ν) ≤

∑
λ∈Λ

|f̂ν(λ)|2 ≤ C∥f∥2
L2(ν) (2.1)

for every f ∈ L2(ν). For the broader setting, a positive Borel measure Γ on R is said to
be a frame measure for ν if

A∥f∥2
L2(ν) ≤

∫
R
|f̂ν(λ)|2 dΓ(λ) ≤ C∥f∥2

L2(ν) (2.2)

holds for every f ∈ L2(ν) with uniform constants 0 < A ≤ C < ∞.

Setting Γ = ∑
λ∈Λ δλ recovers the classical discrete Fourier frame inequality (2.1),

whereas Γ = ∑
λ∈Λ wλδλ with wλ > 0 gives a weighted Fourier frame. Thus, the frame-

measure formalism also accommodates genuinely non-atomic frequency measures. Given
a frame measure Γ associated to ν, we introduce the auxiliary measure ηΓ via the density
relation

dηΓ(λ) = |ν̂(λ)|2 dΓ(λ).
Applying the upper frame inequality to f ≡ 1 gives ηΓ(R) ≤ C, so ηΓ is a finite Borel
measure.

The existence of a frame measure is invariant under translations and nonvanishing
dilations. We state this elementary invariance property in the precise form required for
subsequent arguments.

Lemma 2.2. Let T (x) = ax + c with a ̸= 0, and let ν̃ = T#ν, the pushforward measure
of ν under T . Then ν admits a frame measure if and only if ν̃ does.

Proof. Define the operator U : L2(ν̃) → L2(ν) by composition Uf = f ◦ T . Then this
operator is unitary. For f ∈ L2(ν̃), set g = Uf , a straightforward change-of-variable
calculation yields

f̂ ν̃(λ) = e−2πiλcĝν(aλ). (2.3)
Suppose that Γ is a frame measure for ν, and define D1/a(ξ) = ξ/a and Γ̃ = (D1/a)#Γ.
Then ∫

R
|f̂ ν̃(λ)|2 dΓ̃(λ) =

∫
R
|ĝν(aλ)|2 dΓ̃(λ)

=
∫
R
|ĝν(ξ)|2 dΓ(ξ).

Since U is an isometry on L2-norm, the lower and upper frame bounds are preserved
under this transformation. Repeating the argument for the inverse map T −1 establishes
the reverse implication.

The above analysis does not rely on the Bernoulli convolution structure. We now
extract the contradiction mechanism, which we later verify via cyclic packets and associated
mask quotients for N -Bernoulli convolutions we consider. Our conclusion requires solely
a finite-frame-induced measure, pointwise decay bounds, and a uniform propagation
estimate, with no self-similarity condition imposed in either the claim or its proof.
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Theorem 2.3. Let ν be a compactly supported Borel probability measure and let Γ be a
positive Borel measure. Set

dηΓ(λ) = |ν̂(λ)|2 dΓ(λ).
If there exists an integer s0 such that for all integers s ≥ s0, we may associate functions
Fs, Gs ∈ L2(ν) and measurable functions qs, rs on R satisfying the following conditions.

(i) There exist constants a, b > 0 such that ∥Fs∥2
L2(ν) ≥ a and ∥Gs∥2

L2(ν) ≤ b.

(ii) For Γ-almost every λ,
|F̂sν(λ)|2 = |ν̂(λ)|2|qs(λ)|2, (2.4)

and
|ν̂(λ)|2|qs(λ)rs(λ)|2 ≤ |Ĝsν(λ)|2. (2.5)

(iii) For ηΓ-almost every λ, one has qs(λ) → 0 as s → ∞.

(iv) There exist constants R0, κ > 0 such that, for every s ≥ s0 and for ηΓ-a.e. λ ∈ R,

|qs(λ)| ≥ R0 =⇒ |rs(λ)| ≥ κ|qs(λ)|. (2.6)

Then Γ cannot be a frame measure for ν.

Proof. Assume, for contradiction, that Γ is a frame measure for ν. Let A, C be its lower
and upper frame bounds respectively. Recall the auxiliary measure η = ηΓ constructed
earlier, which is a finite Borel measure on R.

