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Abstract

We address two open questions in streaming PCA via Oja’s algorithm: sharp
operator-norm convergence for general rank under sub-Gaussian data, and dis-
tributional inference for the resulting subspace estimator. Existing convergence
analyses, even in the rank-one case, either assume bounded data or leave non-
vanishing remainder terms that prevent adaptation to a polynomially vanishing tail
spectrum, while existing distributional results are confined to the rank-one case.
Our convergence theory removes these remainder terms and yields a sharp rate.
In the dense-tail spiked covariance regime, this rate matches the minimax rate up
to logarithmic factors. More generally, we prove a matching lower bound, up to
logarithmic factors, across both dense-tail and sparse-tail regimes under a mild non-
degeneracy condition. The analysis yields a linearization of Oja’s iterates, which
in turn enables a high-dimensional Gaussian approximation for the general-rank
subspace estimation error with an explicit limiting covariance. We also establish
a row-wise Gaussian approximation over convex sets for the aligned difference,
recovering prior rank-one results as special cases. For practical inference, we
develop an online multiplier bootstrap algorithm and prove its consistency. Beyond
streaming PCA, our techniques contribute to Gaussian approximation and bootstrap
inference for nonconvex stochastic approximation.

1 Introduction

Streaming statistical methods are increasingly important in modern data analysis [9, 11,16/ 21]. In
some applications, data arrive sequentially and updates must be performed online [5]; in others, the
full dataset is available but too large to store in memory or to process efficiently with batch methods
[18]]. Streaming principal component analysis (PCA) is a canonical problem in this setting: the goal
is to estimate the leading eigenspace of the population covariance matrix from a single pass over the
data. Beyond its classical role in online dimension reduction, streaming PCA has recently appeared
in memory-efficient LLM training, where low-rank structure is used to compress optimizer states
[22]. Oja’s algorithm [27], a standard method for streaming PCA, has also motivated differentially
private variants of PCA [235]].

Starting from random initialization Uy ~ Haar(Qyg,,), Oja’s iteration for streaming PCA is given by
U = QR(Us—1 + 0 X X[ Up-1), M

where QR(-) denotes the QR factorization. Although Oja’s algorithm dates to 1982, non-asymptotic
theory for its finite-sample behavior has emerged only recently [2} 13} (14} 20} 23] 24} 26]], and key
questions about rate optimality and uncertainty quantification remain open.

Prior convergence analysis of Oja’s algorithm. Most existing analyses of Oja’s algorithm [2, [13]
14, 26]] yield error bounds that do not vanish even when ¥ = EX X " is exactly rank-r. For example,
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one seminal work [[14] derived a bound at least of order pes—" in the rank-one case; see Table

This rate is tight for a generic perturbation argument based on matrix Bernstein and Wedin’s theorem,
but it is not statistically sharp for PCA. Indeed, fluctuations within the leading eigenspace do not
affect subspace estimation; the statistical difficulty comes from the interaction between the signal and
tail eigenspaces. This distinction is reflected in the statistical minimax rates, both in Frobenius norm
[30] and in operator norm [33]].

Motivated by this observation, several recent works [20, 23| [24] attempted to match the minimax
rate under sub-Gaussian assumptions. [20] focuses on the rank-one case, while [23| 24] consider the
general-rank case in Frobenius norm. However, all these analyses still contain remainder terms that
do not vanish in the small-tail regime. For example, [20, Theorem 3] requires A2 /A; to be bounded
away from zero, which conflicts with the goal of obtaining rates adaptive to a vanishing tail spectrum.
Moreover, although [24] proves a Haar-initialization theorem for the constant-step-size case, its bound
still contains a non-vanishing remainder term in the small-tail regime; in particular, the constants may
depend implicitly on )\;1. In addition, the argument does not establish the required no-exit/stability
guarantee ensuring that the iterates remain in the contractive region throughout the run. Closing
this gap appears to require additional sample-size or stepsize control. Later, [23] considered the
varying-step-size case and circumvented the stability issue by invoking an initialization procedure
from [13], but the associated burn-in period again imposes a strong implicit requirement on the
sample size, and the resulting guarantee still contains a non-vanishing component in the small-tail
regime. In view of these issues, it remains an open question whether the minimax rate can be achieved
without any non-vanishing remainder term, even in the rank-one case.

Uncertainty quantification for SGD and PCA. This paper is also motivated by recent advances
in uncertainty quantification for SGD and high-dimensional PCA. In the strongly convex setting,
[31] established Gaussian approximation results for the last iterate of SGD. This naturally raises the
question of whether analogous distributional guarantees can be obtained for nonconvex problems,
with Oja’s algorithm for streaming PCA serving as a canonical example. For Oja’s algorithm, [26]
established a high-dimensional Gaussian approximation for the rank-one case based on a Hoeffding
decomposition of the unnormalized matrix product. Later, [17] extended this approach to entrywise
Gaussian approximation for the rank-one iterates. However, due to the noncommutative nature of
matrix multiplication, this Hoeffding-decomposition approach does not readily extend to the general-
rank case. In the offline PCA setting, [32] established distributional guarantees for heteroscedastic
PCA under a spiked covariance model. These developments motivate the present work: can one
obtain inference guarantees for streaming PCA in the general-rank case, beyond the spiked covariance
model?

1.1 Contributions

Motivated by these open questions, we develop a refined analysis of Oja’s dynamics. This analysis
yields sharp operator-norm convergence rates and enables Gaussian approximation and inference.

Sharp operator-norm convergence. Table|l|summarizes our rate alongside prior work, where
Vg = ()\TJrlwd/)\lw)l/2 and vy, = ()\r+1/)\1)1/2 denote tail-to-signal ratios (formally defined
in Section . Under sub-Gaussian data and Haar initialization, our bound contains no additional
non-vanishing remainder term, in contrast to [20, [23| 24], whose residuals prevent adaptivity to a
vanishing tail spectrum. The leading factor v, V vy separates two qualitatively different regimes:
the dense-tail regime (v dominates), which covers the spiked covariance model, and the sparse-tail
regime (v, dominates), arising when the tail spectrum is highly concentrated. This dichotomy is
sharp: a matching lower bound shows the dependence on v, V v is unimprovable. As corollaries,
our rate matches the minimax rate of [33] for the spiked covariance model up to a logarithmic factor,
and reduces to the sharpest known rank-one rates of [20] when r = 1 (where v, < 1»).

The improvement rests on two ingredients: a refined one-step decomposition, sharper than [24];
and matrix Freedman’s inequality in place of the matrix Azuma used by [23], 24], which ignores
conditional variance.

Gaussian approximation and inference. Building on a linearization result, we establish a high-
dimensional Gaussian approximation for Oja’s error with an explicit limiting covariance. Unlike



Reference Rank  Tail assumption Operator-norm error rate

(14 r=1 Bounded W %
[20] r=1  Sub-Gaussian M\/%
[26] r =1 Finite moments %V_”g) 1

M r>1 Bounded Mavid) 2

= Anmin n

. M (Voo Vr2) /7
Ours r>1  Sub-Gaussian Amin \/:

Table 1: Comparison of operator-norm guarantees for || sin ©(U,,, U, )||. Existing results are trans-
lated into our notation under Assumption I} for bounds involving auxiliary distribution-dependent or
boundedness parameters, we display their sharp sub-Gaussian specialization justified in Appendix [A]
Logarithmic factors are suppressed. The displayed rate for our method concerns the nonzero-tail
regime of Theorem When rank(X) = r, Theorem gives geometric convergence to zero.

[26], whose Hoeffding-decomposition approach does not extend beyond rank one, our proof handles
general » > 1 and recovers the rank-one result of [26]. We further establish a row-wise Gaussian
approximation over convex sets for the aligned difference, which in the spiked covariance model
recovers the covariance structure of [32] up to a logarithmic factor. To make these results operational,
we develop an online multiplier bootstrap procedure that consistently estimates the limiting law.

1.2 Notation.

For a positive integer n, we write [n] = {1,...,n}. For any a,b € R, let a A b := min{a, b}
and a V b := max{a,b}. We write f(n) < g(n) if there exists a constant C' > 0 such that
|f(n)] < Cg(n) for all sufficiently large n. The sub-Gaussian norm of a random variable X € R
is defined as || X||y, := inf{t > 0 : Eexp(X?/t?) < 2}. For a random vector X € R<, we
define || X[, := supj, =1 |v" X ||y, For any matrix M, let | M|| = [[M]],,,, denote the operator
norm, and let ||M ||, denote the Frobenius norm. We denote by Qg , the set of d x r matrices
with orthonormal columns, and by Haar(Qy ) the Haar measure on Qg4 . For U, U, € Oy, let
O(U,U.,) = diag (0:) ¢, 0i = arccos(o; (U "U,)) denote the principal angles, where o;(-) is the
i-th largest singular value, and set sin ©(U, U,.) := diag (sin ;). . Finally, for any set A C R",
denote N (, 2){A} :=P(W € A) where W ~ N (i, X).

1€[r]

2 Problem formulation and preliminaries

This section sets up the streaming PCA model and introduces the notation used in Oja’s dynamics
and limiting distributions. We impose the following standard sub-Gaussian assumption, as in
(20} 23} 24} 133].

Assumption 1. X,,..., X, are i.id._copies of X = ;1/2)? where ¥ € R4*? is positive semi-
definite, X € R? satisfies EX =0, EXX T = I and || X ||y, < Cyp S 1.

Let ¥ = U*A*U;r+ U*,LA*,LUIJ_ be the eigendecomposition with U, € Qg,, Uy 1 € Qg,q—r,
A, = diag(A1, ..., Ar), As 1 = diag(Ary1,...,Aq), and Ay > -+ > XAy > 0. The target of
estimation is the column space of U,. We use the shorthand A\,~p := Zi.’:a A;. Define the eigengaps
Ay =X — Ay forl € [d—r],j € [r] with extremes Apax = A1 — Ag and Ayip := Ap — Mg
Throughout, we assume A, > 0.

Scale-invariant quantities. A useful structural property of Oja’s iteration is its invariance under
the following simultaneous rescaling:

scale transformation: X —cX, n<c?3n >0 )



Indeed, under (), X, X, is unchanged, and hence the entire Oja trajectory {U, };>¢. Consequently,
any subspace estimation error bound should depend on the problem only through quantities that are
invariant under (2)). We refer to such quantities as scale invariant. The scale-invariant quantities used
throughout the paper are

, Ui=max(Va, Veo), Ky = —. (3)

1/2
:| Amiu

1/2
~ Argin A
7 :=nNAnin, V2= [7;1 d} y Voo i= {—/\Tl

1~r

Here v5 and v, are respectively the Schatten-2 and Schatten-oco cases of the general tail-to-signal

ratio v, = ||Ai/iHSp||Ai/2||§§ where || - [|s, denotes the Schatten-p norm. We have v, < 1

and Vo /\/7 < V3 < VooV/d — 1 directly from the definitions. All these quantities are unchanged
under (2)), since eigenvalues of 3 would scale by c?.

Tangent matrices. Our analysis tracks the iterates U; through an associated tangent matrix Ty,
which serves both to bound the subspace estimation error and to characterize the row-wise aligned
difference. For any U € Qg,,, define the cosine, sine, and tangent matrix of U (relative to U,) by

Co:=UlUeR™, Sy:=U UecR™*" T :=8yC;" (whenCy is invertible). (4)

When r = 1, these reduce to the usual cosine, sine, and tangent of the angle between U and U,. For
iterates U;, we use the shorthand 7; := Ty;,. Let H := R(¢=") %" equipped with the Frobenius inner
product (-, -), write Z for the identity on H, and define the gap operator L : H — H by

[LM); = AjjM,;,  forany M € H. )

The operator £ enters the analysis through the contraction Z — n£ in the recursion 741 = (Z —
nL)T; + noise + remainder.

Signal-noise coordinates and covariance of the outer product. For each observation X =
/2 X, define the signal/noise coordinates and their whitened counterparts by

V:=U/X, Z:=U X, Y=U/X, Z:=U]X. (6)

ThenY = AY?Y, Z =AV?Z,BYYT = I,,EZZT = I, ,and EZYT =EZYT =0,

The random elements ZY T, ZYT € H = R@-n)xr play a vital role in the Gaussian approximation.
We therefore define their covariance operators €, € : H — H by

¢(B):=E[(B, 2Y "), ZY "), &B):=E[(B,ZY )pZY'], VBeH. 7

Equivalently, ¢ and € can be identified with the covariance matrices of the vectorizations vec(ZY'T)

and vec(ZY 7). We adopt this linear-operator formulation to emphasize the Hilbert-space geometry
of H and to keep the notation coordinate-free. This perspective is also standard in functional
data analysis [12]. For a linear operator A : H — H, || A|las denotes its Hilbert-Schmidt norm,
equivalently the Frobenius norm of its matrix representation under the standard basis of H.

Example 1 (Spiked covariance model). Consider the spiked covariance model ¥ =U,S?*U,] +0%1,
where U, € Qg4,, S = diag(si,...,s,) with s1>...>5,>0, 0>0. Then \; = s} + 0%, Ay =

S (s24+02), Mry1=0%and A1 1oqa=(d — 7)0?. Under Gaussian X, we have Y | Z and c=T

=1
3 Main results

This section presents our main theoretical results. Section establishes a sharp operator-norm
convergence rate, a nearly matching lower bound (up to logarithmic factors, under a mild nondegen-
eracy condition), and a linearization of the final iterate. Section[3.2]uses this linearization to establish
Gaussian approximations for the subspace error, both globally in Frobenius norm and row-wise.
Section [3.3|develops an online multiplier bootstrap and proves its consistency.



3.1 Sharp convergence and linearization

Recall 77, 7 and k. from (@). Throughout this section, define the noise floor 7. = k.7\/7rlogn
Under the stepsize 7 = ¢, (log n)/n, this becomes

)\ cnrlog2n
T = B (Voo V 12) S ®)

Theorem 1 (Sharp operator-norm convergence). Under Assumption assume Uy ~ Haar(Qy,,)
and

Voo > cyn*C” for constants C,, > 0,¢, > 0. O]
Fixe €[0,1/2) and set
~ 1 * log—2 n+1
n=c,=2%  where ey > cp = (1—5—1—%)(14—%). (10)

For any 6, € (0,1/e), if
172 > Cregk?r® (1 + vaod) (log n)* 2E0/%) (n

for some constant Cy > 0 sufficiently large, then with probability at least 1 — §p,

|sin ©(Uy, UL)|| S 7o = A);nlan (Voo V 12)\/ w, for all {;—ZnJ <k<n. (12)

We highlight several implications of Theorem

* Rate optimality. The factor 7 = v, V 15 in (I2) captures the worst-case contribution of the tail
spectrum across two regimes. The dense-tail regime, where v, dominates, includes the spiked
covariance model (Example@ commonly studied in the statistical literature [32}[33]]; here v5 2 Voo
whenever \; < A, and r < d — r. The sparse-tail regime, where v, dominates, arises when
the tail spectrum is highly concentrated, e.g. Ay = --- = A, > Apy1 > 0= A\jo = -+ = Ag,
in which case v, = +/rvs. Similar regime-dependent behavior has also been observed in
heteroscedastic PCA [33]] and high-dimensional linear regression [4]. The dependence on v is
unimprovable: Theorem [4|establishes a matching lower bound, up to a factor of y/log n, under a
mild nondegeneracy condition. In the spiked covariance setting (Example (1)) with A; < A, and

~

2 . .
r < d — r, our rate matches the minimax rate \/E (l + %) from [33] to a logarithmic factor.

n S

Since o, < /Ty in general, the regime distinction collapses when r = O(1) and yields ¥ =< vo;
in particular, the rank-one case (r = 1) is governed entirely by v (see Table ).

* Dependence on C,,. The step size requirement depends on C,, through the lower bound (9)
on Vs . This is intuitive: Haar initialization yields ||7o|| < &5 1/rdlog(1/8,) with probability
> 1— 0y, so reaching the target rate within » samples requ1res a larger step size when Vo 1s smaller.
In the limit v, = v5 = 0, every update lies in the signal subspace, yet Haar initialization always
leaves nonzero error in U,, for any finite n; this is reflected in c; — oo as C, — oo. This C,
dependence is implicit in prior work but not made explicit there: [20, Theorem 3] requires v, 2 1
with ¢;, = 2 at 7 = 1, and [24, Remark 4.4] notes that the remainder term is non-negligible and the
constant C* in their Theorem 4.6 with ¢,, = 3/2 depends on )\gl. Earlier works [[13} 114} 26]] avoid
this dependence because their target rate effectively sets C,, = 0 for v, < 1 (see Table[I), and
hence are not adaptive to a small tail spectrum.

* Dependence on c,,. The error bound (I2)) is monotone in ¢,), matching the standard intuition that

smaller step size yields smaller stochastic error. The step size lower bound (T0) ¢y~ l—e+ %
as n — oo. When C, = 0, as assumed in [20]], one can take ¢, = 1.

» Weaker sample-size requirement. The condition (IT) is weaker than the corresponding rank-one
condition in [24]: the dependence on d enters only through dv.,, which can be much smaller than
d when v, is small. Ignoring logarithmic factors, when r, ., ¢, S 1, our condition reduces to
n'=% > (14 dvs)d, 2, an improvement over n' =< > d 6,2 in [24] when v, is small.

When rank(3) = r, we have 7. = 0. However, for any well-defined 7y # 0, the error remains
nonzero at every finite iteration. Thus, Theorem [T cannot extend to the exact-rank case by simply
setting vy = v, = 0. Instead, the error converges geometrically to zero.



Theorem 2 (Exact-rank geometric convergence). Under Assumption suppose that rank(X) = r

and Uy ~ Haar(Qyg,,). Set n = %for ey > 5. Foranye € [0,1/2) and 6, € (0,1/e), if

n'=2€ > Cyc,k2r?(log n)4% (13)
for some constant Cy > 0 sufficiently large, then, with probability at least 1 — 6y,
. nl/2—c -
|| Sln@(Uk,U*)H S % exp{ - (]. - m)kn}, k= 0, 1, e,y
where 1] = n\, = ¢,(logn)/n. In particular,
. —e—cy(1—(nflogn)~?t
HSIH@(UMU*)H 5 \/af”v*\\%g(logn)znl/2 ) ](1 (" tosm) )
Remark 1 (No finite-time exact recovery under exact rank). The distinction between Theorem [I]and
Theoremis intrinsic. When rank(X) = r, we have Z; = 0 almost surely, and the tangent recursion
derived in Appendix(C|gives Tiy1 = Ti (I +1Ye+1Y, ) 7L Since I + Y1V, | = 0forn > 0,
Tr = 0if and only it /g = 0 for every finite k. Thus, under a generic initialization, the error cannot

reach zero in finitely many iterations even though 7,, = 0. Theorem 2] therefore gives the appropriate
form of the result: geometric convergence of the error to zero.

We now return to the nonzero-tail setting of Theorem |1| and establish a linearization of the final
tangent iterate. This representation underlies the distributional results in Section[3.2H3.3] Recall from
@, () and (6) the tangent matrix 7,,, the signal-noise coordinates Y; = U,] X;, Z; = Uz | X, and
the gap operator £ given by [LM ]y = (X\j — Aryr) My,

Proposition 3 (Linearization). Assume the conditions in Theoremhold with ¢, > c;; + % Then,

with probability at least 1 — §p,

[T = 0320 (T = nL)* (ZY;D)|| S melmi/ritlogn (14 7)] S oo

Under the additional conditions stated below, the linearization in Proposition [3|also yields a nearly
matching lower bound.

Proposition 4 (Lower bound). Assume the assumptions in Theorem[3lhold. If k. < 1andY L Z,

then with probability at least % [1 4 o(1)] — 6y, ||sin ©(U,, U)|| 2 T

Theorem ] matches Theorem|T|up to logarithmic factors, and shows the dependence on  is unimprov-

able. The independence condition can be relaxed to a weaker nondegeneracy condition A, (€) 2 1
where A\pyin (€) is the minimum eigenvalue of € (7).

3.2 Gaussian approximation

We now establish high-dimensional Gaussian approximations for the global subspace estimation error.
Recall the sine and tangent matrices S,, and 7, from (@). The intuition is simple. In the rank-one
case, sinf & tan 6 when | tan 6| is small. An analogous approximation holds in the rank-r case:
ISnllF = || Tn]lr when || T, is small. Together with the identity || sin ©(U,,, U, )||r = ||Sx||r and
the linearization in Theorem 3] this gives the heuristic approximation

Isin ©(Un, Ud)llg = [Sulle = 1 Tally = [[n 50 (T = nL)"H(ZY;T) |- (14)
Theorem 5] makes this intuition rigorous by applying a high-dimensional Gaussian approximation to
the normalized linearized error n'/2 37" (Z — nL)"~*(Z;Y;").

Recall )\awb:Zf:a \;, the covariance operator € =cov(ZY ") from (7)) and its Hilbert-Schmidt norm

. . . b
1/2 and effective dimension de¢ 1= —=

[|€]| ;5. Define the cross-spectral term Ay :=[Ai~rAr41~d] = oo
HS

Under Assumption[l} d¢ > 1; see Lemma[38]
Theorem 5 (Gaussian approximation for the subspace error). Assume ||€||;;q > 0 and the conditions
of Theoremhold with 6, — 0. Let G ~ N(0,T") be a Gaussian random element in RE=7)XT yith
T = [ eLee et If

6)) ﬁfsﬁr?’dg/z(log n)3 — 0, (ii) ﬁnﬁrgdgﬁ(log n)3 — 0, (15)

then sup,cg|[P{n~" |sin©(U,,U.)|[z < t} —P{||G|2 < t}| — 0.



Remark 2 (Gaussian case). WhenY" L Z (in particular for Gaussian X), € = A, ® A, 1, [|€]|gs =
A |r]|As, 1 ||r, and de = [or A [ As L P o r(d — r). Thus, when ¢,, k., 7 < 1, condition (T3)

AR AL
allows d*/? = o(n) up to logarithmic factors.
Remark 3 (Comparison with the rank-one result of [26]). When » = 1, € reduces to the matrix
¢ =E[ZZ7(Y?)] € R4=Dx(=1) which coincides with the matrix M in [26, Theorem 1]. Three
differences are worth highlighting.

* Explicit limiting distribution. In contrast to the n-dependent covariance V,, in [26]], our limit
I'= [;° e " €e~" dt is explicit and is the unique solution to the Lyapunov equation LI'+I'L = €.
The same covariance structure appears in constant-step-size SGD for convex optimization [31]];
here it arises from the nonconvex streaming PCA dynamics.

* Scale-invariant assumptions. One key assumption [26, Eq. (9)] reads, in our notation,
E|ZY |5/ \|Qﬁ||f{s = o(n). Under Assumption , the moment estimates in Appendix [I| give
E|IZY T||% < S, with equality up to constants in the Gaussian case. Since d?é/Q =X /lell¥ss
this condition requires d?é/ 2 - o(n). When r = 1 and s, < 1, our condition (T3)(i), with

7 =< (logn)/n, requires di/ *(logn)* = o(n), matching the dependence on d¢ up to logarithmic
factors. Another assumption in [26, Eq. (8)] is |€||r 2 1, which is not scale invariant under

transformation (2); our conditions are stated entirely in scale-invariant terms. The remaining
condition (T3))(ii), which couples d¢ and 7, is implied by the assumptions of [26, Theorem 1].

* Proof technique. [26] relies on a Hoeffding decomposition of the unnormalized matrix product
[T, (1s + nX;X,")]Uo. Our proof linearizes the normalized iteration via Theorem [3, which
keeps the QR step inside the analysis. For general » > 1, the unnormalized Hoeffding approach
can formally lead to the same Gaussian limit, but making it rigorous appears difficult: without
normalization at the level of the expansion, the argument produces exponentially growing terms
that are hard to control.

We next turn to row-wise Gaussian approximation. To go beyond the Frobenius norm, we must
account for the rotational non-identifiability of the leading eigenspace: for any R € Q). ,., the matrices
U and U R span the same subspace, so without further eigenvalue separation within the signal block
one can only estimate U, up to a global rotation. We therefore study the Procrustes-aligned error.
For any nonsingular matrix H € R"*" with SVD H = V1 Ay VQT, denote sgn(H) := V1V2T €0, ;.
Then sgn(U ' U,) = argmingeq,  |[UR — U*||%, and the aligned difference U sgn(U " U,.) — U, is
the natural object for row-wise inference [1} 16} [7]].

The intuition is again based on the tangent linearization (Theorem [3). Recall the cosine, sine

and tangent matrices C,,, S,, and T,, from (@). By definition, U,/ U, = C!, UJU, | = S, and
S, = T,C,, which gives the exact decomposition

Unsgn(UJU,) — U, = U, 1 Ty — [Us + U L To) [ — CuC,l] + Unlsgn(C,l) — C,}]

In the rank-one case, |1 — cos §| < tan? @ when | tan 6| is small. Analogously, in the rank-r case:
L — C.Cl || < || Tl and || sgn(C,]) — CT || < ||Tn||* when ||T,|| is small. Thus the aligned
difference is heuristically U, | 7,. Together with the linearization in Theorem [3} this gives the
heuristic approximation

Unsgn(U, U,) = Us 2 U 1 T = Us i Y (T —0L)""H(Z:Y;").
i=1
This motivates the following limiting row-wise covariance.
Limiting covariance. Foru € R?~" letT, € R™*" denote the u-projection of T, with entries

—r upuw E|[Z YjZ/Yj/ ..
Tl = Yipr, 2 [[A];iil,[j,]‘ Yl e (16)

Here [v]; denotes the k-th coordinate of vector v; see Appendixlﬂfor properties of I',,. Let )\min(é)
denote the minimum eigenvalue of ¢ from . For m € [d], set u,, = *T 1em € R4 and
E?] m = T]Fum :



Theorem 6 (Row-wise Gaussian approximation) Assume the conditions of Theorem 3| hold with
8, — 0. Fixm € [d]. IfAl/2um 20, Amin(€) > 0, TKSr7/2X 23 (&) = 0 and

min
2
2 A max([[um ||, [|U. em %)

1AL P 2

7rdr®/% (logn)?0? (14 1) -l (@) =0, (17)

min(

then  sup e v |P{[Un sgn(U,] Us) = Uilm,. € A} = N(0,57,,,) {A}| — 0 where /" is the
family of convex sets in R".

Remark 4 (Comparison with existing row-wise inference results).

* Nondegeneracy. Condition (I7), involving Ai (€ (€), is scale invariant under () since € =
cov(Z YT) is defined in whitened coordinates. This condition is mild in standard models: for
Gaussian data, Y | Zso€ = T and )\mm( ) = 1. It ensures that the leading term dominates
higher-order remainders; related lower bound conditions appear in [3} 7, [17]]. In [32, Remark 2], an
analogous nondegeneracy is encoded by assuming the noise variances are bounded away from zero,
which prevents the limiting Gaussian covariance from degenerating.

* Rank-one case. When r = 1, € and I reduce to (d — 1) (d - 1) matrices, with entries
Ty = & /(A1 + Ayr), and (I6) collapses to X7, = ne,, T U TU] _1em € R, recovering the
limit of [17 Proposition 1].

» Spiked covariance. Under Example |1| with Gaussian design, so that Y 1 Z, the independence
formula (Sectionﬁ) gives, for n = 228"

)
MNAmin

«  _ cqllogn)umll® o2 2 g2
Um — 2n s2 [IT+U S ]

The row-wise covariance in [32] is n=*025~2[I, + 02572]. Thus, for the jth coordinate, the ratio

Cnlﬂ” m||2

2
of our covariance to that of [32] is . Since ||un,| <1 and -4 < k., this ratio is at

L1 . .
most wﬁ A- Here, the logarithmic factor comes from the constant step size, while ko arises

from cahbrating the step size to the smallest eigengap A i, = s2.

3.3 Multiplier bootstrap

The Gaussian approximations in Section [3.2] depend on unknown covariance operators. We now
give an online multiplier bootstrap algorithm that estimates the laws without explicitly estimating
the covariances. Algorithm[I]runs, in parallel with Oja’s algorithm, perturbed Oja recursions driven
by independent multiplier weights wgb). This construction is different from the rank-one bootstrap
of [26]], and is motivated by linearization (Theorem 3] as follows.

Defining cosine, sine and tangent matrices for the bootstrap iterates relative to U, by Ct(b) =U] Ut(b),
S(b) = UT U(b) and T(b) (b) (C(b))_l, a bootstrap analogue of Theorem [3| gives T~

ny w (I nL)"~4(Z;Y;"). Since both U,, and UL are close to U,, their relative subspace
error is controlled by the difference of their tangent matrices:

Isin O, U)lr = | T = Talle = |0 S0 (w” — 1) —nL)"~(Z:Y,T)|lp.

Thus, conditionally on the data, the multiplier weights reproduce the same linearized fluctuation that
appears in (Theorem [7). An analogous argument for the aligned row-wise difference yields the
row-wise bootstrap result (Theorem g).

Assumption 2. The multiplier weights {wt(b)}te[ane[B] are i.i.d., independent of {X;} > and

i€n
satisfy E(wgb)) =1, Var(wt(b)) =1and w,gb) € [0, Cy,] almost surely for some constant Cy, > 0.