We first establish a uniform lower bound for the integral of |qs|2 with respect to η.
Combining the definition of η, (2.4), and the lower frame inequality applied to Fs, we have∫

R
|qs(λ)|2 dη(λ) =

∫
R
|ν̂(λ)|2|qs(λ)|2 dΓ(λ)

=
∫
R
|F̂sν(λ)|2 dΓ(λ)

≥ A∥Fs∥2
L2(ν) ≥ Aa. (2.7)

We next derive a uniform upper bound for the integral of |qsrs|2. Using (2.5) and the
upper frame inequality for Gs,∫

R
|qs(λ)rs(λ)|2 dη(λ) =

∫
R
|ν̂(λ)|2|qs(λ)rs(λ)|2 dΓ(λ)

≤
∫
R
|Ĝsν(λ)|2 dΓ(λ)

≤ C∥Gs∥2
L2(ν) ≤ Cb. (2.8)

Fix R ≥ R0. Decomposing the integral of |qs|2 over the level set {|qs| ≤ R} and its
complement gives ∫

R
|qs|2 dη =

∫
{|qs|≤R}

|qs|2 dη +
∫

{|qs|>R}
|qs|2 dη. (2.9)
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On the high-level set {|qs| > R}, condition (iv) (the uniform propagation estimate) gives
|qsrs|2 ≥ κ2|qs|4. Meanwhile, |qs| > R implies |qs|2 ≤ R−2|qs|4. Consequently, by (2.8),∫

{|qs|>R}
|qs|2 dη ≤ 1

R2

∫
{|qs|>R}

|qs|4 dη

≤ 1
κ2R2

∫
{|qs|>R}

|qsrs|2 dη

≤ Cb

κ2R2 . (2.10)

This estimate is uniform in s. For the bounded low-level component, define the truncated
function hs,R(λ) = |qs(λ)|21{|qs(λ)|≤R}. Then 0 ≤ hs,R ≤ R2, and hypothesis (iii) gives
hs,R(λ) → 0 for η-almost every λ as s → ∞. Since η(R) < ∞, the Dominated Convergence
Theorem yields

lim
s→∞

∫
R

hs,R dη = 0. (2.11)

Taking the lim sup
s→∞

across both terms in decomposition (2.9) and substituting bounds
(2.10)–(2.11), we obtain

lim sup
s→∞

∫
R
|qs|2 dη ≤ Cb

κ2R2 , R ≥ R0. (2.12)

The right-hand side tends to zero as R → ∞, and therefore
∫
R|qs|2 dη → 0 as s → ∞.

This contradicts the uniform positive lower bound (2.7). Hence Γ is not a frame measure
for ν.

3 Cyclic Structure of µρ,N

We now specialize to the consecutive-digit Bernoulli convolution µ = µρ,N introduced in
Section 1, with parameters satisfying 0 < ρ < 1/N . The purpose of this section is to
identify the structural objects that underlie the contradiction mechanism developed in
Theorem 2.3.

3.1 Symbolic coding and coordinate packets

Let µρ,N be the equal-weight self-similar probability measure generated by the affine
iterated maps {Sa(x) = ρ(x + a)}N−1

a=0 . Let Ω = {0, 1, . . . , N − 1}N denote the one-
sided infinite symbolic space over N symbols. We equip Ω with the product probability
measure P under which the coordinate maps are independent and uniformly distributed
on {0, 1, . . . , N − 1}. Define the coding map π : Ω → R by

π(a1, a2, . . .) =
∞∑

j=1
ajρ

j. (3.1)

Then µρ,N = π#P. For the series expansion (3.1), whenever 0 < ρ < 1/N , the first
differing digit dominates the entire remaining tail. This separation property yields the
following uniqueness statement for symbolic codings.

Lemma 3.1. If 0 < ρ < 1/N , then π is injective. Consequently, π is a homeomorphism
from Ω onto supp µρ,N , and every finite-coordinate function on Ω induces a Borel function
in L2(µρ,N).
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Proof. Let a = (aj) and b = (bj) be distinct sequences in Ω, and let k be the first index
for which ak ̸= bk. Since |ak − bk| ≥ 1, we have

|π(a) − π(b)| ≥ ρk − (N − 1)
∑
j>k

ρj

= ρk

(
1 − (N − 1)ρ

1 − ρ

)
> 0. (3.2)

The last inequality is obtained since 0 < ρ < 1/N . This shows that π is injective.
Compactness of Ω combined with injectivity of π yields the homeomorphism property
onto the support of µρ,N .

For the last claim: take any finite-coordinate function ϕ : Ω → C, meaning ϕ(a1, a2, . . . )
depends only on finitely many coordinates a1, . . . , am for some fixed m ∈ N. Define the
pushforward function Φ = ϕ ◦ π−1 on supp µρ,N . Since finite-coordinate functions on the
compact symbolic space Ω are globally bounded continuous functions, Φ is bounded Borel
measurable on R. Boundedness immediately gives

∫
R |Φ|2dµρ,N < ∞, so Φ ∈ L2(µρ,N ).

Remark 3.2. The homeomorphism π transfers bounded finite-coordinate functions (in
particular cylinder indicators) over the symbolic space Ω into bounded elements of L2(µρ,N ).
This correspondence enables the explicit construction of the test functions Fs, Gs required
in Theorem 2.3 through symbolic combinatorics.

Let ω = e2πi/N . For s ∈ N and r ∈ {1, . . . , N − 1}, define the coordinate character
packet Ws,r : Ω → C by

Ws,r(a) = ωras , a = (a1, a2, . . .). (3.3)

By Lemma 3.1, this function descends to a well-defined function on π(Ω) ⊂ R. Since
each Ws,r depends only on the s-th coordinate, it is a finite-coordinate function, and thus
induces a bounded element of L2(µρ,N).

3.2 Mask factorization and cyclic quotients

Define the ordinary mask and its character twists respectively by

M(t) = 1
N

N−1∑
a=0

e−2πiat, Mr(t) = 1
N

N−1∑
a=0

ωrae−2πiat, 1 ≤ r ≤ N − 1. (3.4)

The Fourier transform of the self-similar measure µρ,N possesses a standard infinite
product representation associated with the one-step mask.

Lemma 3.3 (cf. [4]). For every λ ∈ R,

µ̂ρ,N(λ) =
∞∏

j=1
M(ρjλ). (3.5)

Moreover, ∑j≥1|1−M(ρjλ)| < ∞. Consequently, the product in (3.5) converges absolutely
and vanishes if and only if at least one factor M(ρjλ) = 0.

The ordinary and twisted masks are finite geometric sums, and their ratio defines
Qr(t) = Mr(t)/M(t). The following lemma describes key pointwise properties of this
quotient, including its analyticity and singularity structure.
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Lemma 3.4. Let the base mask M(t) and twisted mask Mr(t) be defined by (3.4).

(i) For every k ∈ {0, 1, . . . , N − 1},

M

(
k

N

)
=


1, k = 0,

0, k ̸= 0,
Mr

(
k

N

)
=


1, k = r,

0, k ̸= r.

(ii) At any point where M(t) ̸= 0, the quotient Qr(t) := Mr(t)/M(t) is analytic. At each
zero t = k/N with 1 ≤ k ≤ N − 1, the quotient has a simple pole if k = r, and
a removable singularity if k ≠ r. We extend Qr continuously across its removable
singularities and set Qr = 0 at its poles.

Proof. Set z = e−2πit. If z ̸= 1, the finite geometric-series formula gives
N−1∑
a=0

za = (1 − zN)/(1 − z).

Likewise, if ωrz ̸= 1, then ∑N−1
a=0 (ωrz)a = (1 − zN)/(1 − ωrz) since ωrN = 1. Hence

M(t) = 1
N

1 − zN

1 − z
, Mr(t) = 1

N

1 − zN

1 − ωrz
.

Now M(t) = 0 exactly when zN = 1 and z ̸= 1, that is, when z = e−2πik/N for some
k ∈ {1, . . . , N − 1}. At t = k/N ,

Mr(k/N) = 1
N

N−1∑
a=0

e2πira/Ne−2πika/N

= 1
N

N−1∑
a=0

e2πi(r−k)a/N ,

which equals 1 if r = k and 0 otherwise.
Now consider the quotient Qr(t) = Mr(t)/M(t). If M(t) ̸= 0, Qr(t) is clearly analytic.