For example, the two-point multiplier w( )2 Bernoulli(1/2) satisfies Assumption Our theory
is stated for bounded multipliers. Unbounded choices such as standard exponential weights can also
be handled by a truncation argument, at the cost of additional logarithmic factors. In practice, we
found that bounded multipliers performed better.



Algorithm 1: Online multiplier bootstrap for Oja’s algorithm

Input :{Xt}te[n]’ stepsize 7, number of bootstrap replicates 13, weights {wgb)}te[ane[B].
Output : Oja’s solution U and bootstrapped versions {U (b)}be[ Bl-
Draw Uy ~ Haar(Qyg,,)
Initialize U, UM, ..., UB) « U,
fort=1,...,ndo

Update U + QR(U + nX(X, U))

forb=1,...,Bdo

| Update U® « QRU® + w{”'nX, (X, U®))

Let Fx := o(Uy, X1,...,X,), and let Px denote the law of (U, X1, ..., X,,). Conditional on Fx,
let P* and E* denote probability and expectation with respect to the bootstrap multipliers. Let U
denote a generic bootstrap iterate generated by Algorithm [I] with an independent multiplier sequence
{wf=} e satisfying Assumption

Theorem 7 (Bootstrap consistency for the subspace error). Assume Assumption 2| holds and suppose
the conditions in Theorem[3are satisfied. Then

sup [P*{n~ Y| sin O(U, U,) |3 < t} — P{n~ | sin®U,, U.)|3 < t}| 22 0.
teR

Theorem 8 (Row-wise bootstrap consistency). Assume Assumption |2\ holds and suppose the condi-
tions in Theorem@are satisfied. Denote R, := sgn(U, U.). Then for any fixed m € [d),

sup e v [P*{[(UL sgn(UETU,) — Un) Ry € A} = P{[UnRp — Ui, € A} | x,p,

where o/ denotes the set of all convex sets in R".

Remark 5 (Non-asymptotic Berry—Esseen bound). Although Theorem [§]is stated asymptotically, its
proof can be strengthened to yield a non-asymptotic Berry—Esseen-type bound over convex sets. The
Berry—Esseen step in Appendixis already non-asymptotic; the op,, (1) terms arise mainly from
empirical moment and covariance bounds obtained via Markov’s inequality. Replacing these with
suitable Bernstein-type concentration bounds would give explicit finite-sample errors, at the cost of
additional logarithmic factors in the conditions.

4 Main proof ideas

The proofs of our main results are built around a common analysis of Oja’s dynamics in tangent
coordinates. The key ideas include a refined convergence argument based on variance-sensitive
concentration, a linearization of the final iterate that underlies both the lower bound and Gaussian
approximation, and a corresponding linearization for the multiplier bootstrap. We provide a high-level
overview of these arguments and their connections in Appendix [B]

S Experiments

We draw d-dimensional Gaussian random vectors X,..., X, N (0,%) where (U, U, 1) ~
Haar(Qg4), A1 = ... = A, = land A,y = (I +1)"P for I € [d — 7], for some 3 > 0. We let

cylogn
NAmin

the multiplier weights be i.i.d. from the two-point distribution 2Bernoulli(1/2) and set n =
with ¢;; = 2.

Validation of Theorem We set n = 5000, d = 500, r = 3, and consider 5 € {1,4}. Fol-
lowing [26], we fix the Haar initialization Uy. For the sampling distribution, we generate 200
independent datasets and compute 7~ || sin ©(U,,, U,)||%. For the bootstrap distribution, we fix a

dataset {X; : i € [n]} and run Algorithm[I|with B = 200 independent bootstrap sequences, com-

puting 1~ || sin O( éb), Un)ll3. Figurecompares the corresponding empirical quantiles through

Q-Q plots. A larger 3 yields faster tail decay and hence smaller values of || sin ©(U,,, U,)||%.
The bootstrap approximation is visibly closer for the faster-decaying tail.
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Figure 1: Q-Q plots comparing the bootstrap and sampling distributions for n = 5000, d = 500,
r=3,¢,=2and § € {1,4}.

Validation of Theorem|[8, We set n = 2000, d = 100, r = 3 and 3 € {0.5, 1, 4}. We follow the
protocol of [32]]. For each of 200 independent Monte Carlo trials, we run Oja’s algorithm together
with B = 200 multiplier-bootstrap trajectories. For each row m € [d], we align the bootstrap iterates

to U,,, form the bootstrap residuals via [U,(lb) sgn(U,(Lb)TUn) — Up)m.., and estimate their covariance

by the sample covariance fl?,j across bootstrap replicates. We then construct the row-wise ellipsoidal
confidence region CRY ;_, = {z € R" : (z — [Un]m,.) " [E%] 71 (2 — [Unlm,.) < x21_a}. with
a = 0.05. We report the empirical probability that [U, sgn(U, U, )].. is covered by CRE,SLPQ.
Table 2] reports the average coverage rates; row-specific coverage and Q-Q diagnostics are provided
in Appendix [J]

Table 2: Empirical coverage rates for different /3’s over 200 Monte Carlo trials.
B8=0.5 g=1 g=4
Mean=+Std coverage 0.914 £ 0.027 0.930 £0.028 0.948 £ 0.021

6 Discussion

We established sharp operator-norm convergence guarantees for streaming r-PCA via Oja’s algorithm
under sub-Gaussian data. The rate adapts to both dense-tail and sparse-tail regimes, and is matched
by a lower bound up to logarithmic factors. A key ingredient is a linearization of the tangent
matrix 7, which enables high-dimensional Gaussian approximation for the global subspace error
and a row-wise Gaussian approximation over convex sets for the aligned difference. To make
these distributional results operational, we developed an online multiplier bootstrap procedure that
consistently approximates the limiting laws without explicitly estimating the covariance operators.

Several directions remain open. First, our current theory is limited to the constant-step-size case;
it would be useful to extend the theory to broader stepsize schedules. Second, the linearization
and bootstrap techniques developed here may be applicable to streaming PCA under additional
structural constraints, such as sparsity [[16], Markovian dependence [15]], or quantization [9]]. Finally,
it would be interesting to develop analogous inference procedures for other nonconvex stochastic
approximation problems, such as online tensor learning [21]].
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A Additional comparison results

A.1 Error bounds from previous work under sub-Gaussian assumption

In this section, we justify the entries in Tablem The results in [[13}, |14} 20, 26] are stated in terms of
different problem-dependent quantities. We first translate these quantities into the notation of this
paper, and then derive tight sub-Gaussian upper bounds for them under Assumption[I} These bounds
are matched, up to constants, in the Gaussian case.

Lemma 1. Suppose Assumption[I|holds and let \y > ... > X\q > 0 be the eigenvalues of X.

(i) Denote V = |E[(XXT — X)?]||. Then V < Ofll/\l trX. The bound is tight for Gaussian
distribution.

(i) For any a > 1, denote M, = E[|XX T — 3||*]"/®. Then M; < My < C’i[tr Y. The
bound is tight for Gaussian distribution.

Proof. See Appendix[A.2] O

[26] Using the bound for M5 from Lemma the bound in [26] Corollary 1] when r = 11is

| M \/@ mvu%)\/@
* < < .
Isin ©(Unp, Us)|| S Ao n = Aupn n

[14] Using the bound for V from Lemmal[l] their error bound is

yi/2 \F MAVEHY2 [T M1V [1
~ < T oalvew)m JI_Alves) j1
”Sln(.—)(Un’ U*)” ~ Amin n Amin n Amin n

[13] Let M denote the almost-sure boundedness parameter in [13], namely

M > sup HPT(XXT—Z)HF a.s.
Pc0g,,

Their operator-norm guarantee, suppressing logarithmic factors, takes the form
M 1

[sin ©(Un, Ul S

min n

We now relate M to the covariance scale. Since M > [[XX T — ||, we have M > M. Hence
their error bound is no better than

AM(1vVe3) [r?

Amin n
[20] The error bound follows directly from their Theorem 3.
A.2 Proof of Lemmall]
Without loss of generality, assume Y is diagonal.
(i) Since XX =21/2XX T2 wehave XX T — ¥ =S1/2(XXT — I,)%1/2, 50

E[(XXT -%)"] = S'2E[(XXT - [)S(XX | — ;)] £/

%
Therefore V = ||2'/2V%1/2||, and it suffices to analyze V. Expanding V' gives
V=E[XX"EXXT] -SE[XX'] -E[XX |2+ =E[XX'2XXT] - %

13



Sub-Gaussian upper bound. Since V is symmetric and positive semi-definite, || V|| = SUD)|y||=1 uVu,
we have for any fixed unit vector u € R%,

W Ve < B[ DRXTEX)] < (BT EEX TR < iy
Here the last inequality follows since Lemma [37] implies that E(X TXX)2 = E||SY/2X|4 <
Cy [tr Y]? and E(uT X)* < C,),. Taking supremum over u gives [|V|| < Cy tr X, and thus

V=[S < [PV S O e

Gaussian lower bound. Assume X ~ N(0, I;). Since ¥ is diagonal, the (i, [)-entry of V is
d
Vi = Xi (Z szjj)xl — %y
j=1

By Isserlis’ theorem, we have
Summing over j gives
d
Xi(D0 X255 ) K = D7 500 + 20350) = Ga tr S + 26T
j=1 J
Since ¥ is diagonal, we have
V=(tr2);+22 -% = (r2)[;+ %

Therefore,

V= |22s2)| = (D)2 + 22| = A+ A tr S < A tr 8

The last equality follows since ¥ is diagonal and \; is the largest eigenvalue.

(i) Cauchy-Schwarz inequality gives M; < M. It suffices to show My < C’i [tr X] and in the
Gaussian case M 2 tr X.

Sub-Gaussian upper bound for M.
Since [ XX T — 3| < max {||XX |, 2]/}, in view of Lemma[37| we have

M3 < Emax{|| X", A2} S O [tr S + A3 < O [tr 2]
Here the last inequality follows since Cyy > 1 and tr X > A;.
Gaussian lower bound for M;. Assume X ~ N(0,%). Without loss of generality, assume X is
diagonal: ¥ = diag(A1,..., Ag)-
« Since || XXT — || > [ X[* — |Z], we have

E|XXT -2 >E|X|* - I =trZ -\

* Let e; be the first standard basis vector. Since

IXXT =) 2 [e] (XXT = Dea| = [ X3 = | = M [ X7 -1

we have
E[XXT -3 2 ME[XF - 1] 2 cons
for some constant ¢y > 0.

Combining the two bounds above gives
E[[ XX — 2| > max {tr ¥ — Ay, coA1 }

If Ay <tr¥/2,thentry¥ — A\ > %tr S I A > trX/2, then coA1 > ¢o tr /2. In either case, we
have

E|XXT —2|| 2 tr s,

14



B Main proof ideas

This appendix provides a high-level overview for the proofs of the main results in Section 3. The
analysis is organized around the tangent matrix 7, which converts Oja’s subspace dynamics into a
recursion consisting of a deterministic contraction, a centered stochastic fluctuation, and a higher-
order remainder. Variance-sensitive control of this recursion first yields sharp convergence of the
iterates. Once the iterates are localized near U, the same recursion admits a first-order linearization
driven by the signal-tail interaction Z;Y;". This linear representation is the main bridge from
convergence to the lower bound, Gaussian approximation, and multiplier bootstrap.

We follow the organization of Sections[3.1H3.3] Appendix [B.T|explains the sharp convergence and
linearization arguments, including the auxiliary bounded-observation analysis, its transfer to the
original sub-Gaussian model through joint truncation, and the separate treatment of the exactly rank-r
case. Appendix shows how the linearization yields the global and row-wise Gaussian approx-
imations, while Appendix [B.3]develops the corresponding bootstrap linearization and conditional
Gaussian approximation. Technical details are deferred to the subsequent appendices: Theorems[TH2]
and Propositions 3H4] are proved in Appendix [E| Theorems [5H6|in Appendix [G] and Theorems in

Appendix
B.1 Sharp convergence and linearization

We first explain the core convergence and linearization arguments in an auxiliary bounded-observation

setting, where
1Yl < CpnvVAinr, 1 Zll2 < Cpnv/ Ariinad

almost surely, with C, ,, < Cyy+/log n (Assumption 3). We then explain how these arguments are
transferred to the original sub-Gaussian model (Assumption 1) through a joint truncation of the signal
and tail coordinates.

Convergence under bounded observations. The starting point is the exact tangent recursion
(Lemmal[2). After separating the conditional mean from the centered fluctuation, one Oja update can
be written as

Tit1 = (L = nL)Tk + Dis1 + Ry, (B.1)
where Z — nL gives the deterministic contraction, Dy is conditionally centered, and Ry is a
higher-order drift remainder.

Matrix Freedman’s inequality, together with the control of the drift remainder, leads to a quadratic
function ~
o(r)=ar*+br+ec

that describes the effective evolution of the error (Lemmas starting from || 7| of order 7. After
sufficiently many iterations the deterministic contraction suppresses the initial error and || 7% || drops
to order (7). Repeating this argument drives the error toward the stable fixed-point of o, which is
comparable to the noise floor 7. The remaining argument verifies that the total number of iterations
required to reach this error level is at most n (Lemmas [6H8)), yielding the convergence guarantee in
Theorem 11

Linearization under bounded observations. Once the convergence argument has localized the
iterates to || 7x|| < 7., we revisit the one-step decomposition [B.1|and isolate its leading stochastic
term. Among the terms in the centered increment Dy 1, 2 k+1Y;€11 is the only one that contains
neither a factor of 7 nor an additional power of 7. This suggests the first-order recursion

Tes1 =~ (T =0L) Tk + nZks1Yy41,

and hence the linear representation

n

Tamn Y (T—nL)" "2V,

i=1

Lemma [I0] formalizes this approximation by splitting the trajectory at the end of the burn-in period.
The pre-burn-in contribution is exponentially damped, while thereafter || 7% || < 7. makes the higher-
order terms negligible relative to the leading fluctuation, yielding Proposition
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From bounded to sub-Gaussian observations. To transfer the preceding convergence and lin-
earization arguments to Assumptlon we jointly truncate the whitened signal Y and tail Z coor-
dinates (Lemma [TT). The truncated coordinates remain centered and sub-Gaussian and satisfy the
almost-sure signal and tail bounds required by the bounded-observation analysis. The truncation
slightly perturbs their joint covariance, by a matrix H with || H|| < 1. Consequently, relative to the
original basis (Uy, U, 1 ), both diagonal covariance blocks are perturbed and the truncated signal and
tail coordinates need no longer be uncorrelated.

Rather than re-diagonalizing the perturbed covariance, we retain the original contraction Z — nC
and absorb the induced drift perturbation into the remainder. Lemma [12|shows that the resulting
recursion satisfies the same one-step almost-sure, conditional-variance, and drift-remainder bounds as
in the bounded setting, up to constant factors. Consequently, both the convergence and linearization
arguments carry over to the truncated process; for the latter, the only additional term comes from the
nonzero signal—tail cross-covariance, whose post-burn-in contribution is absorbed into the modified
remainder and whose pre-burn-in contribution is exponentially damped. This yields Lemmas [13]
and [I3] Finally, the truncation coupling (Lemma [TT) transfers these guarantees to the original
sub-Gaussian observations, giving Theorem [I]and Proposition [3]

Exact-rank case. When rank(X) = r, the tail coordinates Z vanish identically and 7. = 0, so the
analysis above is replaced by a direct contraction argument. The tangent recursion reduces to

Tit1 = Te(L, + Y Vi )7,

which preserves the column space of 7, and makes || 7% || nonincreasing. This column-space preser-
vation allows the matrix martingale arising over each contraction block to be compressed from
dimension (d — r) X r to at most r x r. Hence the dimension prefactor in matrix Freedman’s inequal-
ity is at most 2r, rather than of ambient order d. Combining the resulting one-block contraction with
a block-chaining argument yields the geometric decay in Lemmas [9]and [T4] and hence Theorem [2]

B.2 Gaussian approximation

Global Gaussian approximation. Proposition [3|reduces the distributional analysis of 7;, to the
weighted sum 7 ZZ (Z —nL)"~1Z;Y;". After normalization by /7, this is a sum of indepen-
dent random matrices. A high- dlmensmnal Gaussian approximation, together with convergence
of its finite-sample covariance, therefore gives a Gaussian approximation for /2|7, ||r. Fi-
nally, the local equivalence between the tangent and sine errors transfers this approximation to
n~ Y| sin ©®(U,, U,)||%, yielding Theorem

Row-wise Gaussian approximation. The same linearization also drives the row-wise result. After
Procrustes alignment, the leading term of U,, sgn(U,! U,) — U. is U., 1 T,. Projecting onto a fixed
row therefore reduces the problem to a sum of independent r-dimensional random vectors, to which
a multivariate Berry—Esseen bound applies. The convergence and linearization bounds make the
remaining alignment terms negligible, yielding Theorem [6]

B.3 Multiplier bootstrap

Bootstrap linearization. The bootstrap tangent recursion has the same contractive structure as the
original recursion, with the bounded multiplier weights affecting only the constants in the one-step
bounds. The convergence and linearization arguments therefore extend to the bootstrap iterates,
giving

7:5)5 an bs_ I 77‘6)” 7ZYT

Thus, conditionally on the data, the leadlng bootstrap fluctuation is obtained by attaching independent
centered multipliers to the same summands that drive the sampling fluctuation in Proposition [3]

Conditional Gaussian approximation. Given the bootstrap linearization above, the remaining
argument parallels the Gaussian approximation in Appendix [B.2] now conditionally on the data.
The linearized bootstrap error is a sum of independent centered multiplier terms, whose empirical
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covariance converges to the same limiting covariance as the sampling linearization. Conditional high-
dimensional Gaussian approximation, together with a multivariate Berry—Esseen bound after row-wise
projection, therefore yields the same global and row-wise Gaussian approximations as in Theorems 3]
and [} The same tangent-to-subspace and alignment arguments then transfer these approximations
to the bootstrap statistics. Comparing the bootstrap and sampling Gaussian approximations yields
Theorems [7] and [81

C Analysis of Qja’s algorithm: bounded observations

This appendix develops the core convergence and linearization analysis under Assumptions [3H3}
In particular, the signal and tail coordinates Y and Z are almost surely bounded, the dimension
grows at most polynomially with n, and the initial tangent matrix satisfies a deterministic bound.
Under Assumptions [3H3] we establish convergence to the noise floor (Lemmag)) and linearization
(Lemma [I0) with polynomially small failure probability. We also treat the exactly rank-r case
separately: when rank(X) = r, the noise floor vanishes, and under Assumptions we prove
geometric contraction of the tangent error (Lemma[J). Appendix [D] extends these results to the
original sub-Gaussian observations through truncation, and Appendix [E| uses them to prove the
convergence results in Section 3.1}

Assumption 3 (Bounded signal and tail coordinates). X1,..., X, € R? are i.i.d. copies of X =
Y12X where EX = 0, EXX = I, || X||y, < Cy < 1. Moreover, almost surely,

|USX]| < Cypnv/Ainr and ||U]  X|| < Cpnv/Arsimd,

where Cy r, := Choise Cypv/10g n for some absolute constant Choise > 0.

Remark 6. It follows from the definition of || - ||, and EXXT = I, that Cy > 1. Moreover,
recalling from () that Y = U, X and Z = UI | X, the two almost-sure conditions in Assumption
can equivalently be written as

Y[ < CypnvVAinr and || Z]] < Cypnv/Aryind-

Assumption 4 (Dimension). d < n% for some constant Cy > 0.

Remark 7 (Role of Assumptionf). Assumption]is used to absorb the matrix-dimension prefactor in
Freedman’s inequality into logarithmic factors. For (d — r) X r matrix martingales, this prefactor is
of order d, so d < n®? implies log d < log n. The assumption could therefore be removed at the cost
of replacing the relevant log n factors by log(n + d). Moreover, Assumption E] imposes no additional
restriction in Theorem [I] Indeed, conditions (9) and (TT) imply

nt—2e 2 Vood 71%(;5/5") 2 Vood > c,,nfc”d,

and hence d < ¢;'n'=2¢+C Thus the polynomial-growth condition on d follows automatically
from the assumptions of Theorem [I]

Assumption 5 (Initialization). Ty exists and satisfies || To|| < Cinitd, 1\ /rdlog(1/6,) for , € (0, %)

and some absolute constant Ciniy > 0.

Remark 8 (Role of Assumption[5). Assumption[5]is a deterministic good-initialization condition used
in the intermediate convergence analysis. Its role is to control the initial tangent radius 79 = || 7o ||,
which enters the stability and epoch-chaining arguments and ensures that the iterates reach the target
neighborhood within the available n updates. This assumption imposes no additional restriction in
the main theorems under Haar initialization. Indeed, Lemma shows that, for Uy ~ Haar(Qg,,),

7ol < 6, "/ rdlog(1/6,)

with probability at least 1 — O(6,,). Thus Assumptionis simply the deterministic event on which
we carry out the subsequent analysis. In the exactly rank-r case, the geometric contraction itself does
not require Assumption |5} it is only used to convert the bound proportional to || 7p|| into the explicit
rate in d, n, and 6,,.
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Recursion and one-step bounds. For brevity, we write 7 = T;, T = Ti11, Yy = U] X; 11 and
Z+ - U;:J_Xi-‘rl'

Lemma 2 (Recurrence). If T is well-defined and 1 + n(YJ;r + ZIT)YJr # 0, then Ty is well-defined
and satisfies

(=TYs +Z) Y +ZIT)

T.=T+ cl
Proof. See Appendix [C.I] O
Let F; := o(Up, X1, ..., X;) and write E'[ -] := E[ - | F;]. For brevity, denote
(=Y +ZITYi eR,  Fyi=(-TYy+2Z) Y] +Z]T) e RETIxT,
Then Lemma 2] gives
F GFy
T —T = t R, P C2
+ Mne, ~ ™ T T (C2)
Since E'[F] = —LT, the conditional drift can be decomposed as
F
BT, —T) = T + 2B |- S5 ] C3
[Ty =T]=—nLT +n [1+77C+ (C3)
:2R+

Defining the centered one-step noise Dy := (73 — T) — E'[T1 — T, we obtain the one-step
decomposition

T =(Z-nL)T + Dy + Ry. (C.4)

The next lemma quantifies the size of Dy and R4 given || 7| < 7. The important point is that the
martingale term admits a variance scale substantially sharper than its deterministic bound scale; this
is what later makes a tight analysis possible.

For the linearization in Lemma[I0] we can further decompose D, according to the two terms in (C.2):
F F
G Py —HE'{ Gt +})
L+nct L+nct

—_.p®@
=:D7

Dy =n(Fy —E[F) + n2< (C5)
N————

A1
Amin*
Lemma 3 (One step bound). Assume Assumption[3|holds. Assume T is well-defined with || T || = .
IfCi’nﬁ/@*r(l + 1v3) < 1, then the following hold.

Recall k., :=

() Noise D || Dy || < 4C7  ikar(1 + Tv2)(T + v2) almost surely and

max{|[E'D; DL, |[E'DIDL||"*} S Ciika /7 (14 7vs) (7 + 7).

() Higher-order noise D(f): HDf) | < ACy, PRI (1 + T1)?(T 4 v2) almost surely and

max{ [E'DE DT, B DT DR |V} < Ol nirt (14 1) (7 +9).

() Drift remainder Ry : ||Ry|| < Ciﬁz/iiﬁﬂ (14 7000)> (T + Voo
Proof. See Appendix O
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T = (T —nL) Ty + DX + R*) where

Define
0o (T) = \/ipo (1 4 T00) (T + D), where p, = qEC’i,/i*\/rlogn,
oB(T) =np(1 4+ T12)(T + 1), where pp :CEC’iﬁ*rlog2n.
Here (f5 > 0 is some constant to be determined later in Lemma 3}

(C.6)

Let ¢, Vcw @B denote the coefficient-wise maximum of two quadratics. Specifically, after expanding
po and pp as
0o(T) = Ao +beT+ o, g = \TpoVoo,  be = VTpo(1+ Ves?),  Co = /Tipa?,
¢p(1) = apT? +bpT +cp, ap =Tppva, bp = npp(1+v3), cp = 1pBYa.
we let
() = (P VewB)(T) := a7 +bT+C, a=a,Vag, b=0b,Vbg, ¢€=c,Vep. (C.7)

bo
Since all coefficients are nonnegative, we have o(7) > ¢, (7) V pp(7) for all 7 > 0. Define the
noise floor T,

7. 1= 3¢ = 3max(\/Tp. 7, Tippre) (C.8)

Before establishing convergence, we record several properties of the envelope ¢ that will be used
repeatedly.

Lemma 4 (Properties of ¢). Let ¢ and 7, be defined as in (C.7) and (C8). If a,b,c > 0 and
max(ary,b) < 1/3 for some 79 > T, then the following hold.

(i) (Fixed points) The equation @(7) = T has two positive roots T_ < T4 with

1 1
E<7—7<35, 3T<T+<j.
a a

(ii) (Stability) 7— < 7, < 79 < T4
(iii) (Contraction between 74+) p(7) < 7 for T € (17—, 7).

(iv) (Quantitative contraction) For all T € [r.,m0]: ¢(7) < max {(ar + 2b)7, 7. }.

Proof. See Appendix [C.3] O

Lemma 5 (One epoch bound). Assume Assumptionandkold. Assume || To|| = 70. Let To = TV Ts.
If Voo > 0 and max {Eﬁ'o, b} < 1/3and

it € (0,3), TCZ kar (L+2Rwn) < 4, C3\/lkur (14 2Fvs) <log™*?n,  (C.9)

then there exists a constant (g > 1 large enough (only depending on Cy) such that, defining ¢
and 7, as in (C.7) and (C8), with probability exceeding 1 — n=2%, the following properties hold
simultaneously for all k € {0,...,n}:

(Concentration) || Dx|| + [|R]| < @(;0), (C.10)

(Descent) || Tall < (1 — )7 + ‘p(;O). (C.11)

(Stability) || 7a]| < 27, (C.12)

Proof. See Appendix [C4] O

Corollary 9. Under the conditions of Lemmal[3] if o > 7. and § > (7o), then, defining N (7o, 8) =
[log(270/3) /7], with probability at least 1 — n~=2°, || Ty|| < d for all k € [N(19,d),n].
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Proof. See Appendix [C.3] O

Define the epoch sequence: 7o := ||To|| = 70 V 7 and

fj+1 = (p(fj)\/T* fOI‘jZO,l,... (C13)
with J, :=min{j > 0: 7; < 7.}, epoch lengths 71; := [log(27;/7;41) /7|, and cumulative lengths
No = 0, Nj+1 = Nj + T_Lj.

Define epochs to be [Ny, N1), [N1,N2),...,[Nj _;,N; ) and [N ,00). We call [N;, N;;1) the
j-th epoch. An epoch j is called nontruncated if ¢(7;) > 7., and truncated otherwise. By definition,
the (J, — 1)-th epoch is truncated. Lemma@ shows that all epochs j < .J, — 2 are nontruncated.
Moreover, if n falls in the final epoch [Ny ,00) (i.e. n > Ny ), then ||7,|| < 27,

Lemma 6 (Epoch chaining). Assume the conditions of Lemmal[3} Suppose further that
max {d’l_'o, b} < m

for some constant € > 0, then the following hold.

I (Epoch structure)

@7 | T J. < 0o and Tj, = T

(b) (Uniform progress) Every nontruncated epoch j with ¢(7;) > T, satisfies

log(_l) > clogn + loglogn.
Tj+1

In particular, each nontruncated epoch reduces log T; by at least €logn + log log n.
(c) (Epoch count) J, < log, (%*)/(élogn + loglogn) + 1.

(d) (Total iterations) Ny, <7~ 'log, () + J.[~ ! (log 2) + 1].

II (|| 7%|| bound) With probability at least 1 — J,n~2C, the following hold uniformly.

| Tll < 27; foranyk € [N;,n], foranyj =0,1,...,J,.

Proof. See Appendix [C.6] O
Lemma 7. Assume the conditions of Lemma Let n = c:i% for ¢, > % If cpylogn >
Chua log+(\/ﬂro/7'*), where
1 1 .