At t = k/N with 1 ≤ k ≤ N − 1, we have M(k/N) = 0 but M(0) = 1, so M(t) is not
identically zero. Since M(t) is trigonometric, its zeros are isolated. At t ≡ r/N (mod 1),
the numerator is nonzero by (i). The pole is simple because the derivative of M(t) at that
point is nonzero. For t = k/N with k ≠ r, both M(t) and Mr(t) have a simple zero, so
the singularity is removable.

3.3 Packet coefficient identities

The Fourier transform µ̂(λ) of the self-similar Bernoulli convolution µ is expressed as
an infinite product of iterated mask factors M(·) according to Lemma 3.3. Acting on µ,
the coordinate character packet Ws,r isolates the base mask M(ρsλ) from this product
and substitutes it with the twisted mask Mr(ρsλ). We now present single-packet and
double-packet multiplicative identities for the Fourier transforms of measures obtained by
applying these packets.
Lemma 3.5. Let s ≠ u and 1 ≤ r, r′ ≤ N − 1. Away from the zero set of the denominator
masks defining Qr(·) and Qr′(·), we have

Ŵs,rµ(λ) = µ̂(λ)Qr(ρsλ), (3.6)
Ws,rWu,r′µ
∧

(λ) = µ̂(λ)Qr(ρsλ)Qr′(ρuλ). (3.7)
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Proof. We first prove the one-packet identity. Fix n ≥ s and denote Xn = ∑n
j=1 Ajρ

j.
Using the symbolic representation of Ws,r, and the independence of the random coefficients
{Aj}j≥1, we have

E
[
ωrAse−2πiλXn

]
= E

ωrAs

n∏
j=1

e−2πiλAjρj


= E

[
ωrAse−2πiλAsρs

] ∏
1≤j≤n

j ̸=s

E
[
e−2πiλAjρj

]

= Mr(ρsλ)
∏

1≤j≤n
j ̸=s

M(ρjλ). (3.8)

As n → ∞, Xn → Xρ,N almost surely. The random variables on the left of (3.8) have
modulus one, so the dominated convergence theorem gives

Ŵs,rµ(λ) = Mr(ρsλ)
∏
j ̸=s

M(ρjλ). (3.9)

If M(ρsλ) ̸= 0, multiplying and dividing the right-hand side by the factor M(ρsλ), then
we obtain

Ŵs,rµ(λ) =
 ∞∏

j=1
M(ρjλ)

 · Mr(ρsλ)
M(ρsλ) .

Lemma 3.3 then gives Ŵs,rµ(λ) = µ̂(λ)Mr(ρsλ)/M(ρsλ), which proves (3.6).
For the two-packet formula, take n ≥ max{s, u} to cover both indices s, u in the

partial sum Xn. The same independence factorization gives

E
[
ωrAs+r′Aue−2πiλXn

]
= Mr(ρsλ)Mr′(ρuλ)

∏
1≤j≤n
j /∈{s,u}

M(ρjλ).

The dominated convergence theorem and multiplying and dividing by the two nonzero
ordinary masks M(ρsλ)M(ρuλ) yield (3.7).

4 The Frame-Measure Obstruction

We now turn to the proof of Theorem 1.1. In order to apply Theorem 2.3, we shall verify
all its underlying assumptions using the quotient function analysis and coordinate packet
identities established in Section 3.

4.1 Zero-set completion

The quotient form of our packet identities in Lemma 3.5 conceals frequencies at which the
Fourier transform µ̂ vanishes. Such zero-frequency points cannot be ignored in the single-
packet identity, as the frame measure may carry nontrivial mass on these frequencies. The
forthcoming lemma extends the single-packet identity to hold on the entire real frequency
line, using the globally well-defined representatives Qr constructed in Lemma 3.4.
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Lemma 4.1. Suppose that ρ−m = B ∈ N and N ∤ B. Define rB ∈ {1, . . . , N − 1} by the
congruence rB ≡ B (mod N). Then, for all s > m and λ ∈ R,

|Ŵs,1µ(λ)|2 = |µ̂(λ)|2|Q1(ρsλ)|2, (4.1)

Moreover,
|µ̂(λ)|2|Q1(ρsλ)QrB

(ρs−mλ)|2 ≤ |Ws,1Ws−m,rB
µ
∧

(λ)|2. (4.2)

Proof. Fix s > m and λ ∈ R. If µ̂(λ) ̸= 0, Lemma 3.3 shows that every ordinary mask
factor M(ρjλ) ̸= 0 for all j ≥ 1. Both assertions then follow directly from Lemma 3.5.