Coua = 1+ (Zlogn + loglogn * log+(\/ETo/T*)) (log2 + log™* n). (€14
Then:
() Ny, < Slosel2onnir) o,
(i) 7 < \/Tpoi.
Proof. See Appendix[C.7] O
Lemma 8 (Convergence). Suppose Assumptions[3H3| hold. Assume

Voo > cyn~ " for constants C,, > 0,¢, > 0 (C.15)

Lete € [0,1/2) and set

logn

(C.16)

3C, log ™2 n + log 2
n=cy ) (1 )

) h > *Z: (1— —_—
nere. e = tn et elogn + loglogn

nAmin
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If

log(1
n*=% > Cge,k2r®(log n)4w max(1, Vood) (C.17)
P

for some constant (g > 0 large enough (depending only on Cy, C,, ¢, and Cq). Then with
probability at least 1 — n =19,

logn

T foral HnJ <k<n  (C.18)

~ A
1Tkl < 274 < KA/ Trlogn = Ail./cnrl_/

Proof. See Appendix [C.8] O

Lemma 9 (Exact-rank contraction). Suppose Assumption |3| holds, rank(X) = r and Ty is well-
defined. Fix € € [0,1/2) and set

cnlogn
n= nn)\,, , where ¢, > 1/2.
If
nt=2% > C’rkcnmfr2(log n)4 (C.19)

for some constant Cyy. > 0 sufficiently large (depending only on Cy), then, conditionally on F, =
o (Uy), with probability at least 1 — n =19,

172 < 16eexp { - (1 JEbITL k=01 €20

nflogn
In particular,

Tl < 16en=en=("loam 75
If, in addition, Assumption[3]holds and

log(1/6,) o

1-2 2,2
n' "% > Cieyrir-(logn) 2
P

then on the same event,

d 1/276 1
17kl S Vin eXp{— <1 ) kﬁ} k=0,1,...,n. (C.22)

Crk«yv/T(logn)2 "~ nelogn
Venkiy/1(log g
In particular,
||7;z|| < \/E nl/Q_E_C”(l_(nE logn)fl).
~ VCntixy/T(logn)?
Proof. See Appendix[C.9] O

Lemma 10 (Linearization). Under the assumptions of Lemma@with ey >yt %, with probability

exceeding 1 —n =18,

1T = 0> @ =00y (2| S 70 [GaCEra/rilogn + 7. ] S

n€logn’
i=1 <3

Proof. See Appendix [C.10} O
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C.1 Proof of Lemmal[2|
Since Uy = QR([?}), the ratio 7, = (U,L_ U.) (U, UL )~! is invariant under the right factor, hence
TL = §+C~;1 where C~+ = U;rﬁJr and ‘S~’+ = UL_T?}.
Since Xy =U.Y; + U, 1 Zy andU = U,C + U, | S, we have
Xju=Y/C+Zz[S=Y+Z[T)C (C.23)
=T eRIXT
Substituting into 17+ =g+ 77X+XI)U, we can obtain
Cy =CHnYy XU =[I,+nYv']C
S =S+nZ: X U =[T+nzZw'"]|C
Hence
T =8,C = [T+nZw | [L+nYiv' ]

Note that the inverse can be computed by Sherman-Morrison formula. Specifically, if 1+nv Y, # 0,
then

Yiol
| [ A
T+ [T+77 +v ] 7]1—|—77UTY+
Expanding the product gives
TY+UT T 2 Z+'UT(’UTY+)
= —_— — Z p— -
Te=T 1714—7]11TY+—H7 0 1+nvTYs
TY, 0" T n Y,
=T —p——T VA 1 1= -+
T 771—|—7711—'—Y_,_ R 1+nvTY,
T TY v AN

- +nuTY, g +nuTY,
(—TY+ + Z_i_)UT
1+nTY,

=T+n

Finally, plugging v " from (C.23) back in gives the desired recursion formula.

C.2 Proof of Lemma[3

Recall (C2) that

F
To=T=uPy =P, where Py= (<TYi+ Z)(¥] +Z]7) e RO
+

and (= (Y] +Z[T)Y, €R,
Define V) = (=TY, +Zy) €R"and Vo = (Y. + T " Z,) € R", then
Fo =WV, ¢ =W'Y,.

Recall conditional drift B and noise D from (C.3)

/ G+ Fy
By = E'[T, =T = —nLT + QE'{ ]
+ [T+ —T] n n Tt
::R+
F (L F
Dy =(T -T)—FE'T: —T)=n(Fy —E'[F])+ 2(—<+++E’{++D.
+= (T4 ) [Ty = T]=n(Fy (f+D n T+1C, TG,
::D+1

—.p®@
=: DY
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Recall vy = A /)\1/2 and Ve, = )\1421/)\1/2.

r+1l~d 1~r
Assumption 3] yields
VB <€ Cdiars (12403 < C2hviina (C24)
which implies
1/2
IVally = 1=TY4 + Zally < Tl IVl + 1124 llp < Conhilly (4 w2), 29

1/2
Vall, = [V + T Za [l < 1V lly + 1T, 125 1y < ConhiZ (14 702).

Since [(1| = [V5' Y| < |[Vally | Y4l < C7, A~ (14712), the hypothesis nC7 | A1 (14715) <
1/2 gives

1 1
InCy| < 3 hence |1+ nly| > 3 (C.26)

For later use, we also record the sub-Gaussian norms. Since Y = Ai/ 257+ and 7, = Ai/ f_ Z+ with
(YT, Z1) T |lyy < Oy, we have |Ye||,, < A/*Cyand || Z4 |, < A3 Cy. and thus

1/2
1Villye < ITHNY3 Ny, + 1241y, < Colt*(7 + veo),

(C.27)
1/2
Vallys < 1Villy, + 1T N1 Z4 11, < Cort/> (1 + Tro0).

1/4,

Preliminary [E'(?] Since ¢, = ||V, |* + Z[TY,, triangle inequality of L4 norm gives

(B¢ < B vy 3] + Bzl Ty S ey + [B/(Z1TY )Y

where the last inequality follows from Lemma[37] For the second term, Cauchy—Schwarz gives

1/4 811/8 1/8
[E(ZETY ) ] < (BT 2] [B Y]

<Oy [n(TT AT Oy Tt ALY

< N O

< Ci’l“)\lTl/oo
where (i) follows from Lemma[37} Therefore, we have

[E’C ]1/4 < er)\l(l + TV )- (C.28)
(I) Noise D,. Recall definition
Fy
Dy = (T =T)-FE'[T-=T], where T, -T = (o Fp =Wl

Deterministic noise bound: Equation (C.23)) and (C.26) give
175 = TU =0l Eell/11+0¢] < 2nllFi |l = 20]|Villl[Vall < 267 pndams (7 + v2) (1 + Tr2).
Since || Dy || = (T3 = T) = E'[Ty = T < T3 = T + [IE[T% — 71|, we obtain
1D+ < 4031,”77)\1,”(1 + 1) (T +19) < 40317”7]/@'*7“(1 + 7o) (T + 12).
Variance bound for D : By definition,

Fy
14+n¢y"

Dy =(T =T)-E(T3 = T), with T, —=T =1 Fp =WV,

The second-moment domination of the variance and (C.26) give

E'DyD] <E(T3 —T)(T+ - T)" 2 4p’E'F F]
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E'DIDy <E(T: —T) (T4 = T) < 4’E'F| F,

Row quadratic variation |E'D, D] ||*/2. Since F{ F] = ViV;" ||V, for any unit vector u €
R?=", Cauchy-Schwarz inequality yields
1/2

1/2 1/4

S [E/(uTvl)él] 1/4 [EI||‘/2H4:|
< CuMN (4 vso) [E VAl
~—_—————

T B ] Y = [ (V)

=24

where the last inequality follows from . To bound ¥ 4, note that Vo = Y, + T ' Z, isa

linear transformation of X ;, hence Lemma [37|implies that 7, 4 < [tr cov’ (Vg)]l/ % || X 4 ||y, where
cov’ denotes the covariance conditional on previous filtration (similar to E’). Using inequality
cov'(A+ B) = 2cov'(A) + 2cov’(B) and (a + b)*/? < a'/? + b'/2 for a, b > 0 then gives

[trcov’(‘/'g)]l/2 < [trA* + tI'TTA*,J_T]l/2 = [Alwr + HA}/ETHH i

}1/2

< [r/\l + HAi/f_HZ ||T||12; < [7“)\1 + Ara1 -7“7'2}1/2

< (rA)Y2 14+ 0272 < (rA) V2(1 + voor)
Thus
Tou < CyrPAV2 (14 1) (C.29)
which implies
IE'FLE] M2 S C3rtPa(r + veo) (14 Trso)
and

IE'Dy D2 < Chitka/T(1 4 T0o0) (T + Vo). (C.30)

Column quadratic variation |[E'D] D ||'/2. Since F] F, = V1 ||* VoV, . For any unit vector
v € R", we have

1/4

T E(FIFO0]? < [TV Y (B S Cun2 (0 + us) [E V14!
————

=14
where the last inequality follows from (C.27). Recall V; = —TY, + Z., similar arguments as row
quadratic moment give v1 4 < Cy, [tr cov’ (V1)]*/? with

[tI“COVI(V1>]1/2 S[eTAT T +tr A*’J_]l/2 = ["Ai/2TTH; +tr A*7J_i| i

]1/2

1/2 )
} < [Mer™? + Argina

< (A2 TP + Arava

<\2

(72 + v3) 2 < N2 (7 + 1)
which implies
’17174 5 C¢>\},/V2T(T —+ VQ).
Thus
B FLFL V2 < CEIMPAL QL + Tos) (7 + v2) < CIMr Y21+ 7o) (7 + 12)

and
IE'DID|"? < Chitkua/T(1 + Troo) (T + 12). (C.31)
Combining (C.30) and (C3T) gives the desired variance bound for D with 7 = max(Veo, V2).
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(II) Higher-order noise Df). Recall definition

F (L F
D<2>:—n2( G By —E’[ R D where F, =WV, , (. =V, Y,.
* L+nGs L+n¢y o o

Deterministic bound: Equation (C.23) and (C.26) give

<207 |G IF I < 207 |Gl VA V2

< 2772C’i n AMr (14 T12) - C’im AMer (T + 12)(1 4 1)
= 2C$,n”72)\%~r(1 + TV2)2(T + 1)

HWQC+F+
1+n¢t

which implies
1D < 4CY WP AT (L4 T02)2 (7 + v2) < ACY PRI (L4 702) (7 + v2).

Variance bound: By the second-moment domination of the variance and (C.26), we have

2
E'[DP (DT < E [n4(CF+FT] < 4n'E [ FF] ]

- 1+ n¢4)?
2
2 2 &
E (D) DY) <E [yt WFTF+] < 4'E [ F] Fy]
Row quadratic variation ||E’Df)(DS_2))T||1/2. Since F. F] = ||Va||> VAV;", for any unit vector

u € R%", Cauchy-Schwarz inequality yields

1/2 1/2
= [E'G Vel (V5 Y3 )? (uTV1)?]

<[B! B el T vt
< [EC) B ValB] V3B (uT V)R8
S C2rA (1 + o) [E|Val P18 Oyt (7 + 1)
—_———

W B P F

=T 5
where the last inequality follows from (C.27) and (C:28). A similar argument as 05 4 (C.29) gives
Tos < Cyr2AV2 (14 1u0) . (C.32)
which implies
B [GFFI] Y2 SO r3 2N (14 7r00) (T + Vo)
Thus
IE'DP (D) TI[V2 < CARPR232 (1 + T1o0) (7 + voo).-

Column quadratic variation ||E/ (D(2) )TD(Q) |1/2. Similar to the row quadratic variation, we have

||E'( )TD 2)H1/2 < C4~2 2 3/2(1 7102 (T + ).
The proof is omitted.

Combining the bounds above gives the desired variance bound for Df) with 7 = max(Veo, V2).

(III) Drift remainder R,. By definition,

G+ Fy ]

2
e = nE[1+77C+
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By Lemma |36, we have ||E'W || < ||E'WW T ||*/? for any random matrix W. Applying this with
W =(F,/(1+n{y) and using |1 + n¢y| > 1/2 give

G
(1+nC4)?
Since Fiy F| = ||[Va||*V1V;", for any unit u € R?~", we can obtain
1/2 1/4 1/4
VTR < (B (Bl 6]
1/4

< [E/Ci] / [E/HVQ||8]1/8[E/(U,TV1)8]1/8

S O3 (1 + Trae) - Cyr A% (14 1) - Cu A (7 + voo)

= C’ir?’/Q)\f(l + T000 )2 (T + Vo)
where the last inequality follows from (C.28), (C.32)) and (C.27)). Therefore,

IR || S Cpi?k2r® (1 + Trse) (T + voo).-

1/2 1/2
1Bl <o PRI <o B R R

C.3 Proof of Lemmald]

(i) The fixed-point equation reads ar? — (1 — B)j +¢=0.Since 7y > 7, =3¢ 9ac = 3a - 7, <
3atp < 1. Hence 4ac < 4/9 = (2/3)? < (1 — b)? (using b < 1/3), giving positive discriminant.
Since @, ¢ > 0 and 1 — b > 0, both roots are positive. Vieta’s formulas then give

n 1-—- d c
T4 +7-=—— and T47_ = —.
+ Z + Z
Since 74 > 7_ > 0, we then have
1-b 1-b
— < T+ < =
2a a
which combined with the equality 77— = ¢/a gives
c 2c
— <7< =
B 1-6— —1-0
Plugging in 2/3 < 1 — b < 1 gives
1 1
— <71 <, c<T_ <3¢
3a a

(ii) By assumption, 79 > 7. It suffices to prove 79 < 74 and 7. > 7_.

T > 7_ is implied by 7_ < 3¢ from (i) since 7, := 3c.

7o < 74 follows from the assumption a7y < 1/3 and 74 > 1/(3a) from (i).

(iii) h(7) := () — 7 is a convex quadratic vanishing at 7, hence h < 0 on (7_, 7).
(iv) Set ty = ¢/b. We have tq > T, since ¢/b > 3¢ = 7,. We consider two cases:

Case 1 (T € [to,m0)): ¢(7)/7 = ar +b+¢/7 < ar + 2b (using &/7 < b).

Case 2 (T € [T4,t0]): we have (1) < 3¢ = 7. This follows from an analysis of the quadratic
and linear term in ¢(7) = ar? + br + ¢. Linear term: br < ¢ (using b < ¢/7). Quadratic term:
ar? < ac®/b* < ¢ where the last inequality follows from

b > ac
which we now prove. Without loss of generality, assume (jy = 1. Note that v, > 0 and v, > 0
9therwise a = 0. Since ac = max; a; - max; c; is one of four products a;c;, it suffices to show
b% > a,c; forall (i, 5) € {0, B}2.
Same-index: b? > b? > da;c; > a;c; (by AM=GM: (1 + z)? > 4x).
Cross-index (aycp): (14 voo?)(1 + 12) > 2us > Voo since vy, < 1.
Cross-index (apc,): note that b2 > b,bp, hence it suffices to prove
(14 veo?) (1 +13) > 1o
e when 7 = v, (SO Vs > 9, both < 1), LHS > 1 > vy = 150
e when 7 = v, LHS = 1 + 2 + Voo Vs + VooV > V2 = 1ol
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C.4 Proof of Lemmal[3

Note that v, > 0 implies that @, b, ¢ > 0. Also, n\; = 77k, which is € (0, %) by assumption, hence
Lemma [36]can be applied.

The proof has two steps: Step 1 shows uniform concentration of the stopped accumulated noise and
remainder, establishing the existence of (fg via matrix Freedman’s inequality. Step 2 converts this

into (CI0)-(C12) via induction.
Step 1: Multi-step concentration and construction of (j5.  Recall the decomposition

T = (T —=nL)"To + Dy, + Ry,
k k
where Dy, = Z(I —nL)*7'D;, Ry = Z(I —nL)* 'R,

=1 i=1

Define the good event

k
Gu(70,2) = {ITol <R} n {ITil <27}, k=0,
i=1
with the convention %(75,2) = {||To|| < 7o}, and let 15 (7) denote its indicator. Define the stopped
accumulated noise and remainder for k € [n] as

k

Di(fo) == Y _(Z—nL)"1;_1(70)D;,
=1
k

Ri(Fo) == > (T —nL)" " 1i1(R) Ri,

i=1

and D;(7y) = Ry (7o) = 0. On %,_1(70,2) every indicator 1,_; = 1 for i < k, so the stopped
processes coincide with their unstopped counterparts:

DZ(?O) = Dk and RZ(’IF:O) = Rk on g]@,l(’?o, 2)

Claim 1 (Multi-step concentration). Assume assumptions of Lemma 3 hold. Then there exists a
constant Cgy > 0 (only depending on Cgq) such that

e{1Dil + 13l < 27 ot € (o)} =1 - 0~

Proof. See Appendix [CA.T] O

Define event
- N T
&= {130, 2 + 1Ry 2l < 20 foratt ke ol |
Claim|[1]implies P(&,) > 1 — n~20.

Step 2: Induction. We show that on &, (C-10)-(C.12)) hold for every 0 < k < n by induction.
Base case (k = 0). Since Dy = R = 0 and || To|| < 7 < 279, (C10)-(C.12) hold trivially.

Inductive step. Suppose (C.10)-(C.12) hold for all indices m = 0,1, ...,k — 1 on &,. Then event
%.—1(T0, 2) occurs. Thus, by definition of the stopped processes, we have

’DZ ZDk, th ZRk on (o@*.
which implies (C-10) holds for m = k on &,.
Triangle inequality then gives

¢(7o)
2

|72 — (Z = n)*T6 | < IDell + IRill < D] + IRE) < on ..
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which is (CI1)) for m = k.

Moreover, since ||(Z — nL)*Tol| < (1 — nAmin)*70 < 70 V 7w = 7o by Lemmaand ©(70) < 7o
(Property [(iii)), we have

N 7 N
[Tl < 7o + *”(20) < 2%.

which is (CI12) for m = k.

This completes the induction and hence the proof.

C.4.1 Proof of Claim[i]
For brevity, denote 7 = 27y and
D;. = Dy (70), R} = Ri(T0), 1 = 1x(70).
(1) Bounds for D;. Fori € [k], define
AR = (T — L)1, ,D;.
Then Dj = 3% A% and {37, A% }jzo is an R(~")%"_valued martingale. We can calculate
e | A7 | = max | (7 = ne)* L1 D

%

(%) (44)
< mz[ilg]( 11,1 D;|| < Ci WMk (1 + 712) (T + 12) =: B5(7) (C.33)
i€ ’

and

- ), 4TV [ (INT 4R ||M2
maX{HZ]Ei_lAi (Az ) H y Z]Ei—l(Ai ) Az H }
=1 =1

(i) o . 1/2
< [Z(l — m2(k72) maX{HEi—l]li—lDiDzTH , ||Ei_1ﬂi_1D;rDi||}]
=1
(iv) p F 11/2
S [ =20 iR (1 + ) (7 + )
=1
ST kT (1 + Tvo0) (7 + 7) = 0 (7) (C.34)

where (i), (iii) follows from Lemma[36} (ii), (iv) follows from Lemma[3}

In view of the matrix Freedman’s inequality (Theorem , with probability exceeding 1 — n~2!

ID;ll < op(7)/1ogn + By (7)logn (C.35)

where the last line follows from the definition of ¢, and ¢ g in (C.6).

(2) Bound for Rj. Applying Lemma[3|and Lemma[36] we can obtain
k .
IR <D (=0 [ Lia Rl
i=1

k
S (=D ICHPRE (7 4 ) (1 )
=1

< CiﬁmirB/Q(T + Voo ) (1 4 Tvs)? =: B (1) (C.36)
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(3) Variance domination. Combining the above the bounds (C.33) and (C.36), we have with
probability exceeding 1 — n=2!,

D%l + RIS op(7)V/logn + Bp(7)logn + B (7)

We next show that the remainder term B () is dominated by o (7)+/log n. To this end, note that

1 (o) e}
(1)\/logn 2 By (17)y/logn <— C’i ﬁm*r( v )(T_H/ ) <1

T+ U

For 7 > 0, we have 7 + v, < 7 + v, thus

(1 + TV ) (T + Vo)
T+UV

Hence, a sufficient condition for o7, (7)+/log n > B (7) is
C2\/Tkar(1+ Trs) S 1

<14+ 7Tvs

which holds under (C9).

(4) Defining 0. Combining the bounds for D} and R} and the conditions for variance domination,

we have with probability exceeding 1 — n =21,

IDEll + IREII S op(T)\/logn + By (1) logn
Thus, if we take

(7o) == [Garp(7)V/logn| Vew [CaBp(T) logn]

for some sufficiently large constant (jg > 0, then we have

p{ i)+ IRil < £ > 1

After plugging in the definition of B}, and ¢ from (C.33) and (C.34), we see that ¢ is exactly the
function defined in (C.7).

Finally, a union bound over k € [n] gives the desired result.

C.5 Proof of Corollary[9]

By Lemma|[3] with probability at least 1 — n~2°,

1Tl <@-mfro+ £ k=01

For all k > N(79,6), (1 —1)*79 < §/2, while (79)/2 < §/2 by assumption, hence || 75| < 4.

C.6 Proof of Lemma

(I) Epoch structure. Since v, > 0, we have a, b, ¢ > 0. Moreover,
1

max {a7, b} < ———— < —
{aro.b} 3nflogtn 3
Hence the assumption in Lemmad]is satisfied.

(a) Let 7 be the j- -th iterate of . LemmaEk iii) implies that 7_ is a stable fixed point over (7_, 7 )
and the sequence {¢°/(7)},>0 decreases monotonically to 7_. Moreover, we have 7_ < 7, < 7 <
74+ from Lemma Ekn) thus (a) follows.

(b) For any nontruncated epoch j with ¢(7;) > 7., Lemma iv) gives

_ _ __ o 1 _
Tit1 = ¢(Tj) < (@7 + 2b)7; < — lognTj

Thus (b) follows.
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(c) Note that

-1

Z log(7;/7j11) = log(70/7;,) = log(70/7:) <log, (70/7x)

0
Note that the j-th Z:poch must be nontruncated if j < .J, — 2, thereby each contributes > €logn +
log log n to the sum above by (b). Thus, we have

J—2
log, (10/7:) > Z log(7;/7j+1) = (Jo — 1)(€logn + loglogn)

which implies T

Jo1<- log, (10/7+)
elogn + loglogn
and hence (c¢) follows.

(d) Since Corollary [0]implies that

i <N ~llog ( iE;
for j =0,...,J, — 1. Summing over j gives the bound on N, .

> +7  log2 41
(IT) ||7%|| bound follows from iteratively applying Lemma [5| and Corollary E| over epochs j =
0,1,...,J,, and taking a union bound over the failure probabilities of each epoch.

C.7 Proof of Lemmal/7|

Under assumption Ci \/ﬁ/@*r (14 2Tovs) < 1og*3/2 n, we have

~ < [ 1 r (1) 1 (C.37)
= (logn)3/2rClr.d ~ r2log’n '
where (i) follows from x, > 1 and Cy, > 1.
(i) (V7. < n) Note that
~ cnlogn
ni = c,logn = Chud log, (\/2¢,, T0/Tx) (C.38)
K Cbudlong(w/QCnTo/T*) * K
Then, by Lemmal6] we can obtain
N, < log, (ro/7+)  (_logi(mo/m) |\ (log2
* n elogn + loglogn n
(i) log, (1/2¢y 7'0/7'* log (\/2¢y T0/Tx) +1 log 2 41
- n clogn + loglogn n
log., (\/2¢;, 70/ T« 1 1
=n g ( ! o/ )[1+(~ + )(1og2+?ﬂ}
nmn elogn +loglogn  log, (\/2¢, 10/Tx)
(®)  log, (£/2¢, T0/ T« 1 1
<n B 7 0/7s) {1 + (~ + ) (log2 +log™? n)}
nn elogn +loglogn  log, (\/2¢, 10/Tx)

) log+ v/ 2¢y To/Tx)

cylogn
where (a) is due to 2¢,, > 1, (b) results from (C38) and (c) follows from the definition of Chuq

©

('3

bud

(i) (1. =< ﬁpgﬁ) By definition (C.8), 7. := 3max{ \/ﬁpgﬂ, nppve}. Thus it suffices to show
nppve < \/ﬁpgﬂ. Straightforward computation gives

npBY2 1
\/pg \F log n < 7

where the last inequality follows from (C.37). The proof is then complete.
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C.8 Proof of Lemmal§|

In view of Lemmal[7] it suffices to verify the conditions therein are satisfied. Note that by definition,
cy > c;*l > % The conditions to be verified are listed below:

(C1) ik, € (0,1/2).

(C2) max(ary,b) < 1/(3nlogn) for some € > 0.
(C3)TC2  kar(1 + 27gws) < 1/2,

(C4) C’?p 171/2,%*7"(1 + ToVeo) < logf?’/2 n.

(CS) ¢y logn > Chuda log™ (4 /2¢,To/Tx), Where

1 1
Coug = 1+ (Elogn + loglogn + 10g+(m7.0/7_*)) (log2 +1log ™’ n)
Define
o Ventkinr®? max(1, \/vood) log® n \/log(1/5,)
vn 5
— T2 max(1, /v d) (log n)S/QM
Assumption mthen reads 3

(C.39)

(C1). Since n\; = 7k, = & lzgn/f*, we have
w1 B
P2~ log® nlog(1/d,) ~
where we have used k. > 1 and §, € (0,1/e). Thus,

nA1 <

<

Ml

for (g large enough.

(C2). By definition, max(ary, b) = max {a,79,ap7o,bs,bp}. We consider each term separately.

Term b,. By definition, b, = ﬁqECin*ﬁ(l + voo?)y/logn. Note that ¥ = max(ve, Vo) =<
V9 + Vs, WE have

14 veo? S 14 Voo (V2 + Veo) §2+Voo\/guoo§1\/\/yood

where the last two inequalities exploit v, < 1 and vy < \/&uoo. Thus, we have

b 1 log(1/6,)
27 < GrC2 P
o~ qmcwrlogn Op
thus
CrC?2
by 5 l/g 511
Cg/? n°logn
1
3 logn for (jg large enough.

Term bp. By definition, bp = 7GRC; k.7 (log n)* (1 + 13). Since

1+vs <1+ dv2 <max(l,dvs)
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we have
1

logn

bp 9
2 S GC3
which implies
GaC; 1
g n?*logn
< 1
3n¢logn

b <
for (jg large enough.

Term a,To. By definition,

asTo S \/ﬁquim*\/rlogn -4/ rdlog(1/d,) (5;1
S GaC®log ™' n
1

< 3 logn for (jg large enough.

Term apTo. By definition and Assumption 5] we can obtain

apTo S ﬁqECimr(logn)Q\/&uoo -4/rdlog(1/8,) (5;1

2
1
< q 02 @21 -1 < qmo¢
~ vE 08 M (g n%*logn
1
W for (g large enough.

(C3). It suffices to show
NCs kar <1/4  and  7C k.- 27ovy < 1/4

First term.

~ - 1
nCi)n/@*r < nCi(log n)kar < 2

Thus 77C7, ,, k. < 1/4 for (g large enough.

Second term. By Assumption 3} we have

O et - 27003 S CG (l0g n)sur - \frdlog(1/6,) 8, ' Vdves

= Ciﬁm*rg/zduoo(log n)y/log(1/6,) 6,

< @2

Hence ﬁC’Q’nn*r - 21919 < 1/4 for (g large enough.

(C4). It suffices to show

1

2 ~1/2
Cym ' hRar < 3/2

and C’i 771/2&*7“7'01/00 <

32 2log

2log n

First term. C’fﬁ]lﬂmrlog?’/2 n < ® < 1/2 for (g large enough.

Second term.

C’fb T2k rToves < Ci 726,y rd log(1/6p) 5;11/00
< C2 32k /dvs \ Jlog(1/6,) 6,1 < @log™*/?n

1

_— for large enough.
210g3/2n Cllarg ¢
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(C5). It suffices to show
ey > 1 Cbud log™ (V2¢n0/T4)

1 log2 +log > n N »
- ! 1 2¢,mo/7.) +log 2 +1 C.40
logn [( T clogn + loglogn ) %8 (v/2eq70/72) +log 2+ log ™" n (C.40)

where the last line follows from the definition of C}, 4.
By definition of 7. (C.8), we have

Te > 3\/%,001/00 = 3\/§C{HC’iK*\/rlognyo@
By (C:13), we have
Ka/T - cyn” v (C.41)

By Assumption 3]
To < Cinit(sp_l rdlog(1/dp)

1 Cy ].
< Ciig/rn> 517"

k1 (logn)?./Cgeney

Here the last line follows from assumption (C.17) and (C.13), which together imply

4log(1 log(1
nt=2% > Qgcnfifrzuood(log n)4 og(52/5 r) > Qgcnﬁ ( C")d(log n)470g(62/6p)
P

(C.42)

giving, after rearrangement,

dlog(12/5p) < pl-2+C, _ 21 .
62 Ggienk2ric, (logn)
Combining (C.4T)) and (C42) gives
2¢yTo < Cls—]1/2n175+3§” 10g‘3 n

Tx
Thus for (g large enough, we have

3Cl,
log (\/2¢y70/7x) S( 5 —E) logn — 3loglogn

Hence
3C, 3loglogn log2+1log 3 n log2 +log > n
RHS of (C40) < 1 - |1
© - {( * 2 E) logn ] ( +elogn+log10gn logn

3C, log 2 + log =3
g( —a) <1+ og 2+ o8 n)z:c;;, forn > 4.

2 elogn +loglogn
where the last line follows from the fact that

3loglogn <1 log2+1log>n ) S log2 +log > n

T forn > 4.
logn 5 logn + loglogn logn

Therefore, we have

Chua log™ (v/2¢ym0/T4) i‘] <1
cplogn Ty T

for n > 4 and (g large enough.

The proof is then complete.
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C.9 Proof of Lemmal9

Step 0: Preliminaries. Since rank(3) = r, we have A, | = 0. Therefore Z; = 0 almost surely
forall i € [n],

~ 1
Vo = Voo =0 =0, Anin = Ay n=n\ =cy ogn’ LM = MA,.
n

* Monotonicity. By Lemmal[Z] the tangent recursion reduces to

77776Yk+1YkT+1

Tes1=Ti —
T Y |12

=TI + Y1 Y1)t (C.43)

where the last equality follows from the Sherman-Morrison formula. Since I, + Yy 41 Yk—;l 0
and || (I, +nYi41Y, )7t < 1, we have

col(Tit1) = col(Tk), [Tl <7l k=0 (C.44)
» Sample-size condition. Define
G ko1 (logn)2
B m V/Cn ki1 (logn) .
Vn
The sample-size condition is equivalent to
1
Dy < ——. C.45
kS e (C.45)
For Cy sufficiently large, this implies
9 ~ 1 1
C’wﬁnnn*r < 3 NAL = Nky < 3 (C.46)

Since v5 = 0, the first inequality ensures that Lemma [3|applies at every step.

Step 1: Contraction over one block. For any start time s € {0,...,n — 1} and every ¢t > 1 such
that s + ¢ < n, iterating (C.4) gives

s+t s+t
Tort =T —nL)'Ta+ Y (T—nL) " 'Di+ Y (T—nL)" 'R (CA47)
i=s+1 1=s+1
Specializing Lemma[3|to v2 = v, = 7 = 0 and using contraction ||7;_1 || < 75, where 7, := || T]|,

gives
I1Dill S CF ki Ts,

max{|[E;_1 D; D |/, |[Ei_1 D] D;||'/?} < Coijrn/rrs, (C.48)
IRl S Clif2r®/or,.
With these bounds, we can bound the three terms in (C:47) as follows.
« Linear term. By Lemma[36 ||(Z — n£)?|| < (1 — #)7, j > 0. Thus [|(Z — nL)!T5|| < (1 — 7)*7s.

« Martingale term. Define A" := (T — n£)*+*=iD, fori = s+ 1,..., s+ t. Then max; || A{"|| <
O3, k15 Moreover,

s+t

max{” Z E;_, A(t (t)TH1/2 . 1A(t Et)H1/2}
1=s+1 1=s+1

< erm* T [Z }

j=0

< Ciﬁl*\/rﬁTs.
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We now exploit the multiplicative structure in (C:43)), which is specific to the exact-rank case, to
reduce the dimension factor in matrix Freedman’s inequality from the ambient dimension d to at
most 2r. This removes the need for Assumptiond] Writing

ad

3

K=
L+ n|Yi]]?

we have T; — T;_1 = —nT;—1K;, and hence D; = —nT;_1 (K; — EK;), which implies col(D;) c
col(T). Moreover, since £LD; = D; A, in the exact rank-r case, (Z — nL)? D; = D;(I, — nA,)7.
Right multiplication cannot enlarge the column space, so

col(Az(-t)) C col(Ts), i=s+1,...,s+t.

i € [n],

Let
gs := rank(7g) < r.
If g = 0, then T, = 0, and monotonicity implies 7 = 0 for all k£ > s, so the claimed bound is
immediate. Suppose henceforth that g; > 1, and let V; € Qg4_, 4, have columns spanning col (7).
Conditionally on Fy, define
A(t) VTA(t) R X7
Then

AV = VYA =147,
and
©— 0 i‘j (1)
| > =] X2 47|
i=s+1 i=s+1
Furthermore,

OERE T SN
i=s5+1 ] 1

s+t

<HZE1 LA ADT )

1=s+1

while, because col(AEt)) C col(Vy),

AOT IO _ 40T 40
Thus the same increment and quadratic-variation bounds hold for the ¢s X r martingale
{ZZ otl A(t)}s+t Moreover, for Cyy sufficiently large, (C.I9) implies »r < n, and hence

gs+r < 2r < 2n. Therefore, matrix Freedman’s inequality gives, with probability at least 1—n =20,

ZA H: sup ZAt)

1<t<n—s

Cwﬁ*\/rn logn + Cd, nNisT log n} Ts.

sup
1<t<n-—s

* Remainder term. (C:48) gives

s+t [e’e]
sup Z (T —nL)® 7oy (L—=0) S Chirir®/Pr,.
1<t<n-—s —s+1 i=0
Combining the three bounds, we obtain that, conditionally on F,, with probability at least 1 — n=20
I Torel < 1A= +badrs,  0<t<n—s, (C.49)

where
b = C[C2k./riflogn + C3 fjk.rlogn + Chijr?r/?].

We next bound b,i. Since 77 = ¢, (logn)/n, we have

= (I)rk
rilogn = ——% |
Kk« TN logn Jrlogn
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2
(I)rk

fr.r(logn)? = — 2k
ke (logn) Ky logn’

~ 2 3/2 O3
P = e
Since k., > Land O, < C7 logn, it follows from (C43) that
2
L P P 1 .
~logn logn ~ \/Cy nclogn
Step 2: Block chaining. Set m,, := [(log4)/77]. Then
myii > log A4, (C.51)

b (C.50)

which combined with 1 — 77 < e~ gives

(1 _ ,’"7')77LT] S e—mnn S

INge

Define
pric = (1 =1)™" + brk.
By (C:50), taking Cyy sufficiently large also ensures by, < 1/4, and hence

1
Prk S 5

Applying the one-block bound (C.49) successively at the deterministic block endpoints s; = jm,,,

and using the tower property and a union bound over at most n blocks, we obtain, conditionally on

Fo, with probability at least 1 — n =19,

75,1 < PLlToll,  Vsj <n.

For arbitrary k < n, let j = |k/m,, |. By monotonicity,
1 Tell < M Tjm., | < pix I Toll-
Since j > k/m, — 1 and p € (0,1),

o k _ _
Pl < P exp {m log prk} = pe exp{—caki},
n

where
~ log prx
Crk i—= —————=—.
My B
To control the prefactor p;kl, note that 77 < 1/2 and log(1 — 77) > —1%77 > —277. Moreover,
my,n < logd + 17 < log4 + % Hence
~ 1
> (1 =)™ > e 2mall > _— C.52
prc= (1=m)"™ 2 e = 16e (€52)
Thus pr_k1 < 16e, and therefore
72| < 16e exp{—cucki}|| Toll, k <n. (C.53)
Step 3: Lower bounding ;. By definition,
1 1—n)"™ + b, —log(1 — 1 by
o= —BlA =™ Hbad _ —log(l =) ~1og<1+Em )
M) 1 ma1 (1 —a)mn
brk
>1— —
mn? (1 - 777’"”

where the last line follows from —log(1 — z) > 2 for z € (0,1) and log(1 + z) < x for x > 0.

Using (C31)) and (C.52), we obtain

16e

G > 1— 7brk'
log 4
By (C30), choosing C sufficiently large yields
1
Crk Z 1-— .
n¢logn

Combining this with (C.533) proves (C.20).
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Additional conclusion under Assumption[5| If, in addition, Assumption [5|and (C.2I)) hold, then

\/gnl/Q—e
< Coied 1 [rdlog(1/6,) < .
[ 7oll < Cinitd, “y/rdlog(1/d,) S Jentiay/r(l0g )2

Combining this with (C:20) gives

1/2—¢
7 s 22 expd—(1- L) kii}.
™ /Crkixy/T(logn)? nelogn

Since n1 = ¢, log n, the stated bound for 7, follows.

C.10 Proof of Lemma [0l
Denote N, = |nc /c, |. Lemma[8]implies that
P(%°) <n ' where ¥ := {||Ti| < 27. forall k € [N,,n]}.
Decomposing T, from Ty, gives
To = (Z—nL)" N Ty, + DY) + DY) + DS, + Ry

where

DGO =0 Y (T 0L H(ZY))
1=N.+1

DG =0 Y (T —nL) 7 [T (VY = M)+ (ZiZ] — A ) Tich — TieaYiZ] Tica]

i=N,+1

DY, = > (Z—nL)" D
i=N,+1

RN*,n = Z (I—?]L)niiRi
i=N,+1

Then

< (@ = L) Ta.

=1

+[n S ne) (2|

i=1

To—=n> (T—nL)""(2Z;Y;")
=1

a2

)

+ [ D80 + P8+ IR~
—_———
=:ag =:ay o5

We consider each term separately.

(0) Preliminaries. We first record some preliminary results that will be used in the subsequent
analysis.

(i) Recall definition of 7, (C:8)

Ty = 36750511* max (\/ﬁr log ni, nr(log n)yz) = C{EC’in*\/ﬁr logn v

Here the last < follows from Lemma [7[(ii).

Since k. > 1 and 6, € (0,1/e), the sample size condition (C.17) implies that

n=¢> Cé/Z/@* \/ﬁ?(log n)3/2,  for Oglarge enough.
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Thus,
— &CY 1
- 2 Y
TS BRI IO S o
1
~ nflogn

(C.54)

for (g large enough.

(ii) Recall (C.6) and (C7)

0o (Te) = qu,i/i*\/ﬁr logn(1 4 TuVeo ) (Tw + ¥)
oB(Ts) = %Ciﬂ*ﬁr(logn)z(l + Tur2) (T + 12)
(p(T*) = (900 Vew <PB) (T*>

and we have shown in Lemma [4iii) that ¢(7,.) < 7. Thus
max (¢q(7x), pB(7+)) < (7:) < T

(1) ;. Under ¢, we have

ay <201 =) Ner,

(2) as. Usingn —i = (n — N,) + (N, —1i), we have

N

> (@ =)z

i=1

o S (1 _ man*

Denote Z5; = 1(Z — nL)N="%(Z;Y;"). To apply Freedman’s inequality, similar to the proof of
Lemmal[3] we have

max [[Za,ll < 0l Zi]| Y]l < 0CY v/ MnrArtina
1€[N]
S nc’i,nr)\luz =: BQ
and

1/2

)

N

—_ =T

max{Hg Ei,lzgﬂ»:zi
i=1

1/2

)

N 1/2
E E. == .

i—1—=2 =21 }
i=1

N.
EYZszT||1/2} [Z(l — 7)) !

i=1

< nmax{|[EZYTY 27| 2

< Cnmax { VA Aret, VA A1 b1
< C'i Nrk.D =: 09

Then Freedman’s inequality implies that with probability exceeding 1 — n =20,

N , 0]
Hn Y- nL)N**Z(ZiYiT)H < (go2v/logn + By logn]
=1

1=
= (gCo/1r kx7y/logn + GgCiire.va (log n)?
= \V1poV +1ppra X Ty

Here the constant in (i) is the same as that in Lemma [5]since both invoke Freedman’s inequality and
the matrix has the same dimension (d — r) x r. Therefore, we have

as S (1 —mnNer,
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(3) as. Denote

Si=n Y T-nL)"" [-Tia(Y;" - A,
i=N,+1

So=n > (T—nL)"" [(ZiZ] — A )Tia],
i=N,+1

n
Ss=n > (T—nL)"" [-TiaViZ Tia].
i=N,+1
We consider S1, Ss, S3 separately.

Term S;: Denote

n

Si= Y Eui, whereEy; :=n(Z —nL)" " [Ti (YY" — A)] 1{|Tia < 27}
i=N.+1

To apply Freedman’s inequality on ST, we can calculate
max 1Z1.:] < 2n7e ||YiYZ-T - A < 2nT*(Ci’nA1NT + A1) < 407%1”777*7%*
< Ci?]rn*n logn =: B3 1

and

n
max{ Z E;,_ 1*—'11‘—‘12H1/2 Z Ei—lEIiELiHl/Q}
i=Not1 i=Nat1
n

o X0 e (T - A
i=N.+1

< 297, - _1/203,\/m

}1/2

S Ci\/ﬁ?ﬂ/‘f* =103
where (a) follows from
|L{|Tiall < 2 Ei 1 T (ViY,T — A (YT — A*)TZLH < 472 HEi,l(YiYiT - A
[L{ITiall < 273 Eaa (VY;T = M) TTL Tia (VYT = A < 472 B (ViY;T = A7

and (b) is due to Lemma[I|i). Freedman inequality (Theorem[I2) then implies that with probability
at least 1 — n =29,

1711 < Gl [ors,1log m + By, log]
On good event ¢, we have S; 14 = S7 1. Thus, with probability at least 1 — n~2°
11| < G [03,1/Tog n + By 1 logn]
< OIEJCim\/; {\/m + /rijlog? n} Te
< CGaCika/rijlogn 7.

Here the last line follows from /7 logn > \/?ﬁlog2 n, which is a consequence of the sample size
condition (C.I7). To see this, note that x, > 1 and 6, € (0,1/e), thus (C.17) implies

=% > Cginr® (log n)®

b}

Applying n=2¢ > Ggpjk2r3(logn)? once more gives

C’E]Cin* Vrnlogn 1, <

Tx
n¢logn
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Thus, we have

T

1811l € GaClr/rilogn 7o <

n¢logn

Term Sy: Similar to S, by exploiting A\, 114 = AlNTug and A\, =\ 1/30, we can obtain that with
probability at least 1 — n =20,

152 < Q’EC’in* [ 7log n vaves + \/rijv2 log? n] Ta
< GO RNT {

< [T*-I-T*]T* < 72

~

Tlogn v + \/riir? log? n] Te

where the last step follows since 7, < 7% log™" n by (C.17).
Term Ss: define

n

S3 = Z E3,4, where Z3; = (T —nL)" ' [Tio1Y:Z) Tica] 1{||Tica || < 27}
i=N.+1

Note that by Lemmag we can obtain that max; [|Zs ;|| < n(27.)? ||Y;Z;"|| and

IN

(1= D> I |Bos [T Va2 Tioa] [TimaYiZ] Toma] 'L {1 Tz < 273
(1 — )22 2r)t|[Eimy [YiZ] 2,y
(1- W("_”nQHEH [ﬁflyizi—rﬁflf[ﬁflyizi—rﬁfl]ﬂ {ITiz1ll <27}
(1 =m0 2r)* |Eioy [ZY; Y Z] ]|

HEZ 1-3 z*—*3 1”

IN

IBim1Z3 Zal| <

IN

Using results from (2) ao, we have

18511 <
Combining Sy, S, S3: We have

S1+ 82 + 83 S 7. [GRCHra/riflogn + 7. + 7]

up to absolute constant.

4) ay. Define
DY = Y Eni whereZq; = (T - nL)" ' DPL{| T < 21}
1=N,.+1

To apply Freedman’s inequality, by Lemma 3]and 3] we can calculate
max [|Za,i| < DL Tiea |l < 27 Y| S CHPr*R2 (1 + Tova)? (7 + v2) log” 0 =: By
and
1 2 - —T — 1/2
max{” Z B S L]0 | Y EimE],Ea) }
i=N.+1 i=N.+1

1

< 7max{l|Ei_1D§2>D£2”ﬂ (Tl < 222 B DO DL Tl < 203
n

S CLPPr PRI (14 Tt )2 (T + 9) = 0y

Then Freedman’s inequality implies that with probability at least 1 — n =20,

||D(2)* | < Oy {a4x/logn + By 1ogn}
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On good event ¢, we have Dg\?) 1y = Dg\%)*n]l(g. Thus, with probability at least 1 — n =20,

2 2 2
[P < 62+ 0.
where ¢} = GO *wir (1 + movse)(re + 7)/logn
50532,)* = ;};77’\)2/4337'2(1 +T*I/2)2(T* +I/2)log3n

Comparing <p£,23< and gp(Bz)* with ¢, (7s) and ¢ (7y) gives

(2)

(;Ot(f-:) = C’iﬁm*r(l + Taloo) < QC’irN]rn*
= 2\/%~ C’i\/ﬁfi*r
and
P o
m = Oynkar(l + Tg) logn

< \/7:7 Ci \/ﬁ‘i*r (1 + Tuy/ duoo) logn
Combining the above two bounds gives
as S 7o/l C3\/itar max(1, m/dvsg) log
1
S T \/ﬁ

nflogn

where the last step follows from 7, < 1 and C? \/ﬁm*r max (1, vVdve) Sne logf‘o’/2 n, which is
a consequence of the sample size condition (C.17)

(5) as. Similar to the proof of Claim |1} we have

(1)
(671 5 Tx * Ci\/ﬁfi*r<1 + T*Voo) 5 Ty * C’i}\/ﬁﬁ*r
(i) 1

~ T

" ne logn
where (i) is due to 7, < 1 and v, < 1; (ii) is a consequence of the sample size condition (C.17).

(6) Collecting all terms, we have with probability at least 1 — n =!8,

5
_ — —~ 1
Y asn [e’?‘"N*’ + CgC kT log n + 7. + /7
=1

n¢logn

Note that (1 — 77)" N+ < e=1(»=N-)_Since N, < iin, we have n — N, > n(1 — i—") and
n n

logn

~ 1
n(n—N,) > ¢, (1 —cp/ey) = (cy —cp)logn > §logn.

Thus, (1 — )"V« < e~zlosn — ,=1/2 < F1/2 Since Gg > 1, Cy > 1, Ky > 1, we finally have

5
— 1
Zai < T {quiﬁ*\/rnlogn—FT*} < Ty
i=1

nclogn’

D Analysis of Qja’s algorithm: unbounded sub-Gaussian observations

This appendix extends the bounded-observation analysis of Appendix |C|to the original sub-Gaussian
model in Assumption [T} The argument proceeds by jointly truncating the signal and tail coordinates
and controlling the resulting covariance perturbation. The proof has three steps.
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* First, Lemma|TT]constructs the truncated observations and shows that they satisfy the required
almost-sure signal and tail bounds, up to a small covariance perturbation H.

» Second, we show that this perturbation can be absorbed into the drift remainder, yielding the
one-step bounds in Lemma|[T2] These bounds allow the three main arguments of Appendix [C|to
be transferred to the truncated process: convergence to the noise floor (Lemma|[I3)), exact-rank
geometric contraction (Lemma|[T4), and linearization (Lemma [T3)).

* Finally, Lemma|[I6 proves a lower bound for the original linearized term directly under Assump-
tionland Y L Z.

Appendix [E| combines these results with the truncation coupling and Haar initialization to prove
Theorems [I|and 2] together with Propositions [3H4}

Recall Y, Z,Y and Z from (@), we have

1/2

X=UY+U. . Z=UNY +U. A2 (D.1)

Lemma 11 (Truncation). Under Assumption let W = (g) where Y = U] X and Z = Ul X
Then
EW =0, EWW' =1I1;,  [|[W]y, <Cy.

Moreover; there exist universal constants Cy,Cy, C3 > 0 such that, for every §i, € (0,e~1), one can
construct a random vector

with the following properties.
() EW = 0and P(W # W) < 4.
(ii) Writing EWW ' = I, + H, then || H|| < C,C2 8y, log(e/61)-

(i) [[Wlly, < CoCy.

/25 1/2

(iv) DefiningY := A./"Y and Z := N,'[ Z, then EY = 0, EZ = 0 and

[V ]l2 < C5Cpv/Arr log(e/bir) almost surely,
1Z]2 < 5’30¢ \//\,.+1Nd log(e/d4r) almost surely.

Proof. See Appendix [D.1] O

Fix a constant 6z € (0, 1) such that Cy CiéH log(e/dp) < 1 where C, is the universal constant
in Lemma|[TTJii), and set
See = YA by (D.2)

Such a constant §g exists because x — xlog(e/x) is increasing on (0,1), and zlog(e/x) — 0
as z | 0. Apply Lemma|[TT] with dy,, and let H be the covariance perturbation in Lemma|[T1Jii). Then

we have 1
IH| <5

|H[| < C3n 2 log(en®) <7, (D.3)
|H|| < Chirar®.

Here the second line uses 77 = ¢, (logn)/n, ¢, > 1/2, and n > 4, while the third uses C,, > 1,
Ky > 1,andr > 1.

LetY, Z, )7, 7 be the truncated random vectors from Lemmawith bt as given in (D.2). Motivated
by (D:I), define the truncated observation

1/2

X :=UY +U.,Z =UA. Y+UMA1/2 (D.4)
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and

— — — — —T—

Uy = Up; Uy :QR(Uk_1+T]Xka Uk—1)7 ke [n] D.5)
Then Lemma|[IT]implies that

* simultaneously for all k € [n],

1Yillz < Cypnv/Aimr, 1Zkll2 < Cynv/ Arsinds (D.6)

where Cly, ,, = Choise Cryv/10g 1 for some universal constant Cheise > 0.
+ (D.2) implies nd;, < n~'. Hence

X, =X, Uy = Uy, Vk € [n], with probability at least 1 —n 1%, (D.7)
Therefore, it suffices to show Uy, is close to U,. To this end, define
Co=UTy,  Sp:=Ul Ty,  Tiri=5C,,
we show that 7, satisfies analogues of Lemma only up to constant factors.

Tangent recursion for the truncated process. Applying Sherman—Morrison formula as in
Lemma 2]to the update gives

To-T=n—e =g, - ®38)
T+n¢, T+n¢,
where
Fo= (-TY 4+ Z)(V, +Z,T)eRE" T =(V,+Z,T)V4€R
Similar to (C:3)—(C.5), we can obtain
T+-T=Z-nL)T + D+ + Ry, (D.9)
where
LT :=-EF,,

Dyi=(T+—=T)-E(T+-T)=nFy —EFy)+7 (
| ——

W
=D

— Z"!‘Fj‘ + ]E/ E‘Ffj ,
1+n¢, 1+n¢,

=D
Z+F+
1+n¢,

R, = —n’F

Note that due to covariance perturbation H in Lemma (ii), £ differs from £. Denote Ef =
Ry +n(L —L)T, we have

Te=T-nL)T+Dy+R:. (D.10)

Effect of the covariance perturbation. Unlike the original coordinates, the truncated coordinates
need not satisfy E[WT] = 0. Consequently, the conditional drift operator £ differs from £. We now

quantify this difference and show that it can be included in the drift remainder. Let H = ( Z;i Z;i )
and

A, =EYY =A.+Ayg, Ay :=AY2H ALY,

A, :=EZZ =A..+By, Bp:=A/HpAl?, (D.11)
A =EZY' =Cpg, Crr = AL Hy N,
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Then
LT =TR+TA T —Rae — R\ T = LT +TAu +TCET — Cy — BuT.

Since every block of H has operator norm at most || H ||, we have

Al < MlHIL IBall < Al HI = M3 HIL ICH] < VA A |1 H| = Alvml(\ggé)

which implies
[ =OT| < I1HI A (1T + voo ITI? + voo + 3 T1)
= [H[ A1+ [T [voe ) T + voo)- (D.13)

One-step bounds for the truncated process. We next verify that the centered noise D, 553) and

modified drift remainder R in (D.I0) satisfy the same bounds as their counterparts D, Df) and
Ry in Lemma 3]

Lemma 12 (One step bound). Assume Assumption|l|holds, and let the truncated process be con-
structed using (D.2). Assume T is well-defined with ||T| = . Ifcanﬁﬁz*r(l + Tv2) < 3, then the
following hold.

() Noise D: |[D|| < 40277177%;*7'(1 + Tv2) (T + v2) almost surely and

1/2 T— H1/2} SCi’ﬁfi*\/’F(l—‘rTVOO)(T—i—f/).

max{||[E'D, Dy |,

(I) Higher-order noise D( ). ||D(2)|

max {HIE’D(Q)D(Q 12,

‘ < 403) nﬁgn%z(l + 719)2(T + v2) almost surely and

E’D( H1/2} < Ci?)afiQr?’/Q (1+TUOO)2 (t+7).
(1) Drift remainder Ef: HEfH < Ci?fznfr?’ﬂ (14 7000)* (T + Voo

Proof. See Appendix O

Lemma[T2]provides precisely the inputs used in the convergence analysis of Appendix|[C} the recursion
has the same contractive linear part Z — nL, the centered increments satisfy the same almost-sure and
conditional-variance bounds, and the modified drift remainder has the same order as the remainder in
Lemma[3] Therefore, after enlarging the absolute constants, the stopped-process argument, matrix-
Freedman bound, one-epoch estimate, epoch chaining, and iteration-budget argument in Lemmas [SHg]|
apply verbatim to {7 }x<,. This yields the following counterpart of Lemma

Lemma 13 (Convergence). Suppose Assumptions[I|} B hold. Assume

—C,

Voo = CuMl for constants C, > 0,¢, > 0.

Lete € [0,1/2) and set
logn

n==¢cy
nAmin

3

log™ log 2
,  Where ¢, > cj (1—6+3C)<1 08 n+ 08 )
n 2 elogn +loglogn
If
e log(1/4p)
1= 2 Gy log )5

for some constant Grg > 0 large enough (depending only on Cy, C,, ¢, and Cq). Then with

probability at least 1 — n ™19,

HT—’@H < 2T, X Ko/ Mrlogn = A)\l NEIRZ
min

max(1, veod)

logn

Nk

for all {Z—:nJ <k<n,

where
7 1= C'max (C} k.\/7r log n, CJ k.vair(log n)?)
for some constant C > 0 (depending only on Cy).
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Exact rank-r contraction. We next transfer Lemma@to the truncated process. When rank(X) = r,
A, 1 = 0, so the truncated tail coordinates Z,; vanish identically. Hence the exact multiplicative
structure and the associated column-space reduction from Appendix [C.9]are preserved. Lemma [I2]
controls the additional covariance-perturbation remainder.

Lemma 14 (Exact-rank contraction). Suppose Assumptionholds, rank(X) = r and Ty = To is
well-defined. Fix e € [0,1/2) and set

logn

| —

=c cp >
ﬂn)\r’ n

If
n1725 > Crk,trCnHiTQ(log n)4

for some constant Cytr > 0 sufficiently large depending only on Cy, then, conditionally on
Fo = o(Uy), with probability at least 1 — n~1,

Tl smeexp{ (1 >kﬁ} Tl k=01 ..

nflogn
In particular,

[Tl < 166 p=en=(nlosm) ) g,
If, in addition, Assumption |§| holds and

4log(1/6,)

: (D.14)
o

77/1_25 > Crk,trcnﬁzr2(log ’fL)

then on the same event,

1/2—6 1
1Tell < vin eXp{— (1— )kﬁ} k=0,1,...,n. (D.15)

\/Cnkixy/T(logn)? n¢logn
In particular,
||7:z|| < \/Zi nl/Q_E_C"(l_(nE logn)’l).
~ JCnksy/T(logn)?
Proof. See Appendix[D.3] O
Linearization. We next transfer the linearization argument of Lemma The only new term
arises because A, y = ]E[WT] need not vanish. After centering Z;Y; , its post-burn-in mean

contribution (i € (N,,n]) is absorbed into the modified drift remainder, while its pre-burn-in
contribution (z € [1, N,]) is exponentially damped by the contraction between N, and n. All other
terms are controlled exactly as in the proof of Lemma[I0]using Lemma[T2]

Lemma 15 (Linearization). Under the assumptions of Lemmawith ey > cp+1/2, let N, :=
an;/an. Then, with probability at least 1 — n™ '8,

| T — UZ(I — nﬂ)"‘i(7i7:)H S [Chra/rilogn + 7] + e =N g voo||H.

i=1
(D.16)
In particular, (D3) gives ||H|| < 7, and therefore
— " o T —
HTn -7 Z(I —nL)"(Z;Y; )H < 7. [C’iﬁ*\/rnlogn + 7. (D.17)
i=1
Proof. See Appendix[D.4] O
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Lower bound for the original linearized term. The truncation argument above is needed only
for the convergence and linearization upper bounds. For the lower bound, we return to the original
observations and analyze the linearized term directly. This argument does not require bounded
observations, Assumption[d] or Assumption 5

Lemma 16 (Lower bound for the linearized term). Assume Assumption[l|holds with'Y independent
of Z. If k2 — 0 and n7) > % log n, then

{3y (- D) s Lo
=1 max=—min

Furthermore, if k. < 1, then

~

~ )\1 >\1~r ) T*2
n 7S .
AmaxAmin IOg n

Proof. See Appendix O

Remark 9 (Weaker nondegeneracy condition). The independence condition Y L Z in Lemma|[I6]can
be relaxed to A\pin(€) = 1. Indeed, this condition implies

ElZ;Y/121, teld—rl el
which yields the same row- and column-wise second-moment lower bounds used in the proof, up to

constant factors. The fourth-moment upper bounds require only Assumption 1. Hence the conclusion
of Lemma [I6]continues to hold under this weaker nondegeneracy condition.

D.1 Proof of Lemma (11l

EW =0, EWW T = I, and ||W||y, < Cy follow directly from Assumptionand the properties
of orthogonal transformations. The rest of the proof is devoted to constructing W and verifying its
properties.