Assume now that µ̂(λ) = 0. By the assertion of Lemma 3.3, the zero index set

Z(λ) = {j ≥ 1 : M(ρjλ) = 0} ̸= ∅.

The raw product formula (3.9), with r = 1, reads

Ŵs,1µ(λ) = M1(ρsλ)
∏
j ̸=s

M(ρjλ). (4.3)

If j ∈ Z(λ) with j ≠ s, the product on the right of (4.3) contains the zero factor M(ρjλ),
and therefore Ŵs,1µ(λ) = 0.

The only remaining possibility is Z(λ) = {s}. In this case, M(ρsλ) = 0, and Lemma
3.4 gives ρsλ ≡ k/N (mod 1) for some k ∈ {1, . . . , N − 1}. If k ̸= 1, then Lemma 3.4(i)
gives M1(ρsλ) = 0, so (4.3) again vanishes. If k = 1, then

ρs−mλ = Bρsλ ≡ B

N
≡ rB

N
(mod 1). (4.4)

Since N ∤ B, Lemma 3.4 therefore implies M(ρs−mλ) = 0. The index s − m differs from s

since m ≥ 1, which contradicts the assumption Z(λ) = {s}. In all valid subcases with
µ̂(λ) = 0, we obtain Ŵs,1µ(λ) = 0. This establishes (4.1) for all λ ∈ R.

For the pair estimate, equality follows from (3.7) when µ̂(λ) ̸= 0. When µ̂(λ) = 0, under
the global convention for the quotient Qr at mask zeros, the product Q1(ρsλ)QrB

(ρs−mλ)
is finite. So the left-hand side of (4.2) is zero, whereas the right-hand side is nonnegative.
Hence the inequality holds at every λ ∈ R.

4.2 Cyclic pole propagation

We now establish the large-value propagation property near cyclic poles required for part
(iv) of Theorem 2.3. The residue rB labels the pole location obtained after scaling by
integer B, and the following lemma establishes a uniform quantitative comparison between
the quotient functions in the neighbourhoods of these cyclic poles.

Lemma 4.2. Assume that B ∈ N and N ∤ B, and let rB ≡ B (mod N) with 1 ≤ rB ≤
N − 1. There exist constants R0, κ > 0 such that, whenever t ̸≡ 1/N (mod 1) and
Bt ̸≡ rB/N (mod 1),

|Q1(t)| ≥ R0 =⇒ |QrB
(Bt)| ≥ κ|Q1(t)|. (4.5)

Proof. Both Q1(t) and QrB
(Bt) are periodic with period 1: periodicity of Q1 holds by

construction, while QrB
(B(t + 1)) = QrB

(Bt + B) = QrB
(Bt) as B ∈ N. It thus suffices

to restrict analysis to the fundamental domain t ∈ [0, 1].
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The quotient Q1 possesses exactly one simple pole within [0, 1], located at 1/N . Write
t = 1/N + ε with ε → 0 and set ω = e2πi/N . The denominator of Q1 expands as

1 − ωe−2πit = 1 − e2πi/Ne−2πi(1/N+ε)

= 1 − e−2πiε = 2πiε + O(ε2),

whereas the numerator of Q1 converges to the nonzero constant 1 − e−2πi/N . Consequently,
the asymptotic blow-up in the neighbourhood of the pole satisfies

|Q1(t)| ∼ |1 − e−2πi/N |
2π|ε|

. (4.6)

Next, write B = qN + rB with q ∈ N ∪ {0} and 1 ≤ rB ≤ N − 1. Substituting
t = 1/N + ε into Bt gives

Bt = q + rB/N + Bε.