Preliminary moment estimates. We first show the following rare-event estimates. If a real random
variable V satisfies ||V ||y, < o and € is an arbitrary event with P(€) < &, < e, then

E[[V[1le] S 0diy/log(e/der) (D.18)
E [V?1¢] £ 06, log(e/ ). (D.19)

Indeed, the sub-Gaussian tail estimate gives
P(JV|>t) < 2exp (—Cgtj) .
Taking ¢, = 50\/1(%(6% for C sufficiently large, we have
E[[V[1e] < tubdier +E [|[VIL{v sty
=t Ot + P (V] > tr) + /tDQIP’(|V| > s)ds
S ot log(e/). |

The proof of (D.19) is analogous:
E[V?1e] < 8.0 +EV21{v(51,,)]

o0
=126 + E2P(|V]| > tir) +/ 2sP(|V| > s)ds
ttr

5 025tr IOg(B/(Str).
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Construction of 1. Define the two deterministic linear maps
Ay = (AY? o) er™ Azi=(0 AYZ) eROTIX

Then we have Y = Ay W, Z = AzW and | Ay [z = M, [|[Az||7 = Arsima. Let
q :=log(e/ds;).
Since &, < e~ !, we have ¢ > 2. By Lemma[37, we have

BV I3 < (COpVahsr)
Define
Ly = C1Cyv/Airlog (e/0r), Lz := CiCy\/Nrii~alog(e/dy), where C) = Ce.
Then Markov’s inequality gives

EH) ||§q C 2 —2 6tr 2 61:1"
P(||Y L < —= <[ — < 7= = < —
(IYll2 > Ly) < 2 = \G <e o) =

where the last inequality holds because d;, < e~! < e2/4. Similarly, we have

EH ng C 2 —2 5tr
P(||Z L;) < 2y (O 2 o ,
(12l > Lz) < LY 4 =€ =7

Hence the event A := {||Y||2 > Ly } U{||Z||2 > Lz} satisfies

P(A) < % (D.20)

Next, we define an event B D A so that P(B) = dy,. Specifically, we define
B:i=AU(AN{U <04}),

where U ~ Unif(0, 1) is independent of W and 6 4 := 5{:1],]1?%). Under this definition, .4 C 55 and

(D:20) implies that 6 4 € [0, 1]. Since U is independent of TV, we have
PAN{U <04}) =P(A)PU <04) = (1 —P(A))04 = 6, — P(A),
which further implies that
P(B) =P(A) +P(A°N{U < 04}) = bty (D.21)

Then, we define the random vector W as

W :=Wlge +blg, where b:= w. (D.22)
tr

Next, we verify that W satisfies Properties (1)—(iv).
Property (i). By (D21), P(W # W) < P(B) = dy,. Moreover,
EW =E [Wlge] + bd,, = EW —E[W1lg] +E[W1g] = 0.

Property (ii): Since EW = 0, the covariance of W equals its second-moment matrix. implies
that

EWW' =E[WW Lge] + 6,bb"

=1, —E[WW 1g] +6.bb".
Hence
H=-E[WW 1g] +6.bb".

47



For any unit vector u € R%, by the definition of b in (D:22), P(B) = 4, (D-18) and (D.19), we have
1 1

lu'b| = - |E[u"W1g]| < 5—E[|uTW|]15} < Cy/log(e/dir). (D.23)
tr tr

and
El(u"W)?15] < C} 0w log(e/dtr). (D.24)
The constants in (D.23) and (D.24) are independent of the unit vector w. Then,
|uTHu| < E[(uTW)2]15] + §tr(uTb)2 < Ciétr log(e/dty).
Since H is symmetric, taking supremum over all unit vectors u € R¢ gives
IH| < Ci‘str log(e/dtr)-

Property (iii) For any unit vector u € R?, we have
"Wk, < flu" W[l + llu"0Lslly, < Ju" Wi, + lluT01slly, < Cy + [[u"b1s]ly,-
Then it suffices to bound ||u " b1g||y,-

By (D:23), we can choose a universal constant C > 0 sufficiently large so that

luTb? 1
< -1 .
c3C2 = 2 ogfe/ur)

[uTb L uToP
Eexp [ L2718 _ 1 5 44,
eXp( czc2 w o | czez

<1 =04+ 5tr(€/5tr)1/2
=104 +Vedy <2,
where the last inequality follows from &, < e~ 1. Therefore, we have
||uTbIL3||¢2 < CyCy.

Then

which then implies o
[u" Wlly, < (1+Ca)Cy.
Taking the supremum over all unit vectors u € R gives
[Wly, < (14C2)Cy,
which proves Property (iii).

Property (iv): we consider two cases:

¢ On B¢, one has B¢ C A°, and therefore

V], =Y<Ly, [|Z],=1Zlls < Lz
* On B, partition b = (lg‘z’) where
Yo 6” ’ 2= atr

according to the signal and tail blocks. Then it suffices to consider ||A1/2by |l2 and ||A1/ibz II2-
Note that for any unit vector u € R”, we have
‘uTAi/Qby‘ — o ‘EuTAi/z’hB‘
S Cypv/ A logle/oy) < Cyr/ A~y logle/d).

Here the second line applies (D.18) with HuTAi/ Yy, < v/A1C,. Taking the supremum over
unit u gives

IAY by |2 < Cyv/A1108(€/00) < Cypn/Arr 10g(€ /1) @)
Similarly, we can obtain
1AL Fbzll2 S Cypv/Arsrlog(e/0u) < Cyn/Ariioalog(e/de). (8)
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Combining the two cases above, we conclude that

H?H2 S Cypv/ A~ log(e/os), ||7||2 < Cw\/)\frquwd log(e/ds;) almost surely.

The proof is then complete.

D.2 Proof of Lemma

Proof. By (D.2), Lemmaand log(e/dtr) S logn, choosing the constant Choise > 01in Cy p, 1=
Choise Cyp v/ 10g 1 sufficiently large gives

1Y l2 < Cyn v/ Amrs 1Z]l2 < Cypn v/ Arsimds almost surely.

For brevity, define

Vi=-TY+Z, Vo=Y+T Z

Then - T B I
Fo=ViV,, (,=V,7.
Since || T|| = 7, the preceding block bounds give
Vill2 < Cpn v/ Amr (T + 12), [Vall2 < Cynv/Arar (1 + T12).

Consequently,

¢y <nlVall2||Yl2 < C’imn)\lw(l +7119) < C’imﬁn*r(l +715) < =, almost surely,

DO | =

where we used A1~ < rA; and nA; = 7k.. Hence
- 1
|1 =+ 77<+| > 3

Almost-sure bounds in (I) and (II). Recall that

_ F,

T -T= _ D.=(Ty-T)—E(Ts-T)
T+-T 771+77C+7 +=T+=T) (T+-=T)

It follows that
1T+ =T < 20 Vill2lValla < 22 iiwar(1 + 7o) (r + v2).
Centering increases the almost-sure bound by at most a factor of two, and therefore
Dy < 4013,7”77/&*7’(1 + 7o) (T + 12).
proving the almost-sure bound in (I). Similarly, writing
Q:=—1 CoFs :
L+n¢,

—(2) _ _
D+ = Q+ - E/Q+7

we have

Q1 < 20?IC, [IVill2lV2llz < 2Cy 02 K2r2 (1 + T1)* (7 + v2).
Centering again costs at most a factor of two, proving the almost-sure bound in (II).
Quadratic variation bounds in (I) and (II). We first verify the moment bound (D.25)), which is the
key input for the quadratic-variation bounds in the proof of Lemma[3] By Lemmal|I]

- T -

EWW =1I,+H, W |y S Cipy |H|| < CF6i logn.

By (D3), || H|| < 1/2. Define
We = (I;+ H)"Y/*W.
Then
EWeWeT =14, WOy, S Cy.

~
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Therefore, Lemmalﬂlimplies that, for every deterministic matrix A and every g > 1,

}1/(24)

— 2 1/(2q)
[EIlAT13° ]

— [E[| A+ H)/2we
S Coval Ala+ H)'2lp < Cy/ql|Allr-
Applying (D.23) to the linear maps defining V; and V5 gives, for ¢ € {2,4},

sup [E’|UTV1|2‘1]1/(2(1) S Cyp VAT + Vo),

flull2=1

sup [E’|UTVQ|2‘1]1/(2[1) S Cy VM1 + Trs),

[lv|l2=1
_ 1/(2q)
[ENVAE] S CovDamnlr +w2),
_ 1/(2q)
[ENVR05] 7 S Cov/ra (L4 7v).

Moreover, since
- — — T
S =IYI3+2'TY,

the same moment bound and Cauchy—Schwarz imply
[T, 1117 < C2ra (1 + Tva0).
These are precisely the moment estimates used in the proof of Lemma 3] Indeed,
—= =T = ov5 T —=T—= — 955 T
FiF, =|Va|3ViVy,  FiF =|[Vi|3VaV,.
Thus, Cauchy—Schwarz gives
= =T 1/2 2
‘ E F+F+H S C2 VM (1 + T0a0) (7 + Voo,
T 1/2
‘ ]E/F+F+H SOV M (L + Tva0) (7 + ).

Similarly, Holder’s inequality gives

Since centering reduces the second moment and |1 4+ n¢, | > 1/2,

P[22 w=TY? 4.3/212 2
E §+F+F+}H S 2N (14 T0a)2 (T + o),

P2 =T 1)1Y? 4,.3/242 2
E <+F+F+]H S PPN (1 4 T1s0) (7 + 1),

ED,D, < 4*EF,F,,
ED,D, < 4E'F,F,.

(D.25)

The preceding two moment bounds therefore prove the quadratic-variation bound in (I). Likewise,

EDY (DY) 2 an'E [T,
E(DY) DY < an'E [ FIF.],
which proves the quadratic-variation bound in (II).

Remainder bound in (III). Recall that

1 +77€+
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By Lemma [36] the denominator bound, and the preceding row-moment estimate,

el 2| [F2 5 T 1/2< 4~2 2 3/2 2
IRl < 202 B [CF || S Clmtnzr®/2(1+ 7vs) (7 + vic).

Meanwhile, (D-3) and (D-13) give

(£ = D)TN| < el HI(L + Tvo0) (7 + o) S C? w22 (14 7002 (1 + vec)-

Recall from (D.T0) that Fij = Ry +n(L — L)T, combining the last bound with the bound for R,
proves (III). L]

D.3 Proof of Lemma[I4]

Proof. Since rank(X) = r, we have A, | = 0, and hence Z; = 0 almost surely for every i € [n].
Therefore, exactly as in (C.43),

_ _ - T .—
Trtr=Tr(Lr +0Y k1Y 1 11) '

Consequently, as in (C.44),

col(Ty+1) = col(T), Tkl < Tkl k=>0.
The sample-size condition implies the analogue of (C:4€), so Lemma [2] applies at every step.
Specializing Lemma[T2]to vo = vo, = 7 = 0 gives, up to absolute constants, the same one-step
almost-sure, conditional-variance, and drift-remainder bounds as (C.48), with R; in place of R;.

It remains to note that the dimension-reduction argument in the proof of Lemma[J]is preserved by

truncation. Indeed, writing
— =T

— Yy,
Ll
we have o o o o o o
Ti—=Ti-1=-nTi1K,, D =—nTi—1(K; —E;1K;).

Hence, for any block starting at time s,
col(D;) C col(Ts), i>s.

Moreover, since LM = MA, in the exact rank-r case, right multiplication by (I, — nA*)S”_i
preserves this column-space inclusion. Thus the weighted martingale in the analogue of(C.47) can
again be compressed to a g, x r martingale, where g; = rank(7 s) < r. Applying matrix Freedman’s
inequality for each fixed terminal time and then taking a union bound over the at most n terminal
times therefore gives the analogue of (C.49), with the same bound (C.50) on the block error, up to
absolute constants.

The block-chaining argument in Steps 2-3 of the proof of Lemma 9] then applies unchanged, after
enlarging the absolute constants, and gives the first conclusion.

Finally, if Assumption [5]and also hold, the same calculation as in the last paragraph of the
proof of Lemma 9] gives
\/& nl /2—¢

Veni/Flogn)?’

Combining this with the first conclusion yields (D-13), and the stated bound for || 7, || follows from
ni = ¢, logn. O

I7oll <

D.4 Proof of Lemma[I3

Proof. Starting from (D-10), the same decomposition as in Lemma|[T0] gives

Tn =T —nL)" T +DY ) + Dy + Dy s + Ry
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where
7(1,0) = n—i 77 v A
Dy =1 Z (Z—nL)""(Z:iY; —Aix);
i=N,+1

'Dg\}*l’i = §1 + §2 + ?3,

n
— —T -

where S :=1n (Z L) [-T:1(Y:Y, —A)),
i=N.+1
Sa =1 Z (T — 00" (Z:iZ] — K )T i),
i=N.+1
Sy=n > (T—n0)" [-Tia(ViZ, = K )Tidl;
i=N.+1
2) - B,
Dy = Y. (T-nL)""'D,
i=N.+1
H»H - n—ipH
Rnom= Y (T—-nL)"'R;.
i=N.+1

Then

HT nZI nL)"N(Z:Y;)

i=1

N,
+ DN+ PN |+ RN o — Z (T =nL)" K|+ [In DT = nL)" A
\‘:/_/ \W_/ i=N,+1 =1

=05 =

Note that by Lemma[36]and a geometric series bound, we have
N,

A<y (1=0)""JAax| < (1~

i=1
Moreover, (D.12) and (D.3) gives

Dl || < Tavscl HI| S CETR R 2usg < CHPRZY2(1 4 70502 (7 + voc).

A ~
* ><|| < 6_7’(n_N*)H*VooHH||-
A1’1’111’1

—H . —H .
Consequently, B, —nA.,  satisfies the same bound (up to an absolute constant) as R, in Lemma

Thus, the same argument as in the proof of Lemma[I0] with Lemma|[I2]in place of Lemma 3] shows
that with probability at least 1 — n =18,

Ty + Qo + a3+ +as ST [Cin*\/WJFﬂ} .
Combining the above bounds for @y, @a, @3, a4, &5 and g gives (D.16).
Finally, since ¢, > cj + 1/2 and N, = [(c}/c;)n|, we have
e—n=N.) < g=(eq—cy)logn < =1/2
By (D3), || H|| < 7. Hence,

e Mn=N)p o |H|| < n*1/2/<;*1/007~) < 7. C’iﬁ;*\/rﬁlog n.
Thus, the last term in (D:16) is absorbed into the first term on its right-hand side, which proves (D:17).
O
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D.5 Proof of Lemma

We only prove the column bound, as the row bound follows by symmetry. Recall

DO =0 (T —nL)"(ZY;)
=1

Denote the first column of D7(11,0) by
W = [ D 0)] Z%, where ; := ndiag {(1 — 77Az1)n7i};:17« Z; Y], € R
Note that we have Ey; = Osince Y = U/ X and Z = U,[ | X

Step 1: Column second moment By independence +; L ;s for ¢ # ¢/ and E~y; = 0, we have

n d—r n
EIWIP=E)Y |ul*=)_ EY [l
=1

=1 i=1
——

— 2
—.G'l

Under nAax € (0, 1), we have nA;; € (0, 1), hence 2 — nA;; € (1,2) and
of =Y (1 —nAn)*"IE[Z)] [Vi]; = 277 A R Y

[1 - ( - nAmax)Qn]
(2 - nAmax)Amax

n
Z Z 7]2(1 - nAmax)2(n7i)Ar+1Al - nA’r+lA1

i=1
—(1— nAmaX)%
2Amax

where the last line follows from nA .« € (0, 1).

1
> n)‘rJrl)\l

Moreover, since ni > %log n. We have

] —nA 2 — 2r —2nnA — -1 1
min — 2nn —1
( n max) ' S (1 nAmin) ' < € i = e nn < e ogn __ .

Thus, we have

>\1Ar 1~d
E(|W|* = EZ il = g xR (1= ] (D.26)
i=1 max min

Step 2: Column fourth moment

 First, we show that
2
4 4 2
EIWI* < Y Bl +3(3 Elnl?)

To see this, note that

s Z E(¥is ¥5) (Yas W) -

ij,a,b=1

EIW|* = B[
=1

By independence and Ev; = 0, any term with a singleton index (an index appearing exactly once
among {1, j, a,b}) vanishes: conditioning on all other variables isolates a factor E[;] = 0. The
surviving pairings are:

(i) (i =j, a="0): contributes 3, | E [H%HQ ||’ya||2}.
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(i) (i =a, j=0,i# j): contributes >, E[(v;, 7j>2].
(iii) (i =10, j =a, i # j): same value as (ii).
Hence
BIW)* = S EQI l’) + 23 Bl 50
i#]
First sum. Splitting the diagonal and off-diagonal:

S E[1ll? a1 ZEH%H + ) Elnul® Ellyal?

i#a
4 2
< SEl + (CE )
Second sum. For i # j, by independence,

E[(vi,7)?] = tr(:%;), where S, = E[ym 7).
Since tr(AB) < tr(A) tr(B) for PSD matrices A, B, we have

23 w(Esy) <23 <2(Ztr2> 2(21,:]E”%'Il2)2'

i#] i#]
Adding gives

n n 2
4 4 2
EIWI* <> Elwnl* +3(>Elul?)
=1 =1

¢ Next, we compute » . E ||y |*. To this end, note that

Il = V1T - 02 (1 — pAn)2 =D [Z,]7
=1

By independence Y | Z and E [Yiﬁ < \? (sub-Gaussian), we have
d—r
4 2 n—i 2
E il = B[V} Y0 21— 520 (2]7]
=1

2

U

2 — 2 2(n—1) 21?2
S ME[Yn2(1 - nan)* 0 (2]
1

T

—7 ) ~ 972
) )\2E[ (1 _ nAll)Q(nfz))\H_l [Zz] ﬂ
1

) d—r ~ 2
< )\%774(1 — nAmin)Al(nil)E [Z Artl [ZJ 12:|
=1

(@)

~

(2) )\%’74(1 _ nAmm)4(n—z)E||B’ZVZH4

where (i) follows from [Zi]j = )\;/2 [Z]J and (ii) holds with B = diag ()\1/2,

R(d=)x(d=7) Applying Lemma 37 gives
=~ 1491/4
B BZ:])"]* S 1By Co = o2,
Thus,

) ) )\2)\2
F ||'Yz||4 < C’jn4<1 _ nAmin)él(n_z))‘%)\erlwd < 0’3)774(1 _ ﬁ)ﬂn—z)ﬂ

A4

min

which implies

fod )‘ )‘ ~r - n—1i fod )\2)\72" ~d
S Bl £ ot gy - e < ogp A
i=1 mln i=1

min
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¢ With the above two bounds, we have
C;AZ;IG Af)‘aﬁ»lwd

"Rt . _A2
Zz:l H’YZH 5 S . Alin < 40 r;lax — 0(1)
n 2 2 Alkwrl'vd [171}2 Amln
(SILE ) Paarkes -3
which implies that
n n 2
4 4 2
EIWI* < 3 E +3(Zn«:n%n)
2
(38+0(1 (ZEH%H) +o(1))(E[|W]*)?
Finally, applying the Paley-Zygmund inequality gives
2
2
p{IwIe > WP} > ; LEWE) 1oy
-_— > — 0
T4 Ew|t T2

which combined with (D.26) gives

2
MArt1od 1 (EIIWII ) 1
P{WIP 2 L= )73 0 b 2 oo = (o)

E Proofs for Section 3.1

E.1 Proof of Theorem [

We apply Lemma [I3]to the truncated process and then transfer its conclusion to the original pro-
cess through the truncation coupling (D.7). We first record two consequences of the sample-size
condition (TT):

log(1
n' 72 > Cieyk2r (1 + veod) (log n)4w. (181}
iz

e 0172 > Cyepn2rd(log n)4log(51¢ implies that
P

>
nl—?s -

1
— (E.1)
n’

where the first and third inequalities follow from ¢, < 1/e, while the second follows from cyp>1 /2,
K«,r > 1, and C; being sufficiently large.

)4103(51# similarly implies that
i< n1—2sy—1571% < pl=2e+Cy -1
% log(1/0,) — ’

where the second inequality follows from ¢, < 1/e and (9). Hence Assumption E|holds.
Moreover, by Lemma[4T]

0
P{[[75] < Cinndy 'y /rdlog(1/6,) } 21— 2.

Denote this event by £. On &, Assumption [5]holds, so Lemma[T3]applies to the truncated process.
Hence, with probability at least 1 — n~1°,

Tel <7 forall [fnj <k<n.
By the truncation coupling (D.7),

P{Uy = Uy, forallk € [n]} >1—n"17.
Therefore, with probability at least

]P’{Hsin@(Uk, U)|| < 7, forall PnJ <k< n} > (1-6,/2) (1-2071%) > 14,
where the last inequality follows from (E:T).

o pl=2e > Clcnniduoor3(logn
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E.2 Proof of Theorem[2

We apply Lemma [I4] to the truncated process and then transfer its conclusion to the original pro-
cess through the truncation coupling. Let {X;}7_,, {Ux}}_,, and {7 }}_, denote the truncated
observations, iterates, and tangent matrices constructed in Appendix D}

As in the proof of Theorem [T} the sample-size condition (I3)) implies, for C5 sufficiently large,

log(1/6,) _ 1

2
61’ > 617 > nl-2 —n

(E.2)

By Lemma[4] Haar initialization gives
)
IP’{||76|| < Cinitép_l rdlog(l/ép)} >1- Ep’
after enlarging the absolute constant if necessary. Denote this initialization event by &.

On &y, Assumption |5 holds. Since rank(X) = r, Lemmatherefore gives, conditionally on &,

with probability at least 1 — n =19,

[Tl < YA emp{—(l— ! )kﬁ}, k= 0.1,.. .n.
/G Kixn/T (logm)? nclogn
Here the sample-size condition in the theorem is precisely (D.14)), up to enlarging Cy .
By the truncation coupling in Appendix [D]
P{Uy=Uyforallk € [n]} >1—n"".
Therefore, with probability at least

(1 - 55’) (1-2n"") >1-4,,

where the last inequality follows from (E.2), the preceding bound holds with 7% in place of T
simultaneously for all k =0, ..., n.

Finally, Lemma[39] gives

Isin©(Uk, Us)|| = || Te(CoCi ) 2| < |1 Tll,
since ||(CxC, )*/?|| < 1. This proves the uniform bound.

For k = n, using nn) = ¢, logn gives

exp 1 — 1— 1 nﬁ :nfcn(lf(nelogn)fl)7
nclogn

which yields the stated bound for U,, and completes the proof.

E.3 Proof of Proposition[3]

We apply Lemma [I3]to the truncated process and then transfer its conclusion to the original process
through the truncation coupling.

Let & be the initialization event defined in the proof of Theoremm On &y, Assumption E]holds, SO
Lemmal15] gives, with probability at least 1 — n ™',

|7 =@ =0y @] | o (14 9)] €
i=1

where we used Lemma|[T5|together with 7, =< 7.

Tx

nclogn’

On the truncation coupling event (D.7)), we have
Tu="Tn ZY, =2Y", icn
Hence the same bound holds for the original process. The total failure probability is at most

% +n By < Op

by (E.I). This proves the proposition.
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E.4 Proof of Proposition[d]

The proof combines Proposition [3|with Lemma[T6]
Lower bound for the linearized term. Let

Ly i=nY (Z—nL)" (ZY;")
i=1
By Lemmal(I6] under Y L Z,
1\ A 1
PIIL 2> (1— =) 1A~ 520 24 o).
{1z = (1- 1) 2ot > o)
Moreover, when <, < 1,

~

TAAL~r o 7
AmaxAmin IOg n .

Therefore,

Ty 1
ﬂ%n}zuu+dm.

Transfer to the tangent matrix. By Proposition [3| with probability at least 1 — dy,,

T Tx
- Ln < = .
72 ol 5 i =l )

Intersecting this event with the event above and using the triangle inequality,

Tx
n > Ln - n*Ln 2
ITall 2 2all = I = Ll 2 2

P{wmz

with probability at least

Transfer to the sine distance. By Lemma|39]
Isin © (U, Ul = | 7a(CaCyy )2
Moreover, on the same high-probability event used in the proof of Proposition 3]
[Tl < 7 = o(1).
Hence
Omin ((CaCT)2) = 1= o0(1),

and therefore
Tx

. > (1— > .
[sin O, Ul 2 (1 = o) Tull 2 ===

This proves the claim.

F Setup for Gaussian approximation and Bootstrap

F.1 Notation and definitions.

This section introduces the operator-theoretic framework underlying Theorems [5H8] All the results
rest on a common set of objects, which we now define.

Hilbert space H. Let % = R(@")*X" equipped with the Frobenius inner product (-, -)p- Every

random element & of H with E{ = 0 and E ||€ H% < oo induces a covariance operator cov(§), which
is the unique self-adjoint positive-semidefinite linear operator on H satisfying

cov(§)(A) =E[(A §pg], VAEH.
Equivalently, for any A, B € #H, (B, cov(§)(A)r = E[(4, §)r (B, &)r]. In particular,
tr [cov(€)] = E [[¢][F and [[cov(§)ll,, = supy -1 E (A, &)F.
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Gap operator. Define the linear operator £ : H — H by
[EA]lj:Alelj, Alj = )\j_)\r+17 1 Slgd—T, 1§]§T‘

The operator £ is diagonal in the standard basis { Ey; := eze] } ,; of H with eigenvalues {A;1)
Write Apin := ming ; Ay; > 0 and Apayx := max; ; Ag;. Since L is strictly positive, the semigroup
{e~*},., is exponentially stable: ||e‘t'c||Op < e~ tAmin forall t > 0.

Covariance operator of ZY " and ZYT. Define the operator € : H — H as the covariance of the
random element ZY T € H:

¢B)=E[(ZY",B)» ZY"], BeH. F.1)
In coordinates, (Epjr, €(Ei;))p = E([Z],[Y];[Z], [Y];). The operator € is self-adjoint and
positive-semidefinite on #, with tr(¢€) = E HZYTHi and ||€]|4q = [le,l’j’ (Eyjr, Qﬁ(Elj)ﬁT] 2

Similarly, define the whitened covariance operator C:H—H using the isotropic coordinates
X =(Y,2) eR" xR4T (where Y = A%V, Z = A2 2):

&B)=E[(ZY",B),ZY"], Be#H.

Summands. All the Gaussian approximation and bootstrap theorems rest on the decomposition

1 1 - _
— [Un sen(U, U,) — Ul ~—=U, T, ~ U, {Z Vil —nL)"" ZiYiT}
i=1

vl v
Thus, we define the summands &; € H and their covariances =; by
& = VN(T—nL)""(Z,Y,") € H, Z; = cov(&) = n(Z—nL)" ' (T-nL)" " (F2)

Note that each Z; is a self-adjoint positive-semidefinite linear operator on #, obtained by conjugating
¢ with the contraction (Z — nL)" .

Cumulative covariances. Define the finite-sample and limiting cumulative covariances I',, and I"
by

Zi=n) (T-n0)*e(T—nL), I= / e teget g,
1 k=0 0

The sum I';, is an approximation to I'. The operator I is the unique solution to the Lyapunov equation
LT'+TL = ¢ (Lemma|l7).

n n—1

The whitened analogues IN“n and T are defined identically with ¢ replacing €.

Projection to R". For u € R%~", define the bounded linear map T, : H — R" by T},(B) := BT u.
Its adjoint is T : R" — H, T (v) = uv . Given u € RI~", define the projected summands &, ;
and covariances 2, ; by

i =Tu(&) = V0l(Z —nL)"(Z:Y;")]Tu e R, B i=cov(&ys) = T ETF € R™",
and the cumulative covariances I',, ,, and I',, by

Dy i= Z Eui =T 0, TF € R™*T, Ly :=T,IT: ¢ R"™". (E.3)
i=1

The whitened analogues EW, Eu}i, fu,n, and I, are defined identically with Z;Y;" replacing Z;Y;"
and € replacing €, i.e.

Cui =Tu(&) = VAT =nL)" HZY,)TueR",  E,;:=cov(€u,) = TuET € R™7,

I o
=1

[Tk

wi=TulWTr € R™T, T, =TT e R™*".
(F4)
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Summary of notation. The table below collects the key objects given u € R4~". The first column
concerns the H-level analysis (Theorem [5), while the last three columns concern the projected
analysis (Theorem [6)).

Table 3: Notation for summands and covariances.

H-level Projected to R"”
unwhitened  whitened unwhitened whitened
summand & § ui = Tu(&:) Eusi =~Tu(€~i)
covariance = = T.E: Ty T.E: Ty
cum. cov. (finite) I I Tum = TulnT? Ty = TulW T
cum. cov. (limit) r r I =TT [, =TT

F.2 Technical lemmas

In this section, we collect a few useful results used in Appendix [G|and [H]

Properties of I', I',,, and &;.

Lemma 17. Assume 0 < nApax < 1 and let ||-|| denote any unitarily invariant norm on H.
(i) (Coordinate representation) For l,1' € [d — r] and j, j' € [r],

(Evjs CEyj)p

E/‘/ FE =
< g’ l]>F Alj"‘Al"/

<El/ -y F Elj = TIZ 1-— nAl])n Z(]_ — ﬂAl/ /) n—t <El’j/7 Q:EZJ>F
i=1
(ii) (Bounds from the Lyapunov equation) I is the unique solution to LI" + T'L = €&, with

el ey py dn®

Tr 7.
sa— < I < 50 T

(iii) (Lower bound for ') If nApmax € (0, 1), then

Amin(Q:)
r, > 2minl®
- QAnlaX
IfnAmax € (0,1) and nnAnax > 1, then

[1— (1 = 7Ama) "] Z.

Fn - )\min (Q:)

7.
o ?’Amax

(iv) (Approximation) Let €,, := (1 — 77)?" + 7j% where 7] = nApin. Then
Il = T < en (IT]]
(T, -T)| <e,trl.

(v) (Moment bound for &;) For any q>1,

ZEH@HF < A,,/Q EHZYTHF-

min

Asa consequence,

(vi) (Matrix moment bound) Under Assumption|l| for any ¢ > 1,
1/(2q) ~
Elzy 7] < cattr a2 a2 X,
and the whitened analogue holds with A, and A | replaced by I, and 14_,, respectively:
~~112q]1
=T
Here C' > 0 is an absolute constant.

(vii) (Norm of @) Héuop < min{r,d —r}.

/(2q)

< Cgr'/?(d - r)1/2||)?||i2
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Proof. See Appendix [F:3.1] O

Remark 10 (Whitened analogue). Lemmaholds verbatim with (6, r,,T, EZ) replacing (¢, T, T,

&;), since the proof uses only that € is positive-semidefinite and £ is strictly positive.
Lemma 18. Letu € R and i = Al/f_u

(i) (Coordinate representation) For any u € R?~,

<~ wpuy (B, €(Ey))p L
j’ Fu i/ — ) v ’ 3
<6] ) 6J>2 llz/gl Alj + Al/j’ 2,0 € [T]

and in whitened form,

d—r ~ ~ P
= _ Wy (Evjr, €(Eyy))
(ejr, Tuej), = 1,12/:31 Ay + Ay

E V4,5 € [r].

(ii) (Whitened—unwhitened connection) For any v € R*~", let 1 = Ai/ iu. Then
T, =AY TGAY? and  To, =AY PTa A2

(iii) (Loewner order lower bound)

= [a]|® = Arlla]? =
I's = )\min I’r‘a d Fu [ )\mln Ir~
T 5 i (©) o DA ()
IfnAmax € (0,1) and nnAnax > 1, then
= [l =~ Arl]? =
Iy, = Amin (€) I, d Tyun = Amin(€) ..
’ - 3Amax ( ) an ’ 3Amax ( )
(iv) (Approximation) With €,, as in Lemma lV) If /\mm( ) > 0, then
= = ||op
ITan —Tal|| < e W Ta].
(v) (Independence case) If Y L Z, then C = T and
d—r ~9 d—r ~2
=1 _ Uj Aju
[Fu]w’ - 5JJ’ Z 2Alj ) [Fu]]]' 5]1 Z 2Alj
=1 =1
Proof. See Appendix[F3.2] O

Lemma 19. For independent X4,...,X,, > 0andp > 1,

B} x) <q, [(Z EX;) + ZEXZP}
i=1 i=1 i=1
Let g ~ N (0, 1) be a Gaussian vector in R%. If G = 0, then for p > 1,
E(g'Gg)" <, [trG)P

Proof. See Appendix[F3.3] O
Lemma 20 (weighted x2 anti-concentration). Letaq > - - - p = 0 such that El 1 az =1and
Wi, ..., wp beiid. X3 random variables. Then
4h
sup IP’(t < aiw; <t+ h) —
teR Z m

i=1
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Proof. See [26l Proposition B.7]. O

Lemma 21 (x? concentration). Let g ~ N(0,T) be a Gaussian random element in H with identity
covariance. Then for every t > 0, we have

12 t
P gTFg—trF >t SQexp{—c(i 7)}
{ =1 IT s A 1T op

As a consequence, with probability exceeding 1 — n =2,

]gTI‘g —trT| < IT||yyg V3ogn + T, logn

Proof. See [Hanson-Wright inequality from |29, Theorem 6.2.2.] O

Lemma 22 (x? mixture comparison). Suppose g and g are centered Gaussian random elements in
Hwith g ~ N(0,T), § ~ N(0,T). Let Ap =T — T If | Tl yg > O, then for any t > 0,

2 15712\ < M - 2 !
e (ol olle) 5y~ = g A el

Proof. See [26, Lemma C.5]. O

Lemma 23 (High-dimensional CLT). Let {&;}!" , be independent random variables in H such
that B§; = 0 and cov&; = E;. Let {g;},_, be independent Gaussian analogues of {;}.-_, with
gi ~ N(0,Z;). Furthermore, let T, = Z?:l Ei. For0 <6 <1,q=2+0dand > 2 define the
following quantities:

Z”: (€ n€z>Q/2+ﬁ > E (&, &)y
I L (P < T A
q/2
Lg — Z ]E <gi7 ’ng7«>
”rn“HS

i=1
koo’ ZE‘a,@ ~E& &pl”

1T llus
. v;
J, = ZZ:l , where v; = Var(||§l||%)

2
T [l s

Suppose Lg — 0, L§ =0, nl_BKg — 0, and J,, — 0. Then
n 2 n 2
(el 1el)

Proof. See [26l Proposition B.5]. O

Lemma 24 (G-approx additive remainder). Let A,,,E,, € R be random vectors, and define
B, := A, + E,. Let G, ~ N(0,T,,) be a centered Gaussian vector in Rdn, Define

6 1= sup [P{[A,]* < t} — P{|G”
teR

wn(h) = supP{t < |G, ||* < t+h}, Vh>0.
teR

For any deterministic sequences e, L,, > 0, define h,, := 2L, e, + e . Then

sup [P{IBAI? < t} = P{IGAI> < t}] < 260+ wa(hn) + P{IIE] > en} + P{lIGall > Ln}.
Proof. See Appendix[F.3.4] O
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Lemma 25 (G-approx multiplicative remainder). Let random A,,,B,, € R4, and suppose B,, =
(14, + E,)A,, for some random E,, € R4 ¥4 Let G, ~ N(0,T,,) € R Define

0 = sup| P{|A]]* <t} = P{|IGa|* < 1},
teR
wn(h) == supP{t < ||G,|* <t+h}, Vh>0.
teR
Lete,, €(0,1/2] and L,, > 0 be deterministic sequences, and define h,, := [ﬁ — 1] L2. Then

sup [ P{IBAl® < £} = B{IGu | < £}| < b + walh) + BBl > e0) +B(Gall > L)
S

Proof. See Appendix O

F.3 Proof of technical lemmas
F.3.1 Proof of Lemma[17l

(i) Coordinate representation. Note that £ is diagonal under the basis { Ey; }, ;. Forany [, I e[d—r]
and j, j' € [r], we have LE}; = Ay Ey; with Aj; = A\j — A4y > 0. By the definition of I', we have

e’}
<El’j’7 FElj>F = A <€_tLEl/j/, Qe_tLElj>F dt

(Evjy, C€E)p

= ARG Gt (B, €E)p =
e N
/O < 1 l]>F Alj Al’j’

Similarly for I';,, we have

<El/j’a FnElj>F = T]Z <(I — T]L)niiEl/j/, Qt(I — T],C)niiElj>F

i=1

n
=0 (1=nAy)" (1 =nAp;)" " (Evy, €Eyj)p
=1

(ii) Bounds from the Lyapunov equation. We first show that I" is the unique solution LI' +T'L = €.
Note that
LT, +T.L=¢C «— <El/j/, (EF* + F*E)Elj>F = <El/j/, Q:Elj>Fa Vi, e [d - ’I"];j, j/ € [7’]
<~ <£El/j/, F*Elj>F + <El/j/, F*£E1j>F = <El/j/, ¢E1j>F
(Eyjr, €Eyj)p
<— (Epy, T Ep), = ————=
< Uj l]>F Alj ¥ Al’j’

& By VLB, = (Bry, TE)y. (E5)

Here (i) follows from the coordinate representation of I'. Hence I' is the unique solution to the
Lyapunov equation.

Next, we prove the two-sided bound for unitarily invariant norm ||-||. For the upper bound, taking
||| on the integral definition I' = [~ e~ *“€e~"“dt gives

irns [ lleteeefar S [ et e s [T e gy ar = 1L
0 0 op 0 2Amin
For the lower bound, taking ||-|| on both sides of the Lyapunov equation we have

(i)
el = T+ TLIF < 2[[£]lop T < 2Amax IT]

For both bounds, (i) follows from the ideal property of unitarily invariant norms.
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Then, we establish the Loewner order lower bound. Let A = )‘“‘%(C)Efl. Then we have
LA+ AL = Apin(€)I € =LT+TL

which implies that B = T" — A solves the Lyapunov equation LB + BL = € — Ay,in (€)Z > 0. The
same argument as (F.3)) shows that the unique solution is

r-A= / e = Amin (€)T)e tEdt = 0
0

Hence I' > A. Finally, since L71is diagonal with eigenvalues Afjl > A=l  wehave A > ’\2"5'7‘(6)1'

b
max max

Amin (€)
and consequently I" = S3>—=1.

2Amax

(iii) Lower bound for I';,. Since L is diagonal with eigenvalues in [Ayin, Amax]), we have
(Z—nL)" "= (1 =nAmax)"'Z, Vi=1,2,...,n
which combined with € > A\, (€)Z gives
(T =nL)" €T = nL)"™" = Amin(O)(T = L)*" ™) = Ain(€)(1 = A ma) "L

Summing over ¢ gives

n n

T =nY (T=nL)""¢T=nL)""" = nhmin(€) Y (1 = nAmax)*" VT

i=1 i=1

Therefore, we have

1— (1 —nApax)®"

Arnax (2 - nAmax)

If further nnAmax > 1, then (1 — nAnLax)?" < exp (—2nnAnax) < e~ 2. Hence 1 — (1 —
NAmax)?™ > 1 —e72. Since 2 — NApax < 2, we have

1—e2 )\min(Q:)

/\min(rn) > )\min(Q:)

>\min(Fn) > Amin(Q:)

where the last inequality uses (1 —e~2)/2 > 1/3.

(iv) Approximation. By definition of I',,, for n > 1, we have

n n—1
n—i n—i (7)
Tp=nY (Z—nL)" €T —nL)" " =nd (T—-nL)*&T —nL)*
i=1 k=0

Here (i) follows from change of variable k = n — i. Let ' = 0. Then we have recursion formula
I,=Z—-nL)Th_1(Z —nL) + e, n=12,...
Subtracting I' on both sides and applying the Lyapunov equation, we obtain that for any n > 1,
T, —T=(Z-nL)(Tp_1—T)(Z—-nL)—n[LT +TL — ] +n?LTL

=0

. n—1
D —nL)" (Lo =) (T —nL)" + > S (T —nL)FLUL(T - nL)*
k=0
n—1
= —(Z—nL)"T(T —nL)" +n* Y (T —nL)"LTL(Z — nL)*
k=0

Here (i) follows by iterating the recursion formula.

Taking ||| on both sides of the above equation, by triangle inequality and the ideal property of |||,
we have

n—1

2n 2k 2
ITs =TI < 1T = nLlop ITI +7° > IZ —nLliog L1, T
k=0
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n—1

< (1= 7AW 77 Y (1 = 1Amin)** AL IT)

k=0
(Z) n A?nax
< (1= nAmin)*" TN + 05 T
n A12113.)(
= (=™ I + 755 Tl

Here (i) follows from the fact that 22;3(1 —Amin)?F <3000 (1 = nAmin)F < 1/(nAwmin).

,» which is unitarily invariant.

Since I';, and I" are both PSD, we have

2 2

n Amax n Am'lx
I L R (O e e o L A CR R - o s

min

(v) Moment bound for ¢;. By definition of &;, for any ¢ > 1, we have
n—1i q n—i q
&l < /2 1T = nLllgy ™" 12V T[[g < 0?2 (1= i) "0 27 T
Summing over ¢ = 1,2, ..., n and taking expectation on both sides gives
n n
n—i q
D Bl < n2 Y (1= nAwmin) " E[|ZY [

=1 =1

nq/2*1
< 2y -

min

e E[a T

min

(vi) Matrix moment bound. Applying Lemma [38|to the random matrix ZY T gives the desired
bound.

(vii) HEHOP upper bound follows from Lemma

F.3.2 Proof of Lemmall§

(i) (Coordinate representation.) By the definition of I',,, for any j € [r], we have

<€j/, Fu€j>F = <T,:€j/, FT;€j> <’U,6;r/, F(uej)>F = Z uruy <El/j/, FElj>F
LI'=1

d—r

(2) ugwy

= E — (B, CEy;
L= 1AlJ+Al"< v € ZJ>F

Here (i) follows from the coordinate representation of I in Lemma[T7(i). The coordinate representa-
tion for I'yz follows similarly.

(ii) (Whitened—unwhitened connection) For any j, j’ € [r], we have
y

—tL —tLrx _ * —tL —tL %
<ej/, T.e "=Ce Tuej>2 = <Tuej/, e "*~Ce Tuej>F

@ E<uejT,, eftEZYT> <67t£ZYT, uejT>F
D g (], AV T TAY) (A2 TTTAY?, ue]
P ,
=K <A1/J2_u T,Ai/Q, eftLZ?T>F <67MZ§~/T l/iueTA1/2>
IE< {A*/ r’ etz:Zf;T> < ftﬁzy'l' ~ i/Q
F
< [ AL /} e*wée*wT{f [Ai/er} >F
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— <ej/, Ai/zTae*wEe*ngAi/Qe»
2
Here (i) follows from the definition of € in (EI), T e; = uejT and e~*£ is PSD; (ii) follows due to
the commutation Ai/ie L(zy ) = e’w(Ai)/JQ_ZYT).
Integrating over ¢ from 0 to co gives
T.IT: = A ToT T AY?
=T, _T,

The proof for the connection between I',, ,, and fgm follows similarly.

(iii) (Loewner order lower bound) For any unit vector v € R", we have

v, Pgv

2Amax QAmax

Here (i) follows from the Loewner order lower bound for I" in Lemma T7[iii) and Remark [0} Thus
we get the lower bound for F The lower bound for I, follows from the connection between I',, and

F in part (ii) of this lemma. The lower bound for F @,n and 'y, , follows similarly by applying the
same argument to I';, and using the lower bound for I‘ in Lemma T7] [T7)iii).

(o T, = (i, o) 9 2T T D) din©

(iv) (Approximation) By the definition of fa and fg,n, we have

~ ~ ~ ~ (@) = i~ S~ ~ ~
T — ] = 7o~ By IEs — EE < [0 < <0l 120 0
Here (i) follows from the ideal property of unitarily invariant norms and the fact that || 73|, =
I7z]l,,, = [l Hence
L _ ~ - - N 1
P = Pl < 2y KT 11 = o) EEH 1
(1) ~ ~ - 2Amax C o Amax
< e Pl 7 < e gl ||

m(@)llﬂll2 - Aumin (©)|[]2

¢, Bmax_I€lep I
nAIl'llH )\mln(

Here (i) follows from Amin (I'z) || Z[| < |||F1~L [[| and the Loewner order lower bound for T'; in part (iii)
of this lemma; (ii) follows from the upper bound for ||T'||,}, from Lemma ii) and Remark

(v) (Independence case) When Y 1Z , we have
C=A®A, C=L&I4,.

or equivalently,

(Evyr, €Ey)e = MAruidwdsys  (Euyr, €Ey)y = sy
which, combined with (i) coordinate representation, gives the desired results.
F.3.3 Proof of Lemmal[l9

See [[19], Corollary 3]. Without loss of generality, assume G is diagonal with G117 > -+ > Ggq > 0.
Then

< [ G

(Z G“) + zz: GP Eg?P

< (>, Gy)Pforp>1and G = 0.

E(g"Gg)’ = E(zd: Gu‘%) <p

Here the last inequality follows since >, G*,

i —
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F.3.4 Proof of Lemma[24]
Let

Fa,(t) =P{l|A|* < t},  Fp,(t) =P{|B.|* <t}, Fg
Since ||A,]|, [|Brll s [|Gn]l = 0, it suffices to consider ¢ > 0.

2
() =P{]IG,|I" <t}
Define good event
Gn = {|Enll < en, [|An]l < Ly}

On G,,, we have

2 2 2

‘||Bn|| — ALl ] = ]2<An, E.)+ HEnH ] < 2Lpe, + e =:h,
which implies
{IAall” <t = ha} N Gn C{IIBall® <t} S {IIAWl* <t +hy} UGE.
Thus we have
Fp, (t = hn) = P(G) < Fg, (1) < Fa, (t+ hn) + P(G7)

Subtracting Fg, (t) and using | Fg, (t) — Fa,, (t)| < 0, gives

Fg, (t = hy) — Fg, (1) = P(G) — 6n < F3, (1) — Fg, (1)
< Fg, (t+ hy) — Fg, (t) +P(GE) + 6,
which implies
|FBn (t) - FG'n, (t)| < wn<hn) + P(Q;) +0n (F.6)
Now by the definition of good event G,, and §,,, one can obtain
P(GZ) < B{IIEnll > en} +P{lIAnll > Lu} < B{IE]l > en} +P{Gull > Ly} + s
Plugging the above bound for P(G¢,) into (F.6) gives
[FB, (t) — Fg, ()] < wn(hn) 4200 + P{||Exll > en} + P{[|Gnll > Ln}

Taking supremum over ¢ € R gives the desired result.

F.3.5 Proof of Lemma[25]
Let
Fa,(t):=P{lAu|* <t} Fp, () =P{IBull* <t},  Fa,(t) :=P{|Gal” < t}.
Since || An ]|, [|Bnll, [|Gnll > 0, it suffices to consider ¢ > 0.
Define events
En i ={lEnll <en},  Gn:={lGnl < Lu}.
On &,,, we have
(1= en) llzll < |(Ja, +En)all < (1 +en)llz]l, Vo eR™

Since 0 < e, < 5 < 1, by the definition of B,,, we then have

1
2
2 2 2
(1 - en)2 HAnH < ||Bn|| < (1 + en)z ||An||
So for any £ > 0, we have
t

2 2
(1Bl <t} néw € {IAl” < T3
and

t
{A)1? < T)z} NE, C{|IBnl* <t}

(1
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Taking probabilities yields
t

t
F, —— | = P(&) < Fg (t) < F, — | +P(&,
which together with the definition of 4,, gives

Fo. ((1:%)2) _P(ES) — 6, < Fi (1) < Fo, <(1_t6n)2> +P(ES) + 6

Subtracting Fg,, (t) from the above inequalities gives

Fo, (1)~ Fe, (0 < Fe.

Fe, ()= Fo(0) < Fo, ()~ Fo. ( regs ) +P(ED +6,

(I+e

=2
So it remains to bound «; and as.

(1) (1)
al—P{t<HGnH Sm}

On the event {t < 1Ga ] <t/(1— en)?} NG, we have t < |G |I> < L2, hence

t 1 )
e = (ap )

Therefore, we have

o =Bt < 6l < 3 } < wnlhn) + B(G5).

(1—en)

(i1) (a2) By definition,

t
P! " < |Ga2 <t}
Q2 {(1+€n)2<” || — }

Sett, :=t A L%. On G,, the event above forces |G, ||* < t». Hence

t t
{W < HGn||2 < t} NG, C {(1+€)2 < ||Gn||2 < tA}-

The width of the latter interval satisfies

t tA 1 ) 1
th————<tp——t— =ty (1 - ———— )| < L2 (1= ——— ) < hy,
Ml ten)? T (Tten)? A( (1+en)2>‘ "( <1+en)2>‘

where the first inequality uses ¢, < ¢, and the last inequality follows from

1 1 < 1 1
(14e,)? = (1 —ey)? '

Therefore,

ag < wy(hy) +P(Gy).

Combining the preceding bounds gives

sup e, (1) — Fo, (8)] < 0n + P{|[Enll > en} + wn(hn) + P{[|Gn|| > Ln}
te
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G Proofs for Section

G.1 Proof of Theorem[3
The proof proceeds in three steps, progressing right-to-left through the chain

2 Step 1. 2

_ 2 Step2
7 sin O, U)ll7 22 0 Tl Hza 26l -
Preliminaries. For convenience, recall notation
d )\4 )\%Nr)‘r+1~d K — A1 KA = Amax
¢ = ) * 5 = - .
(L[ €] Amin Amin

We restate the conditions in Theorem [3 here:
log(1/3,)
3 p
57 (18]
p
ﬁﬂfﬁr?’diﬂ(log n)® =0 (IK6))
nrir3de?(logn)® — 0, (T3]ii))

n=2% > Clﬁmzr?’(l + Vood) (logn)

By Lemma 38| we have
T 2
[€llgs < tr&=E HZY HF S AMerArtind
Thus, de > 1. Since A; > Apax, We have k. > ka > 1. Thus (TI) implies
nAmax = ﬁﬁA < ﬁﬁ* < 1, and ﬁHQA — 0.

Note that 77 = ¢, 105" with ¢;, > 1 implies that (1 —77)?" < 7, thus €, = (1 —77)?" 4+ 7jk4 — 0, and
hence < % for n large enough.

Step 1: Gaussian approximation of || | & Hé By the triangle inequality for the Kolmogorov
distance d,

2
2
o lelE) @

dK(Hé& i,

First term in (G.I).

Lemma 26. Assume Assumption I holds Let L5 L%, Kp, and J,, be defined as in Lemma 23|for
q€ (2,3land 8 > 2. If

fo1f) = ax([3: ]

Sl + ([0
=1 =1

Mo € 01), e = (=7 £ < 5. [€ligs >0,
then
LS < /2 w2l + ikl Y2,
Ly S iRy,
KD < PR dy?,
Jn < ikAde.
In particular, for ¢ = 5 = 3, a sufficient condition for all four terms to vanish is

i dy? = 0. (G.2)

Proof. See Appendix[G.3.1} O
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Since k. > ka > 1, Condition (T3)(i) implies that (G.2)) holds, thus the first term in (G.I)) goes to

Z€r10.

Second term in (G.I).
Lemma 27. Assume Assumptionholds and ||€|yg > 0. If nAnax € (0,1), then

1/2
i 2 CiN2_ V2
5501 168) < oo S] e
where €, = (1 —7)?" + k4.
Proof. See Appendix[G.3.2} O

Note that for 77 = n~'¢, log n with ¢, > %, we have (1 — 77)*" < e”'°8" = n=! < 7. Thus, in

2
order for dK(HZ,?Zl gill HG||%) — 0, it suffices that
F

2
X

— 0.
1€l ns

kA (log 1)
which is implied by (I3)(i), 7 < 1 and d¢ 2> 1.

Step 2: Gaussian approximation of =1 || 7, ||%
Lemma 28. Suppose the assumptions of Theorem[3| hold. Then
€n (en + Ln)

il | =7l nci) w(Héfz‘ s

where e, = CoAL2 w2r3/2\/7 (logn)o (1 + 7], L, = [Cp tr(T)log n]1/2 for some constants

min’V*

C.,Cr, > 0 large enough.

2 2
o IGI%) + + 3y,

Proof. See Appendix[G.3.3] O
2
We already have dK(szlzl &l s HG||%> — 0 from Step 1. It suffices to show W — 0, or
F HS
equivalently,
€ = k237 (logn)?7? [1 + ) =22 4
Mllgs 7 Tl s
Ly _ A2\l
ook 2p3/2\ /7 (logn)®/ 20 [1 + 7] SminY 22,
1Tl s Il s
. : < 1€l
By Lemma|17(ii) and (vi), we have |[T'[|zg 2 ‘5 and
T2
trI < tr& — EHZY HF < AlNT)‘TJrlNd
~ Amin Amin ~ Amin
Thus, it suffices that
~ AminAm b'q
Dy 1 = kir® (logn)?v? [1 + p)? S omax
1€] s
= Amax)\ ~T
Dy o := k2r%2\/7 (logn)/*0 [1 + 7] W =0
HS

We now show @ 1, P9 5 — 0.
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(i) @21. First, note that A% < max(A\3v2, A\3v3) < A2, thus using Apin < Apax < A1 and
(1+ )2 <1+ 02 gives
2

. A
®y 1 < wir?ij(logn)? [1 + D]2 X
€] s

< k4r2(logn)2dy? + kir2i(log n)?w2dy .
where (T3))(i) and (T3))(ii) ensure each term — 0 on the last line.

(ii) ®o 2. Using A ax? < Ay, we have
a2 < K22/ (log )2 1+ 7]/
= 12132/ (log 71)3/2dé/2 + k2327 (log n)3/217dé/2
where (T3)(i) and (T3)(ii) ensure each term — 0 on the last line.

Step 3: Gaussian approximation of ! ||sin ©(U,,, U,.) ||§.
Lemma 29. Suppose the assumptions of Theorem[3| hold. Then

2 1 2 .2
,G2>5d —Tall 5 IGIE) + Ty | a2 + 6,
o 1615 ) S dil[| =Tl 1GIE) + 7oy [+ 6

where L, = /Cy, [tr | logn for some constant C, > 0 large enough.

dK(H\}ﬁsin@(Un,U*)

Proof. See Appendix[G.3.4} O
We have dﬂ”ﬁﬁb”%, IG|[) — 0 from step 2. It suffices to show 72 tr(I) (log n) / | Tl g — O-

Recall 7, < k.7+/7rlogn. By Lemmaii) and (vi), we have ||T'|| ;g 2 % and

tré IEHZyTHi M dgia
Amin Amin ~ Anin

tr0 <

Thus, it suffices that
2

X
kA= — 0.
1€l

w20%7r (logn)? -
which is implied by @(ll)

G.2 Proof of Theorem 6]

For notation simplicity, we drop the subscript n and write U,, as U, C,, as C, and T,, as T. Recall the
definition of &; from (E2)

&= (T —nL)"H(Z:Y,T) € RETIxT,

Denote
E=T— iy & e
i=1

Then Theorem [3]implies that

IE| S —=

~

nelogn’
By Lemma[39] we can obtain the decomposition

Usgn(U'U,) = U, =W+ V¥
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where the main term )V and remainder ¥ are defined as
W .= U*’J_\/ﬁzgl c Rdxr,
i=1

U=U.[(CCHY? L] + U, L T[(CCT)/? — I,] + U, L E € R,
and

|cc™ 2 1| S ITIP 5 72 5 K2rijog n)i. (G3)

Fix m € [d] and define

. T d—r ~ 1/2 -
Um =U, jem € R, Uy = A*7Lum, Um = M, -

where ', and I', are defined as in (F3) and (F4), respectively.

Let e,,, denote the m-th standard basis vector in R?. Then the m-th row of U sgn(U "U,) — U.,
identified as a column vector via

[Usen(UTU,) —U,], ¢ [Usgn(UU.) U] e € R,
satisfies
[Usgn(UTU) — U] e =W e +¥7e,,
where  W'e,, = \fnz U ey = \fnz E U = W, (G.4)
1=1

=1

Ule,, =[(CCT? — LU em + [(CCTY2 = LT "t + ETuyy = 0, .

Step 1: Gaussian approximation of W, .

Lemma 30. Suppose u,,,, = Ai{iuum #0, )\min(&) >0, niy > k’%. Assume

723N (@) = 0 G5)
Then, with X; ., = nl'y,,, we have

sup |]P’{Wum e A} — N(0, S0m) {A}| =o(1).
Aeom

Proof. See Appendix[G.3.5} O

Step 2: Accounting for higher-order term V,, .
Lemma 31. Assume conditions of Theorem|[6|hold. Then

P{HE*U;}/Q\IJUM H < g} >1-0(5,) (G.6)
where ( is defined as

(=0Cc(G1+¢),

AU enl 1oz

G = w3 2r(log n)v win (€,

(|2, || (G.7)
N ol em| <
G = K27 ?r(logn)v (1 + a)WA;m{ (©).
U
for some sufficiently large constant C¢ > 0. Moreover, r/A¢ — 0.
Proof. See Appendix[G.3.6} O
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Let ¢ be defined as in (G.7). Recall the definition of .A* in (L) from Appendix ] for any convex set
A € &/" and any t. We have

]P’{EZJ,_;/QWUM c A*C} _ P{E;J_T:Lm

+IP>{ *U,}/2W €

*1/2 v, H<C}

i

<IP>{ S W, + 0, )eA}HP{HE* 1/2y,

g 1/2

j

<Pp {2* V2 [0 sen(UTUL) — U] em € A} +0(,)  (GS8)

where the last line follows from the decomposition in (G.4)) and the bound in (G.6).

Similarly,
Py [Usen(UTU) ~ U] en € A} <Py W, e A} +0(,).  (©9)
Moreover, we can obtain
{2 W, € A} =W, ex2ac)

p {N(o, Stm) € Zpht A } +o(1)
=P{N(0,I,) € A°} + o(1)
(? IP’{N(O I.) € A} + ¢(0,59rY* +0.21) + o(1)
B pIN(0,1,) € A} + o(1) (G.10)

where (i) follows from Lemma (i) is due to Theoremand (iii) is a result of 71/4¢ — 0 from
Lemma[31] Similarly, we have

P {z;;jn{/zwum € A*C} > P{N(0,1,) € A} — o(1). (G.11)

Finally, combining (G-8), (G.9), (G.10) and (G.TT) gives
‘P{N(O,Ir) cA} P {2;;;,{/2 [Usen(UTU.) — U] em € A}‘ =0 (G.12)

Taking supremum over all convex set A € </" gives

sup

s [P {[Usen(UT0.) = U] e € A} = N(0,5,,) 1A}

= sup

sup P{[USgH(UTU*) - U*]Tem € E*Ulr/nzA} _N(OvZ*U,m) {EzlﬁA}‘

= sup
Acar

— 0.

Py [Usen(UTU,) - U] e € A} = N(0, ) {A}]

where the last line follows from (G.12). This completes the proof of Theorem [f]

G.3 Proof of auxiliary lemmas
G.3.1 Proof of Lemma
Term LS. Recall L§ = Lf | + L , where

E (&, anz‘)q/z
Lg,l = Z q -
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2

Eo._n Z E|<§i>§j>F|q.