By unit periodicity of QrB
, QrB

(Bt) = QrB
(rB/N + Bε), so we are approaching the pole

rB/N with offset Bε. The denominator of QrB
expands as

1 − ωrB e−2πiBt = 1 − e2πirB/Ne−2πi(q+rB/N+Bε)

= 1 − e−2πiBε = 2πiBε + O(ε2),

while the numerator tends to 1 − e−2πiB/N = 1 − e−2πirB/N ̸= 0. Therefore

|QrB
(Bt)| ∼ |1 − e−2πiB/N |

2πB|ε|
. (4.7)

Dividing (4.7) by (4.6) gives
|QrB

(Bt)|
|Q1(t)|

−→ LB := |1 − e−2πiB/N |
B|1 − e−2πi/N |

> 0. (4.8)

Choose δ > 0 small enough such that |QrB
(Bt)|

|Q1(t)| ≥ LB/2 whenever 0 < |t − 1/N | < δ.
On the compact set Kδ = [0, 1] \ (1/N − δ, 1/N + δ), the function Q1 is continuous and
therefore bounded. Choose R0 > maxt∈Kδ

|Q1(t)|. If |Q1(t)| ≥ R0, periodicity forces t to
lie in the chosen punctured neighborhood of 1/N modulo one. In this neighbourhood, the
uniform lower bound for the ratio holds, so we conclude (4.5) by setting κ = LB/2.

4.3 Proof of the main theorem

Based on the preceding preparations, we establish Theorem 1.1 by checking each condition
of Theorem 2.3 one by one.

Proof of Theorem 1.1. We proceed by contradiction. Suppose Γ is a frame measure for
µ with frame bounds A, C > 0. Define the positive Borel measure dη(λ) = |µ̂(λ)|2 dΓ(λ).
Then η(R) ≤ C by applying the upper frame inequality to the constant function.

Define the common cyclic pole set by

P =
⋃
j≥1

N−1⋃
r=1

{
λ ∈ R : ρjλ ≡ r

N
(mod 1)

}
. (4.9)

For every λ ∈ P , at least one ordinary mask factor M(ρjλ) vanishes, which implies that
P ⊂ {λ : µ̂(λ) = 0}. Therefore η(P) = 0. To make Qr(t) be well-defined over the whole
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real line including pole points, by Lemma 3.4, we adopt the following piecewise regularized
definition:

Qr(t) =


1 − e−2πit

1 − ωre−2πit
, t ̸≡ r

N
(mod 1),

0, t ≡ r

N
(mod 1).

(4.10)

For s > m, set

Fs = Ws,1, Gs = Ws,1Ws−m,rB
, qs(λ) = Q1(ρsλ), rs(λ) = QrB

(ρs−mλ). (4.11)

We verify the four hypotheses required for Theorem 2.3 one by one.
Hypothesis (i). Note that |Ws,r| = 1 pointwise. Then Ws,r and the product Ws,rWu,r′

satisfy
∥Ws,r∥L2(µρ,N ) = 1 ∥Ws,rWu,r′∥L2(µρ,N ) = 1.

By construction, ∥Fs∥L2(µ) = ∥Gs∥L2(µ) = 1, so hypothesis (i) holds with a = b = 1.
Hypothesis (ii). Lemma 4.1 together with the globally regularized quotient convention
(4.10), gives

|F̂sµ(λ)|2 = |µ̂(λ)|2|qs(λ)|2, |µ̂(λ)|2|qs(λ)rs(λ)|2 ≤ |Ĝsµ(λ)|2.

Hence hypothesis (ii) holds.
Hypothesis (iii). For every fixed λ, one has ρsλ → 0 as s → ∞. The explicit formula
(4.10) gives Q1(0) = 0, and Q1 is continuous in the neighborhood of 0 since 1 − ω ≠ 0.
Hence qs(λ) = Q1(ρsλ) → 0 for every λ ∈ R, and in particular for η-almost every λ. This
confirms hypothesis (iii).
Hypothesis (iv). From the scaling relation ρ−m = B, we have ρs−mλ = Bρsλ, and hence

rs(λ) = QrB
(Bρsλ).

For λ /∈ P, neither ρsλ nor Bρsλ lies on the pole set of the respective quotient maps, so
Lemma 4.2 supplies constants R0, κ > 0, independent of s and λ, such that

|qs(λ)| ≥ R0 =⇒ |rs(λ)| ≥ κ|qs(λ)|.

Since η(P) = 0, the propagation estimate holds η-almost everywhere, establishing hypoth-
esis (iv).

All four assumptions of Theorem 2.3 are now satisfied. Applying Theorem 2.3 yields
a contradiction against the lower frame inequality for the sequence {Fs}. Therefore, no
frame measure Γ for µ can exist.
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nologies in the Manuscript Preparation Process
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