)2 q
! (g) 1<i<j<n HF”HHS

Bound for LY, . Since T',, = 0,

(€ Tn&i)e < ITnlloplléillf < ITnllusll: -

Therefore,
PR >
a1 S q/2
1T IS
By Lemma([I7] we have
€]l rs e
[Tl 2 5, ZEH@HFN e
Hence
L8 < pe/2— 1,41/2 X; ~q/2715q/2dq/4
q,1 N ||€||q/2 - A Yo -

Bound for ng. Note that for ¢ # 7,

E|(&, &)p|" <n?(1 =i (1 - )aIE || 27T

Since Y-, _; aja; <271 (321, a;)?, we have
1 n . 2 _
S el el < g[S - 0] By T S v T
1<i<j<n i=1

Therefore, applying Lemma [I7]and Lemma 38] gives

EHZYTHIZTQ < ~q—2 .9 )\iq

27 e < pa-2y,
Tl 2 el

Ly S ?

Combining two bounds gives
LS < 2 w2l + 12k dY

For g = 3,
LS S 2R3 + ek ddl.

Term Lg. Recall

n q/2

Lg _ Z E <gi7 anz>

i=1 ”FnHHS
Write g; = 53/2@ where g; ~ N(04—,,Z), then (g;, [',9:)p = <§Z, :i/ZI‘ ”1/2g1> and we
have

q/2 _ _
El{gi, Tugi)el 7 Sq [t (Z1°T0=%) ] = [ (CuZ017? < [ITnlls 1Zils]

Therefore,

n

1 —_ 2 = 12/2
L85 — S [ITnlls 1Zills] 2 = 1Z:ll5s
S s 2 o 12l = s >
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Note that
IZillgs <0 [|(Z = nL)" 7T —nL)" || ys < (1 = nAmin) > (|€]l g
Then

n

n q/2—
= 119/2 2 n—i 77 2
D IZES S " €ls o1 = nAnia) "0 S T ||¢|\"/

=1 =1
Note that Lemmal17]gives [T s > (1~ €) [Tllys 2 0= thus

~y /O 2
A el (Y
q ~ 2 2 N

AV HF ”tI/

min

Term Kg. Recall

ki="y ‘@,m ~E(& &p’

n = T las

Note that for 8 > 2,
E . L —FE (& & B < E . B E (& & B < Ell& 243
(&> &i)p —E (&, &)pl” SENE Spl” + B (&, &)pl” S Ell&]g
Applying Lemma[I7]and Lemma 38] gives

2B
1 B 5<Z ”fz”p ~ﬁ 1 [3 )‘><

TN 2 lelfs
For 8 = 3, we have
)\6
n2K3 < PR - <
1€ls
Term J,,. Recall
7.17 Ui
J, = 21—12 ,  where b; = Var(||&][7)
1T s

Note that v; < E ||&;| %, then applying Lemma 1 7|and Lemma gives

4
< Zj:lE”ngF < Fr2 . /\4x

n > P} ~ A 2
”FnHHS ||Q:HHS
Sufficient condition for ¢ = § = 3. Set
3/2
Pn = nnAd /

Since do 2 1, ka > 1, and ) < kA = NAmax < 1, the preceding bounds give
Lin Sl LisSpn  L§Spl® n°KiSipn.  JuSpa

Hence a sufficient condition for all four quantities in Lemma [23]to vanish is

3/2

ﬁK/AdC — 0.

G.3.2 Proof of Lemma 27]
Apply Lemma[22|with Ap =T',, — T'. For any ¢ > 0,

2 112 tr Ap| 4+ t2 ¢
(ol 617) = e+ oo (e A ) )
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Since ||Arllop < ||Ar|lus < ||Ar||«, we choose ¢ = C(logn)||Ar||. with C' > 0 sufficiently large.

Then

t* s
L > C'logn.
|ArllZs |Ar|lop

Thus, choosing C' large enough, the exponential term is bounded by n~

> 02(10g n)Q,

20
For the first term, using Lemma|[T7] gives
[tr(Ar)| +t < e, tr(T") + C(logn)e, tr(T') < e, (logn) tr(T).

Therefore

. 1/2
dK(HZgl I617) = (enlommma =) 07

Finally, noticing that tr € = E HZYT HF and applying Lemma. gives tr € < 04

1/2
dK(HZgl IGlw ) (en(logn)f-@AC’)\lw> +n2.

1€ s
This proves the claim.

G.3.3 Proof of Lemma 2§

We apply Lemma 24| with L,, and e,, as defined in the lemma statement, and set

Av=>6  Eu=n[T—n Y@Ly 2y
=1

i=1

Then it suffices to bound the two probabilities and w,, (k) in Lemma as follows.

1) Theorem@implies that with probability at least 1 — 6,

1 ~
[Eall § 7 Cure | CaCe/riTlogn + 7.

Since 7, < ﬁpgﬁ = qaCim*\/ﬁr lognoandn~1/2 =7~ 1/2A;/m, we have

IEL| < C€A1/2 27"[ (logn)7 [1 + D]

min

Therefore, on the event that the above bound holds, we have

|Ealle < CeAL2 K22\ /filog n)i(1 + 7) =
Hence
P{l[Enllg > en} < 0p.

(i1) Lemmaimplies that with probability at least 1 — n =2,

1Ga]l* S 6T + [|T s v/ogn + [Tl logn < Cr(trT) logn
for some constant C'z, > 0 large enough. Hence
P{Gnll > Ln} <072
(iii) Define h,, = e, (2L, + €,,). Lemma[20]implies that

en(en + Ly)
||F||Hs Tlas
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G.3.4 Proof of Lemma 29|
Lemma [39)implies that

Hsm@ U,,Uy) (NADRE

H\f F
with [[(C.CT)V2 — L < [ Ta]l*.

Thus, we apply Lemmawith L,, being defined as in the lemma statement, e,, = C.72 fo C,, > 0
for some sufficiently large constant C, > 0, and

An=—Tn, En = (CaC))'/? — 1
Then it suffices to bound the two probabilities and w;, (h,,) in Lemma as follows.
(i) Lemma [8]implies that
P{IEall > en} < 6.

By the sample size condition in (C-17), we have e,, < 1.
(ii) Similar to the proof of Lemma[28] we have

P{l|Gnll > Ln} < n~%

(iii) Define h,, := [(1_+)2 —1]L2. Lemmaimplies that

en L2
||FHHS ITlgs”

where the last step follows from the fact that ﬁ — 1< ey fore, €1[0,1/2].

G.3.5 Proof of Lemma 30|

Recall notation from Appendix [F]]
ui =V [T L) ZY)] u=ueR,  Tun= covitu).
i=1

Then W, = /Y11 &u,i and cov(W,,) = nly 5.
Note that by definition, X7, = nl',. By triangle inequality, we have
sup ‘IP’{WU € A} —N(0,%7,,) {.A}|
< sup PV € A} = N(O,10yn) {A} + Sup. N0, 0T un) {A} = N (0, nI) {A}|
Acad”

The proof proceeds in two steps. In Step 1, we show that the first term vanishes via a Berry—Esseen
bound for a sum of independent random vectors. In Step 2, we show the second term vanishes since
Tyn— T

Preliminaries. We first gather some useful results. Lemma vii) implies that )\min(é) < r, which
combined with condition (G.3)) gives

nAmax S 77"@* < nfiGT?/Z)\ 3 (Q) — 0.

and N
Ar2ro2AZ2 (€) = 0 (G.13)

min
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Step 1. Gaussian approximation of 1V, using the Berry-Esseen theorem. The Berry-Esseen
theorem (Theorem [I3) implies that

sup |P{W, € A} —P{N(0,7 ) € A}| < r'/%,
Acalr

where

6“

o= SB[l |
i=1

S /\min (Fu,n)73/2

i=1

To upper bound E ||§w-||3, we first introduce some more notation. For any j € [r], denote ©; =
diag {1 — nAlj}le[d—r]' Note that R™ 3 &, ; = (&1, - - » &u,ir) With entries

R3S &yij = 771/2UT (Yﬂ’D’f*iZi Yiz’DgfiZi yiT@:L—z'Zi)

Applying the power mean inequality gives

3/2 r ; r )
[Z & ”} < PPN e = 12 Y [P
j=1 j=1

Taking expectation and applylng Cauchy-Schwarz inequality gives

||§uﬂ

. n—i 3
Eguill” < n*/2r/2 3 B [YiuT ) 2
< 773/27,1/2 Z EY;G . E [UTQn_ZZZ]G
=1 \/7] ’
7 T . ~ 16
9 s $ [\ [ [(@3-A 20T
j=1

< 7]3/27"1/2 Z)\j’ﬂ . H@;L—zAi/iuH
j=1

O YR )

where (i) follows from the commutative property '/ ZAl/ f = Al/ 2@” * since both are diagonal;
(ii) is due to sub-Gaussianity.

Summing over i gives

1/
zEngqu T e PR IV ully £ /A2 Al

mln Jj=1 min

Meanwhile, we have lower bound from Lemma [T8(iii) that

Ar
)\min(Fu,n) Z @ mln ||A1/2 H2

Combining the bounds above gives

n 3 ~
] | N NPT G RPN (O
i=1

Thus, we have

sup [P{W, € A} — P{N(0,nTy.) € A} < 772632774632 Apin (€) 7372
Acam

< ﬁl/Q 7/4)\ ( ) 3/2
which — 0 under (G.3).
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Step 2. bound TV-distance between Gaussian distributions.
sup |P{N(0,nly.n) € A} —P{N(0,nTy) € A} < TV (N(0,ny.n), N(0,nT))
Aca

(@)
S

e I S
F ’ F

<ITa 2 Iun = Pull [P < V7 [P [uin — Dl
—_— —————
=1 =la2
Here (i) follows from Lemma[42] Next, we bound a; and o as follows.

. A,
a) aq: Lemma iii) gives arp < ——Smax___
@ en ' )e 1 X (O]l

(b) ag: Since I', = Aimngl/z and I, ,, = Ai/zfg’nAi/z (Lemmaii)), we have

ITun = Tull < M| Tan — Ta (g) A1€nkn HEHOE T3]
, ’ )\min(a)

Here (ii) follows from Lemma [T8(iv).

From (F4), we have Ty = T30'T% with | T]|, | 7Z]| < ||a]|. Thus, we have |Tz| < [|a]*||T)
which combined with Lemma[T7(ii) and (vii) gives

)

~112 )
[LPun = Tull S /\1€HM7H¢||OP —[[al* £ Menra———— |l]*
Amin)\min((’:) Amin)\min<€)

Combining (a) and (b) gives
sup [P{N(0,nTy,n) € A} —P{N(0,7l,) € A}|

Aego/r
Amax TQ 112
r——=_——_ 5" AMépa———= ||’LLH
Ar A (€) |1 Auin Arnin (€)
)\1 Amax Tz 1
:\/Vjenfm* ~- = 7“5/26n/‘€2 K ~ "
)\r Amin AIQIIII](Q:) 4 )\/\Iznin(et)

Finally, for ¢,, = (1 — 77)2" + 71k and n7 > 8" we have (1 — 7)2" < X < 7}, thus €, < 7KA,
y n KA n 2 n no~ T ~ KA
and we have

sup [P{N(0,nTy,) € A} —P{N(0,nT,) € A}| < 77/<J4A/£>\r5/2)\;i2n(€)
Aedgr
St PALL (€).

which — 0 due to (GI3).
G.3.6 Proof of Lemma 31]
Theorem@ implies that with probability at least 1 — ¢,

B < T2 + Tok/Trlogn < Ksirﬁ(log n)v (1+0)

which combined with [|(CCT)"/2 — L.|| < |T)1* < 72 < w2rii(log n)7? gives

H\Ijum” S HU»:remH 7.*2 + HU»ILSmH |:7—*2 +T*H*\/m:|

S HU*TemH w2ir(logn)v? + HU,ILemH w2ir(logn)v (1 + ).

By Lemma([T8] we have

. T A [T, o 9 5
min = 7] Amin r 2 ' - min > — min .
Amin(Bg7,m) =7 Amin(T'u) 2 AT AL Amin(€) > 7 N Amin (€)
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Here we used Apin = A — Arp1 < A and Aoy < Ay

Thus, we can obtain

*—12 —12
| 2| S A2 St) 120,

min

-1/
< [l L ria @)™ (107 e 08 7 + U | w2 C0g )5 (14 9)]
Expanding the last line gives and (G.7).

H Proofs for Section

This appendix proves the bootstrap results in Section[3.3] The proof has two main components.

First, Appendix [H.T|establishes stability and linearization of the bootstrap tangent process. We first
work under the joint law of the truncated observations constructed in Appendix [D]|and the multiplier
weights. The resulting bounds are then transferred to the original observations through the truncation
coupling.

Second, Appendices and[H.3|condition on Fx, i.e., on the initialization and the original observa-
tions, and analyze the resulting frozen multiplier sums. Appendix [H.2] proves the global bootstrap
approximation in Theorem[7} while Appendix [H.3]proves the row-wise bootstrap approximation in
Theorem

We will also use the deterministic two-subspace alignment identity in Lemma[40} which relates the
tangent difference of two subspaces to their Procrustes-aligned difference. It will be invoked in both

Appendices[H.2]and [H.3]

H.1 Bootstrap stability and linearization

Joint coupling and truncated bootstrap process. For the proof, extend the data—bootstrap prob-
ability space to include the truncation coupling from Appendix @} Let Pjoint denote the joint law
of

(UO,{(X27X) i= 17{wbs i )

where {(X;, X;)}™, are the i.i.d. coupled original and truncated observations constructed in (D.7)
Appendix @ and {w 1 1s an independent multiplier sequence satisfying Assumption Let
Ejoint denote expectation under ioint- The (Uo, X1,..., X, wﬁ’s, ... ,wbs) marginal agrees with the
data—bootstrap law of Section in particular, Px is its (Ug, X1,...,X,) marginal, and conditional
on Fx the multiplier sequence has probability law P*.

Define the truncated bootstrap iterates

—bs —bs —bs — == | ==bs
Uy = Uy, Uy, = QRO + nupXp X, Uy_y), k € [n],

and let 77’,25 denote the corresponding tangent matrix.
Define the truncated bootstrap filtration
?i =0 (UO,Yl,U)lfS, “e 7Yi,w§’s) 5 EZH = ]Ejoint [ | ?z] .

We work under Pjoiy, throughout the joint-law analysis below and pass to conditional statements
given Fx only after establishing the corresponding joint-law bounds.

For brevity, write
—bs —bs —bs —bs = = - - b
T = T7 ’ T+ = Tz'+1a Y=Y, Zy =Zit, ’LU+ = wz-s‘,-l

Similar to (D8}, the Sherman—Morrison formula gives

bs5PS 7bs—bs
—bs  —bs nw F C
T T = T T (el (K1)
1+nw?ﬁ(+ 1+7]w+§+
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where

—b —bs— = \ (=T —=T—h —b —T  —T—bs\ —
Fr o= (-TVe4+2,) (Vi +ZiT7) e RO 8= (V4 Z,T7) Vi €R,

Let £ be the drift operator of the truncated process defined in (D.9). Since wff is independent

of F; V 0(X;41) and Ew? = 1, we have E; [wf’ffis] = E; [Fis] — LT, and the following
decomposition similar to :

—b —\==bs  —bs —b
Ty =Z—-nL)T +Dy+R; (H.2)
where

DY = (T3 =T -RT: =T =D+ DT,
—bs, (1) =bs  — j—
D: = nwiF:—Ei[nwiF_:],

—bs—bs —~bs—bs
—bs,(2) C F — C F
D= () — T B | () —
L4 nwic, L+ w3y

—bs . bsts
Ri == |( wis)Q o ;rs bs:|
1+ nuwiscy

As in (D-10) of Appendix [D] absorb the covariance perturbation into

R =R +n(L-D)T".
Then
T =@ -nL) T+ D+ R (H3)

Lemma 32 (One-step bounds for the truncated bootstrap process). Assume Assumptions[Ijand 2]
hold. Suppose T is well-defined with ||7ibsH =71 If

O3 inr(L+708) < o, (H4)
then the following hold, where the implicit constants may depend only on C,.
(I) The full centered noise satisfies ||ﬁT|| < C’,imﬁfi*r(l + Tv2) (T + v2) almost surely, and
max{ [EDEDT)T||?, HE@T)@TH”Q} < C2ika/7(1+ Tva0) (T + D).

() The centered second-order noise satisfies ||ET’(2) | S Cy K2 (1+Tv2)* (T + v2) almost
surely, and

max{Hﬁiﬁf’(z)ﬁf’(Z)THl/g, \]Eiﬁf’(Q)Tﬁ:’f’(Q)\|1/2} < CAPR2? (1470002 (74D).
(III) The modified drift remainder satisfies
IR S CHPR22(1 + Trie)(7 + voo).

Proof. The proof follows the same argument as that of Lemma([I2] after enlarging the constants by
quantities depending only on C,,. O

Lemma [32] provides the same inputs as Lemma[I2} the linear part of the recursion is Z — L, the
centered increments satisfy the same almost-sure and conditional-variance bounds, and the modified
drift remainder has the same order. Hence, after enlarging constants by factors depending only on
C., the convergence argument of Appendix [D]applies verbatim to the truncated bootstrap process.
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Lemma 33 (Convergence of the truncated bootstrap process). Suppose Assumptions[I} 2] H} and
hold. Assume

Voo > cl,nfc” for constants C', > 0,¢, > 0.

Lete € [0,1/2) and set

cylogn . 3C, log 3 n +log?2
=1 = h >c =(1- — 1 .
ey N ( T ) ( * elogn + loglogn

If
) log(1/6.
nt=2% > C’bscnnzrd(log n)4% max (1, Veod)
p

for a sufficiently large constant Cyps > 0 depending only on Cy, Cy, c,,Cq, and C., then, under

Pioint, with probability at least 1 — n~19,

*

bs = k.01 logn = A — /Gy V \/>, for all {Z—”ZnJ <k<n

e

where
7b5 = Cls max(Cw KLU/ logn C¢I{*I/2777”(10g n) )

for some constant Cps > 0 (depending only on Cy).

Proof. After enlarging the constants by quantities depending only on C,,, the stopped-process,

matrix-Freedman, epoch-chaining, and iteration-budget arguments in Lemmas [5H8| apply verbatim to
——bs

{Tk }k<n O

Linearization of the truncated bootstrap process We next establish the bootstrap counterpart of
Lemma By the definition of DS_) and D in (D.9) and (H.2), we have

1 _

D, =nF,L-EF
e s s
DY =gt (F —EFy) +nw? — DEF,

. —bs,(1 —(1 . ..
Thus, the first term in D f @ has the same centered structure as Di), with the bounded multiplier

affecting only the constants in the corresponding concentration bounds. The second term is new:

since E( — 1) =0, it gives a conditionally centered multiplier martingale. As shown in the proof
below, its accumulated contribution is of the same order as the existing linearization remainder and
can be absorbed into it. Consequently, the linearization argument of Lemma|[I3]carries over to the
bootstrap process up to constant factors.

Lemma 34 (Linearization of the truncated bootstrap process). Under the assumptions of Lemma|[33]
suppose additionally that ¢;, > c; + 1 /2, and let N, = {nc;'; / an. Then, with probability at least
1—0(n18),

n
Hibs -7 Z w(T — nﬁ)"_i(ziYiT)H < s [Cil-i* rilogn + ?ES] + e_?’("_N*)m*uooHHH.
i=1
In particular, by (D3)),

Hibs - Z w (T — nﬁ)””(?i??)H < s [Cin* rilogn + ?is].
i—1

Proof. See Appendix[H.4] O
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Transfer to the original process under P;;,,¢. Use the same initialization and multiplier sequence
for the original and truncated bootstrap processes. On the truncation coupling event

Er = {X; = X, i € [n]},
we have simultaneously
Uy ZU]w UbSZUZS, ke [n]
Moreover,

Pjoint(gtcr> S nétr S n—19.

The preceding results and the truncation coupling give the following joint-law stability and lineariza-
tion event.
Corollary 10 (Joint stability and linearization). Under the assumptions of Lemma (34} define
lo=m.vr* <,
and linearization remainder
7’5“ = Chin(Cw) TI [C’,im rijlogn + TI] .
Then there exists an event A" on the joint data—bootstrap probability space such that
Pioint (An") S n "%,
and on (Alin)e,

1Tl <27l 1720 < 27,
and
n . .
|7 = T =0 Y (= 1)@ = ne) iz, | < i
i=1
Proof. Combine Lemma|[T5] Lemma 34} and the truncation coupling (D.7). O

Transfer to the conditional bootstrap law. Recall from Section[3.3|that Fx = o(Up, X1, ..., X»),
that Px denotes the law of (Uy, X1, ..., X,,), and that P* and E* denote the conditional bootstrap
probability and expectation given Fx. Under the joint construction above, equivalently,

P*(:) = Pioins (- | Fx),  E*[] = Ejoint[ - | Fx]-

For any event A on the joint probability space and any a > 0, the Markov—Fubini argument gives
Pioins (A
Py {P*(A) > a) < Lol
a
Indeed, E x [P*(A)] = Pjoins (A), and the claim follows from Markov’s inequality.

Corollary 11 (Conditional bootstrap stability and linearization). Under the assumptions of Corol-
lary there exists an FX -measurable event G'™ satisfying

Px(Gy") 2 1-0(n™"),

(H.6)

such that, on Gin

n
ITall <271, P{IT > 270} <n”,
and

IP*{

Proof. Let Al be the event in Corollary |10} and define
Gn™ = {Pioine (A | Fx) <n ™7}
Since Pjoing (ALR) < n=18, gives
Px ((G,")°) S0

The claimed conditional bounds follow directly from the definition of AL™,

T T ol (Tl 2| > i} <,
i=1

Finally, since ||7,,|| is F~-measurable, if ||7,|| > 27, then P*(A") = 1. Hence |7, || < 27!
on ggn. O
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H.2 Proof of Theorem/7|
Recall Fx, Px, P*, and E* from Section @ Write the Kolmogorov distance between conditional

laws (on Fx) of two random variables V7, V5 as

A3 (W1, V) = suﬂg [P*{V1 <t} —P*{Vh <t}.
te

Note that when the law of V' is independent of Fx, P* {V <t} = P{V <t}

Under the assumptions of Theoremm the conditions of Proposmon@hold with §, — 0. As in the
proof of Theorem [I] condition (TT) implies Assumption @ while the Haar 1n1t1ahzat10n satisfies
Assumptlon with probability 1 — o(1). Thus, after intersecting with this initialization event,
Corollary|l1 1elds an JF x-measurable event glm such that Px (Qh“) — 1 and, on glm

ITall <27, P{IT° > 27f} <n™®
and N
]P)*{ nz bs_ I nﬁ)n 7 ZYT H hn} Sn_9~
i=1

For i € [n], define the Fx-measurable matrices
n
M= (T — L) (ZY;T), &= ynwl 1M, == e
Also define the conditional covariance operator

i=1
Since the multiplier weights are independent of Fx with E(w? — 1) = 0 and E(wP® — 1)2 = 1,
conditionally on Fy the £ are independent and centered, with

cov'(Z) =T,  ExD,=T, =73 (T-nL)" "I —nL)""

i=1

Let G ~ N(0,T), where I' is defined in Appendix [F} It suffices to prove

v [ 1y " P
dic (nHlsin©U, U1, [IGllE) == 0,

because Theorem 5]and the triangle inequality then give the claim. Similar to the proof of Theorem 3]
the proof proceeds in three steps, progressing right-to-left through the chain

H2 Step3 H2 Step2 ’HbSHQ Stepl

n~!|sinO(U, U, n || T - ~||GII5-

Step 1: Conditional Gaussian approximation of | =2%||2. We first record an empirical moment
bound. For each fixed p € {2,3,4,6},

n AP
Sp = Z 1M;])% = Op, (5) . (H.7)
Indeed, by Lemman 36l | M;||r < (1 —7)""%|Z;Y;"||r, and therefore Lemmalw) and geometric
summation give
n ) )\p
Ex Z 1M1 S ALY (- S =
n
i=1

We next compare I, with T'. Since || M ® M ||us = || M| 2 independence gives

= 1A
IEX“Fn _Pn”%{s 772ZE”M ”% S AQ )

min
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and similarly since tr(M ® M) = || M|}, we have

_ _ M
Ex|tr(T, — T,)|° < -
Since Lemma I 7(ii) gives
[€]lus A%
T > = , H.8
ITllus 2 Avme Do Ve (H.8)
we obtain N
r,-r, e~
[T = Lallns _ O (HA Tlde),
1Tl ms

and the same bound holds with ||T',, — T, ||us replaced by | tr(T',, — T')].
Lete, := (1 — )" + k4. By Lemmaiv),
ITy — Tllas < en||Tus, [tr(Ty, = T)| < eptrT.

Moreover, Lemma T7(ii) and (vi) imply

tr I </§;A\/£

T lus
Consequently, under condition (I3),
IT — T [tr(Ty —T)|
Bn = 2THS _ o (1), 2or =2l (1), (H.9)
Mes oY s~ W
which combined with (H.8) also implies
2
Tls Zpy ——, H.10
ITllns Zex AL (H.10)

We now apply Lemmaconditionally on Fx, withqg = 5 = 3. Let Lg’bs, L K bs and J* denote
the corresponding conditional quantities. More precisely,

n IE*< 7 ngbs> ) E* (g, ¢%) ‘q

Lg,bs — Z + TLT Z #
= T s () iciTen  IDallig

n [E* <gbs i‘\\ngb5>q/2

g,bs __ F
Ly =3

)

, where  g* ~ N(0,nM; ® M),

e /14 %
B
(KES)B _ n5 n B < ’E)sv gzbs>F:E*< Zl?s’ glbs>F
nia T s
n b
JE = Zi;lgis, where bv; = Var’™( gszi)
(LY s

Lemma 35. Under (H.7), (H.I0) and Assumption|2)}
LE,bs — Op, <~1/2H3/2d3/4 +77’€?Ad?é/2) ’
Lg7bs — Op (~1/2 3/2 4 3/4)
(Kgs = Opy (77 ’@AdS/Q)
O]P’x (77’{ de )

)

Proof. See Appendix [H.3] O
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All four quantities converge to zero under condition (T3)(i). Hence the conditional version of
Lemma 23] gives

* —bs P
dic (IZ5 171165, 1) =0, (H11)
where, conditionally on the data, an ~ N(0, fn)

It remains to replace fn by I'. Set

B 0 o [ | O o
Tlus 7 (T lus

By (H9), a,, = op, (1) and b, = op, (1). On {b,, > 0}, apply Lemma 22| conditionally with

tn = ||T||as v/ bn-

Then R
tr(l',, — )| + ¢,
| tr( )| — a4 /oy = 0. (1),
1T s
while
2 1 tn o1
||Fn - FH%{S by ”Fn - 1—‘”Op v

On {b,, = 0} the two covariance operators coincide. Therefore,
x P
dic (11Gz, I3 IGIIE ) = 0.
Together with (H.TT)), this gives

Px

dic (IZ71% IIG]I&) == 0. (H.12)

Step 2: Conditional Gaussian approximation of = !(|7,>* — 7,,||2. On Gl», Corollary gives

P { IS > n /i) <

Applying Lemma 24 under P* with
Abs.—zbs  gbs._ p=1/2(pbs oy pbs._gbs_Abs G =G
and
en 1= /rn /2l L? := Cp(trT)logn, By i= 2L,e, + €2,
where O, > 0 is a sufficiently large constant so that P{||G||r > L, } < n~? (see Lemma , gives
dic (I (T = TR 16IR) < 2dic (15213, IGIR) + wn (o) + B {[E ] > e
+PH{[|Gl[p > Ln}-
We bound each term on the right-hand side.

' _ P
« (HI2) gives that dj (||Z5|%, |G||E) = 0.
* Lemma 20| gives

en(2L, + ey)
IT|ls

We will show that e, L,, /||T'||us — 0 and €2 /|T'||us — O in the sequel, which implies that
wy, (hy) = o(1).

hn
wy(hy) = sup P{t < ||GH%§t+hn}5 =
teR [T s

lin and 7'1 < 7., we have

n ~

en < AY2203/2 /5 (logn)p(1 + ). (H.13)

~ min'V*

Using the definition of r
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By Lemma [T7(ii) and (vi),

)\2
[€s g X
Amax Amin

Together with (FLI3), AminAmax < A2, A30% < A2, and Apax?Z < Ay, this gives

2

ITlas 2

“n < ﬁnfr:a(log n)2d1€/2(1 + %) = 0(1),
[T ms
and
enLn

S K227 (log n)*2dy* (1 + ) = o(1),

[IN[EE
where the last two relations follow from conditions (I3))(i) and (T3)(ii).
* Since Eff has at most r columns,

P{IIEY|lr > en} < P{IIEX]lop > 0~ V/2r"} <™.
where the last inequality follows from Corollary [TT]
s P*{||G||r > L,} < n~? by the choice of C, and Lemma
Therefore,

* — s Px
die (7Y T = ol 1IG)1E) = 0. (H.14)

Step 3: Conditional Gaussian approximation of 7! || sin ©(U, U,,)||%. We first gather some

useful facts.
* Define &,.,, := {||T,]| < 27, | 72| < 27}. On Glim, Corollarygives P*(&5,) <n~?.
o 7. can be taken uniformly small. Indeed, ) < 7, and the same calculation as in (C.34) gives
L_C 1
Ty < )
v/ Cys n€logn

where Chs denotes the sufficiently large constant in Lemma[33] By enlarging Chs if necessary, we
may therefore assume

(H.15)

=

!

IN

In particular, 4(7 )2 < 1.

* Since omin(Cn)? = Amin(C,1 Cn) = 1 — |8, Sy, ||, and similarly for C2%, we have, on &, ,,,
Ulnin(cn)2 N O—min(cgs)2 2 1- 4(7—1)2 > 0

Moreover,
(USS)TUH = (C’II?LS)T (Ir + (ﬁs)Tﬁt) Cn,

where [|(7,°)T7,.|| < 4(r])2 < 1. Hence C,., C*, and (U2*)TU,, are invertible on & ,, so
Lemma[40]applies, and we can define the self-adjoint positive-semidefinite operator Q,, : H — H
on &, ,, through
(M, QuM)y = [|CaCl T,T MCE|[2 + || (T — SuST)MCE|%, VM € H.
Lemma§0[ii), with (U1, Us) = (U, UE), then gives
1y _ 2

0 sinOUE, U = | Q0 AT = To)|lp onéra (H.16)

We next bound Qi/ 2_7.0n Ern, forany M € H,

[CaCl T MC | < 4(r1)? (M|
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AI80, Omin (Lg—r — SnST) > 1= [|Snl2 > 1 — 4(7)? and oin (C2%)2 > 1 — 4(7)2. Therefore,
(1= 4(D?PIMIF < (M, QuM)p < (1+4(r])?)I|M| 5.
Since (1 — 4z)® > 1 — 12z for z € [0, 1/4], setting e,, := 12(.})? gives
(1 - en)z = Qn = (1 + en)I7
where by (HT3), e, < § < 3. Thus,on &, ,,,
1912 = T|op < max{l — (1 — e,)"/%, (1 +€,)"/? — 1} < ey, (H.17)

Note that Q,, is only defined on &£, ,,. Define the random operator én :H — Hby
~ n, ON 5.,_ ny
Qn = Q c’
Z, oné&r,.
Applying Lemma 23| under P* with
Abs.— U2 oy BP .= QV2AP, EP =0l -7,  G,:=G,
and

1
en = 12(11)?, L2 .= Cp(trT)logn, hy = <()2 - 1) L2,

1—e,
where C, > 0 is sufficiently large so that P{||G||r > L, } < n~?, gives
e (IBR 5, I1GIF) < dic (07 M 1T = Tullf, 1GIE) + wa(h) + B* {IEF]|op > en}
+P{||G|lr > L.}
We consider each term as below.
* By (HI6) and d}, < 1,
die (0™ sin© (U, U,) |1, IB2]F) < P*(E5,),  Px almost surely.
Thus, on Gl
dic (™| sin ©(U, Un) %, 1B IIF) < n™.

. . _ P
* (HT3) gives dj (n~"'(|7° — Tullf, [GIIE) — 0.
« Since e, < 1/2, we have h,, < e, L2 < (71)2L2. Thus Lemma. 0| gives

LQ
_w P{t <||Gllg <t +hn} S
wn(fn) = supP{t < |G} Igs \rHHS I s

By Lemma [T7(ii) and (vi),

trIl
T S Ravde,
(NS
which combined with 7/ < 7, gives
()23 _
(NS
where the last relation follows from condition (T3)(ii). Consequently, wy,(h,,) = o(1).
* (HI7) implies Px almost surely, P* {||E5||op > €, } = 0.

* P*{||G|lr > L,} < n~? by the choice of C, and Lemmal[21}

N/ /{Arz/zd /2 (logn)? = o(1),

Combining the above bounds gives
* — . P
die (0| sin© U2, Un) 3, |GlIE) = 0.

Finally, Theorem 3] gives
x (| sin©U,, UL)I%, [G]I§) — 0

Triangle inequality then proves Theorem 7]
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H.3 Proof of Theorem|§|

For notation simplicity, write
U:=U, Us:=uyp, T:=T T =T
and define
R:=sgn(U'U,), R = sgn((U)TU,), Q> :=sgn((U*)TU).

Set
Vi:=UR,  Vo:=U"R">,
Thus V; and V5 are both Procrustes-aligned with U,.

We apply Lemma 40| with (Uy, Uz) = (V1, V2). Note the following facts.

o Let My := V," Vi = (R") T (U")TUR. By orthogonal equivariance of the polar factor,
sgn(Ma1) = (R™) " sgn(UTU)R = (R™) " Q"R.
Hence,
Vasgn(May) — Vi = UPRY™(R™)TQ™R — UR = (U™Q® — U)R.

e Let C1, 81 and Co, S denote the cosine and sine matrices of V4 and V5 relative to U,. Right
multiplication by an orthogonal matrix does not change the tangent matrix. Hence the tangent
matrices of V; and V5 are respectively 7 and 7.

Then Lemma[d0{i) gives
(U»QP ~U)R=U.A+U, B, (H.18)
where

A =C[(Myi M) — 1] — 10 TT(T* — T)Casgn(May),
B = 81 [(MyiMo)*? — L] + (I—y — $i187 ) (T — T)Ca sgn(May).
We provide some intuition before we proceed. Recall from Appendix that 75 — T =~
TSI €55 where
e = M —1)(T —nL)""NZY;") e H, icn]

Meanwhile, since V; and V5 are already aligned with U,, C; &~ Co ~ sgn(Msy) ~ I,.. These
observations motivate the following decomposition of (U>*Q — U)R:

(UPQ" — U)R = WPs 4 Wbs, (H.19)

where

Wbs = U*,J_\/ﬁzgi?s,
i=1

U = U A+ U, L [B— (T =T)|+ U LE”  E™:=(T*=T)— i) &
=1

Fix m € [d] and define

— 77T ~._ Al/2 L
U= Uy = U, | e, U= A*7lu, Um = Nl

Identifying the m-th row with a column vector as in the proof of Theorem|[6] (H.I9) gives

[(UQ> —U)R]| = WP+ wbs (H.20)

u

where
Wes =iy (6w,
i=1

U= AU e, + [B— (T = T)]"u+ (E*) .
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Step 1: Gaussian approximation of 17>, Define the projected bootstrap summands
2= () T = Vi = 1) [(Z =) (ZY,)] ue R
Then

n
W= Ty

Conditionally on Fx, the variables { 551 i—, are independent and centered. Define their conditional
cumulative covariance by
Z cov”® ZSZ

Then cov*(WPs) = nf%n. Since E(wP®* — 1)2 = 1, we have Exf,m =Ty and

Z [(Z—no)"(ZY,)] w™ [T —nL)" i (2,Y,)] .

We first compare Fu,n with T',,. For p € {3,4}, we claim that
rp/zv/ﬂanf’)

n » T »
S|l = ney iz u” = Oes ( L
i=1 n
Indeed, for each j € [r], let
Dj := diag{1 — nAs; }rc(d—r]-
The j-th coordinate of the vector inside the norm is [Y;] juTD;“"ZZ-. By the power-mean inequality,
Cauchy-Schwarz, and Lemma@

n—1 1/2 n—i 1/2
E|[Yi;u" Dy~ Zi|" < (BI[Y;];[*7) " (Elu” D}~ Zi|*)
<)\/2HA1/2D” : ’p
< NP2 (1 = pnD) g P

Therefore,
, P A
E H (Z - nL)" (2] T UH < r”/2)\’1’/2(1 —PeD .
Summing the geometric series and applying Markov’s inequality proves the claim.

Using the p = 4 case and independence gives
~ n , 4
Ex[IPun = Tunllp S 72 Y B |[[@ =00 (2] w|| < 2
i=1
Hence
IPuin = Dunlle = Oy (Virmarlil?)
By Lemma [T8]iii),
)\min (Fu) 2 M)\min (E)

~ Amax

Combining this with the approximation in Lemma[I8[iv), as in Step 2 of the proof of Lemma [30}
gives

Hr;lﬂ(fum —FU)P;WH — Op, (\/735 AL (€) + fROr/2 A2 (c)).

The first condition in Theorem@ kSr7/ 2)\mm( ) — 0, implies that the right-hand side is op (1).
Thus, with Px -probability tending to one, Fu,n is positive definite and

)\min (fu,n) Z )\min (Fu) .
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We now apply Theorem [I3]conditionally on Fy. The corresponding Berry—Esseen quantity satisfies

n
=) E
=1

~ 3
(NTun) "2 E5

[-1/2¢bs. 3

u,n  Su,t

= 0s, (Viisir AL (©),

where the last line follows from Assumption 2] the p = 3 empirical moment bound above, and the
lower bound for Ay, (T, ). Therefore, Theorem|13|yields

sup [P{WE* € A} = N(O, 0l {4} = O (Vi k2 A2 (©)) = o (1),
A€A,
The last convergence follows from the first condition in Theorem [6]
Moreover, the preceding relative covariance bound and Lemma [42] give
Sup [N (0,7 0) (A} = N(0,700) (A} = 0r (1)
€A,

Consequently,

sup [P*{Wh € A} — N(0,57,,){A}| 2% 0.
A€A,

Step 2: Accounting for the higher-order term U, Under the assumptions of Theorem the
conditions of Proposition@hold with §, — 0. As in the proof of Theorem condition (TT) implies
Assumption while the Haar initialization satisfies Assumptionwith probability 1 — o(1). Thus,
after intersecting with this initialization event, Corollary |1 1| gives an Fx-measurable event G1 such
that Px (Gi") — 1 and, on Glin,

ITh <27, P{IT™ > 270} <n™®  P{IEY[| >} <07
where )
1 <1 = Ko/ logn, plin < o [Cin* rilogn + Tﬂ

Define
Erm = {|IT| <27, | T"| <27}

On Glin, Corollarygives P*(&5,) <n~?.
To control A and B — (T° — T') defined in (H.I8) on &, ,,, we use the following bounds.

* Since V7 and V5 are Procrustes-aligned with U,, their cosine matrices C; and Co are symmetric
positive definite. Using S; = T;C; and C;'C; + S, S; = I, gives

Co=I+T T YV2  Cy= (I + (T>)T75%)~1/2

Therefore,
IC; — L]l < (r1)?, ISl Sl i=1,2.

Moreover, since Mo, = Cq C; + S, Sy, we have
Moy — 1| S (71)*.
* Lemma[d0(iii) gives
1(Mzy Mo1)'/? = 1| < |[sin©(Va, V)[* < (1+ || T )] A

On (c/‘T,n?
175 = TN < TN+ 7] < 47l

and hence
(M3, M21)'? — || < ()2
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» Since sgn(May) = Moy (M, M) 12, we have
[sgn(Ma1) = Lol = [[(May — 1) (Mg May) ™% 4 (Mg Moy ) ™/% — L[| < (r])?
and consequently
IC2sgn(Mar) — L] < |(C2 — ) sgn(Man) || + || sgn(Ma1) — L[| < ()%
It follows from the above bounds and the definition in (H.I8) that
1Al S (ED? +ITHIAN S (73
1B = (T = Tl = 81 [(Ma Ma)'/2 = L] || + [[$18) (T — T)Czsgn(May )|
+ (T = T)(Cosgn(Ma1) — L) |
< (rh3.

~ *

Recall
s = ATU e, +[B— (T =T "u+ (B>)Tu.

Hence, on g}jn, with conditional probability at least 1 — O(n~?),

IS DU emll + (D ull +r®llull S 221U el + " ul.

Here the last line uses 7, < Tu, TI = 0(1), and the fact that the definition of r}in contains a term of
order ()2.
By Lemma [T8](iii),
. Arll]? = o ~|[al? ~
)‘min(EU,m) = NAmin(l'u) 2 1 H Amin(€) 27 ol Amin(€).
Amax A1
Consequently,

P {[|(25,,) 20| < ™) > 1 - 0(n)
on Gin where ¢ := C((; + (o) for a sufficiently large constant C, with

_ AU emll 172, 5
i 2 rllog it A el ),

) \1/2 s
G2 = w77 *r(logn)7(1 + 7) 1||~|||u”Ami{2<¢>.
u

These are of the same orders as ¢; and {» in Lemma[31] In particular, condition (T7) gives
rl/A¢cbs 0.
Indeed,

MU em|?  —

2 N1 « Em 1

~ )‘min(Q:)7
[l

Auflull®, -

21 1

~ )\min(ez)?
[[al|?

7’1/2C12 < ﬁnir‘r’ﬂ(log n)*0? (1 + 1)

r1/2C22 < ﬁﬂfr5/2(log n)2172(1 + )

where for the first bound we used 7* < 7%(1 + 7)2. Both terms vanish by condition (T7).

‘We now proceed as in the proof of Theorem@ Forany A € A,, let AS denote the signed enlargement
defined before Theorem[T4] The decomposition

[(Ubszs o U)R} T

m

— Wbs + \Ifbs
and the preceding remainder bound imply

T

B {(Sf,) " 2WE € A=) — 0(n0) < P*{(S7,,,) "2 [(UPQ" — U)R]], € A}

<P{(Sh,,) V2w € AT} +0(n).
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By Step 1,

sup
AcA,

Hence, by Theorem|[T4]

P {(Si,) " 2WE € A} ~PIN(O, 1) € A} 25 0.

P {(S,) " V2WE € AT} < PN(0, 1) € A"} + 05, (1)

< P{N(0,1,) € A} + (0.59r"/* +0.21)¢* + op, (1)
= P{N(0,1,) € A} + op, (1).

The corresponding lower bound follows in the same way using A", Therefore,

sup
AcA,

P* {[(UbSQbs ~U)R],, € A} — N(0, E’{],m){A}’ .

)

Finally, Theorem 6] gives

sup |P{[UR — UyJm,. € A} — N(0,%7,,,){A}| — 0.
AcA,.

Combining the last two displays by the triangle inequality yields

sup
AcA,

p* {[(UbSQbS ~U)R], € A} —P{{UR - U] € A}’ Ix .

Recalling

U=U,  U®=Uf  R=sgU,U), Q" =sgn((U)"U,),
this is exactly the conclusion of Theorem [§]
H.4 Proof of Lemma[34]

Proof. Starting from (H.3) and (H:3)), the same decomposition as in Lemma|[T3] gives

T = @0 T +Dn” + DR + DR + DRl + RN
where
—bs,(1,0 - e, L
D= S W@ 00" (2] - Rax);
i=N,+1
Dyl =50+ 57 +57,
where ?tl)s = w (T — nﬁ)”fi[fT?s_l(?iY;r — A,
i=N.+1
bs - bs n—i T —_ bs
52 =1 Z w; (I 771:) [(ZlZz 7A* L)Tl—l]a
1=N.+1
b - b T T b
Sy =0 Y wT -l TE (V2 - R T
1=N,.+1
—bs,(1,2) " n—i Aeebs
Dy =-n » (W =1)(T-nL)" (LT, )
i=N,+1
—bs,(2) . )
Dym = Y, (T—nL)""'D; 7
1=N,+1
bs, H ~ bs, H
bs; n—ipPS
Ruoni= >, (T—nL)" 'R
1=N,+1
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Then

|75 = 0> ur@ - ney— 27|

i=1

N,
< T =) T ||+ 0> wh (@ —ne)" (2T, — K|

i=1

—.5bs
=ay

—.5bs
=iy

PR PR IR <0 YD @ ey
— i=N.+1
=¥ =l
::Egs
—l—H?’]ZwbSI 775)” zA*XH+||,Dbs(12)H
i=1 - ags — at;s
The terms @, .. ags are controlled exactly as their counterparts o, ..., ag in the proof of

Lemma|[T3] up to constants depending only on C',. In particular, we have

6
Z S STE[Cka/riflogn + 725 + e TN | H. (H.21)

. - _ b —b
It remains to control the new multiplier term a. Note that [|[£T,” || < 2\ |7, ,]l. More-
over, similar to ( , we have 72 < for sufficiently large constant Chs. Then on event

— nf log, n

(7320 < 2Tbs} and@ give

==bs
IZ = LTl < I A (U T3 oe) (T 521 ]+ voo)
S ||H|| )‘1 T* + VOO)
ST,
where the last inequality uses voo | H|| < voon] < 725, By triangle inequality, on event {||’7Tl;i <
2755}, we have
—~=bs
LT 24l S M7,
Define, for: = N, +1,...,n

— n—1 —=bs

= = —p(wl = 1)(T = nL)" (CT )T < 27}

Since T _, is F;_1-measurable and w?* is independent of F;_; with E(w? — 1) = 0, {Z*} is a
matrix martlngale -difference sequence. Moreover

1225 < marb (L — i

Therefore,
max H_ 5| < Tkl
i>N,

Similarly,

"o 1/2 _
max{ H Z E;—1 [:ES(:?S)W H , H Z Ei_1 [(E?S)TE?S]
i=N,+1 i=N.+1
n
o[ 3 -]

i=N.+1

< K*Tfs\/ﬁ
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Thus, matrix Freedman’s inequality implies that, with probability at least 1 — O(n %),

n
—bs
=1

i=N,+1

< K*Tfs( nlogn + nlog n) < TfsCi/ﬁ*\/rﬁlogn.

On the stability event from Lemma[33] the stopping indicators equal one for all i > N, and therefore

a® < TfSCiH* v/rijlogn

with probability at least 1 — O(n~'®). Combining this with (H.2T)) gives the desired bound.

H.5 Proof of Lemma[33

Proof. Recall (H.7), (H.1I0):
Sp =) | Millf = Oy (77> :
i=1

~ 22
T = — ).

For L§™, since €% = | /7j(w?® — 1) M; and the multipliers are uniformly bounded,

¥ /ebs T8 ebsy3/2 = 13/2
S BN Tuet? P ICaeSs _ %8s (726202a)
= ~ = > = - b'e ¢ .
ITallfs ITalits Tl
Also, conditional independence gives
* S S 3
Zl§i<j§n]E < ?75? >F| < 7735§

T s I s

= Op, (ﬁﬁAdi/Z) .

Therefore,

Lg,bs — O]P’X (ﬁl/ZH?)A/2dz/4 + ﬁﬁAd?é/z) )

For L$™, conditionally on Fx, g® ~ N(0,nM; ® M;), so we may write g’ = VM, i ~
N(0,1). Hence

n * fy 3/2 by 3/2

Labs > i E <g:')sal—‘ng%)s>}?/ < 773/2||Fn||op/> S3 < 7328 (ﬁ1/2H3/2d3/4>

3 - = =~ P = TN - X A ¢ -
T ll:s 1T 13 T 137

~

Next, by the definition of K. bs

n2(KL)3 < Z?:{\E*HE?SH% < /7\7356 -0 (ﬁzﬂid?ém).
T s T s

~ ~

Finally,

e S Var (IPIR) _ S BRI oS,

n

= =~ = S = = O]px (’ﬁ/@idg) .
T i T s T i
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I Technical lemmas

Let Z be the identity operator and £ be the gap operator on R(?~7)*" defined as
[LM];; = Ay M j, where Ay =\ — Ay foranyl € [d—r],j € [r].
Lemma 36. Assume n\; € (0,1). Let D be a random matrix in RE=")XT Then the following hold.
() (ED)T (ED) < EDT D which implies |ED|| < min(|[EDDT||Y/2, |[EDT D||*/?).
(ii) for any matrix M € RU=)X" (T — nL)M|| < (1 — nAmin) || M]].
(i) [|E[[(Z = n2) D) [(Z =)™ DY |* < (1 = nAmin)™ [EDT DJV/2 form = 1,2,.....

@v) |E[[(Z = L) D] [(Z = nL)™D]"]||"? < (1 = Awin)™ [EDDT|[V2 for m = 1,2, ...

Proof. See Appendix O

Lemma 37 (Moment bound). Let X € R be a random vector with EXX T = Iy and || X |4, < Cy.
Then for any A € RP*% and any k > 1,

[E[|AX || < oV | Allp Cy @)
[E[[AX||*]"® < OVEd|AX |y, 12)

Equivalently, let X = AX, we have

[E[ x|V < C\/kr B(XXT) Cy
[E]l x|/ < ovRa )X,

Here C > 0 is an absolute constant.

Proof. See Appendix [[.1.2} O

Theorem 12. Consider a matrix martingale {Yy, : k =0,1,...} whose values are matrices in
dimension di X dy and Yo = 0. Let { Xy, : k = 1,...} be the difference sequence Xy, = Yy, — Yi_1.
Assume that the difference sequence is uniformly bounded:

I Xkl < B almost surely Vk=1,2,3,...
Define two predictable quadratic variation processes for the martingale:
k k
Weork = Y Ej 1 XX, Wiows = E; 1 X]X;,  Vk=1,2,3,...
Jj=1 j=1

Then, for all t > 0 and o2,

—t2/2
]P’{Hk >0: || Y|l > tand |Weorkll V [Wiow,k |l < 02} < (d1 + ds) exp (a2+ét/3>

Proof. See [28| Corollary 1.3]. O
Lemma 38 (Matrix moments). Assume Assumption[I|holds. Then the following hold.
(i) Forany k > 1,
&1 1/(2k) ~
[ElZyTIE] < ekl Al a2 XIS,

}1/(21@

o ) o
27T ] < k2 - n 2RI,

for an absolute constant C1 > 0. As a consequence, de¢ 2 1.
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(ii) Let € = cov(ZYT) and € = cov(ZY T). Then
HCHOp S CzC?b min(r7 d - T))\l)\r+17
1€]|,,, < CoC minr,d — 1)

for an absolute constant Cy > 0.

Proof. See Appendix O

Lemma 39 (Alignment with the target subspace). Let U € Qg withC = U, U € R™" invertible,
S= UILU € RU=MX" and T = SC~*. Then

lsin©(U, U.)|| = || T (ccT)*2||, 1.3)
Usgn(U'U,) — U, = U [(CCT)/? — I,] + U, L T(CCT)M2. 1.4)

where ||-|| is either operator norm or Frobenius norm. Denote T = || T ||,,. Then
[(ccTV2 — L < ||T(ecT)V?||* < 2 (L5)

IfT <1, then H(CCT)1/2 - ITHop > T2/4'

Proof. See Appendix [[.T.4] O

The preceding lemma concerns alignment with the target subspace U,. We next record its two-
subspace analogue, which will be used to compare the original and bootstrap iterates.

Lemma 40 (Relative alignment of two subspaces). Let U,,U;,Us € Qg4 , withU; = U,C; + U, 1 S;.
Denote M := UQT U, = C;—C'l + S;Sl. Assume Cq1, Co and M are invertible, and let T; = SiC;l
fori = 1,2. Then the following hold.

(i) (Decomposition) Us sgn(Uy Uy) — Uy = U, A + U. | B where
A=Ci[(MTM)Y2 — L] +CiC] T," (Ti — T3)Casgn(M),
B=8[(MTM)Y? - I] — (Is—r — $1S87)(Ti — T5)Casgn(M).

(i) [lsin ©(Us, Un)[[g = [|C2CT T (T2 = To)Cally + [|(Tar = $157) (T2 = To)Ca [

(i) Let 7y = ||T1||- Then
[(MTM)? = L[| < ||sin© (U, U1)|* < (1 + 7)) |1T3 = Tal|”
Proof. See Appendix[[.2] O

Lemma 41 (Initialization). (i) [13] Lemma 28] and [10, Theorem I1.13] Let G € R*" be a standard
Gaussian matrix. For any t > 0,

P{|G| > Vd + r+t} < 2e /2.

(i) [13, Lemma 29] and [2| Lemma i.A.3] Let G € R"*" be a standard Gaussian matrix. For any
6 €(0,1),

p{lo) = 2} <5

(iil) (Haar initialization) Fix U, € Qg and let Uy ~ Haar(Qy,). Then for any 6, € (0,1/e], any
cp > 1, we have

48¢,+/2log(4c,)+/rdlog(1/d,) )
P{ ||V U)W Uo) 7| < av gp\/ rle1-2

Cp
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Proof. See Appendix [[2.1] O

Theorem 13 (Berry-Esseen). Let &1, ..., &, be independent, R*-valued random variables with zero
means. Let W = """, &; and assume ¥ = cov(W) is invertible. Let Z be a d-dimensional Gaussian
random vector with zero mean and covariance Y. Then we have

sup [P{W € A} —P{Z e A}| < (42d"/* +16)7, where v = ZEHE_UQ&HS
Aeggrd i—1

Here o/ % represents the set of all convex sets in R%.

Proof. See [32, Theorem 11]. O

Lemma 42. Let i1 € RY, and let 31, o be positive definite d x d matrices. Then the total variation
distance between N (u, %1) and N (p, o) — denoted by TV (N (u, 31), N (p, Xa))-satisfies

i < TV(N(uazl)aN(uaz)Q)) < §
100 min {1, |27 2memy 2 1o} 2

Proof. See [32, Theorem 12]. O

For any point z € R” and any non-empty convex set A € o/" satisfying A # R", define the signed
distance function as

5u() = —dist(z,R"\ A), ifz e A
AV dist(x, A), ifz ¢ A.

Here, dist(z, .A) is the Euclidean distance between 2 € R" and a non-empty set A C R”. Also, for
any ¢t € R, define

Al = {z € R" : j4(x) <t} (1.6)
for any non-empty convex set A € &/ satisfying A # R", and define §* = () and (R")! = R".
For any convex set A € /", define the following quantity related to Gaussian distributions

Yr = Sup rY(‘A)a
Aecglm

where  v(A) := sup max {1/\/(0, 1) {A"\ A}, %N(O, L) {A\ At}} ,

t>0

Theorem 14. For all v € N, we have ~y, < 0.59r'/* +0.21.
Proof. See [32, Theorem 13]. O

I.1 Proof of technical lemmas

I.1.1 Proof of Lemma[36
(i) for any u € R", we have
u' [ED"D — (ED)"(ED)] u = E | Du|® - |[EDu|* > 0

Thus (ED)T(ED) < ED' D, which combined with |[M||? = ||[MM"| = |M T M]|| gives the
desired result.

(ii) By the definition of £, we have
(Z—-nL)M =nA. 1 M+ M(I, —nA)
Then the triangle inequality gives
I(Z = nL)M|| < n|A L M| + [[M (L, —nAs)||
< Arr [M]] + (1= nA) [[M]|
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= (1 - 77()‘7‘ - r+1)> ”MH (1 - nAmin) ||M|| :

(iii) Without loss of generality, assume m = 1 since m > 1 follows by iterating the m = 1 case. For
any unit vector u € R”, we have

T 1/2
[TE[(Z ~n£)D]" (T~ nL)D]Ju] = (T~ ne)D]ull,
= [[nAs L Du+ D(Ir — nAs)ullp,
< |mAv L Dully, + 1D = nAully, @7
Note that
9w, Dull7 < 9?24, |[Dull7, = n°A2,, |[Eu' DT Dul| < 9?2, |[EDT D||
and
ID(I, = nAL)uly, = u" (I = nA)(EDT D)(I, — nA.)u
< [Ty = A ul* [EDTD| < (1 = nA,)* [EDT D]
which combined with gives
T T 1/2 T || 1/2
[WTE[Z — )0 (@ 9L)D)Ju] < (1= nAr +nAvs) [[EDTD)|
=(1- 77Amin)HIED-l—DHlm
(iv) is similar to (iii).
I.1.2  Proof of Lemma 37
If A =0, the bound is trivial. Assume A # 0.

Proof of (LT). Let A;. € R'*? denote the i-th row of A, then

AR =S4, K2 = a2 3 1l (4 X)7
=1 Ao [Allg Al

Note that 3 4, g [ A, 2
weights || 4; .||* / |A]|7 gives

/ HAH% = 1. Taking k-th power and applying Jensen’s inequality with

5 AP T4 X)2"
k i, i,
E|AX|* < AIF" ) H ! E[ )2 ]
Ao Al L lIAL

Since [E(vT X)2*]1/2k < ¢ VkCy, holds uniformly for all unit vector v € R? for some absolute
constant C' > 0 [29]], taking 2k-th root gives

> 1/(2k) =
[ElAX ] < ovE Alle || X)),
Proof of (Z). Denote X = AX. For any k > 1,
d
i=1
Since || X[, < [|X]|,, foralli € [d], taking expectation and 2k-th root, we have
d 1/(2k)
i=1
for the same absolute constant C' > 0 as before.
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1.1.3 Proof of Lemma[3§
(i) Note that HZYTHi = [|Z|I> |Y ||, then we have

d—r r o k
i s - (o
=1 j=1

Let S = [tr A, 1] [tr A,]. Note that 3 ;. A, A; = S. Since k > 1, applying Jensen’s inequality
gives

2k
|2y Tl = (

d—r r
Al REE B SEey
=1 j=1

For sub-exponential norm, we have

1ZY5,, < 1Zill,, 15, < 121,071, < [IX15,
Hence
d—r r d—r r
S R D) DR PR B B (2 b
=1 j=1 I=1j=1
~ .9 12k
= s [ok| X2
thus

o7 1/(2K) . iy
El2yTI] T < ors'2|X])5, = Ck- e A 1o A V2 | X,
Applying the above inequality with k = 1 gives
AL {E|ZYT|| }
> 1,
I€ls ™ L 1€
where the last inequality follows from the fact that ||€||gs < tr(¢) = E||ZY T||2.

dq:

(i) Forany A € R with || Al = 1,
~~ 2
(4, @A), =E(2YT, A)y =E(ZVT, AVTAN?)

< [el,

A < el hhn

Thus
1€l < [T A Ars

It suffices to show HEHOP S C’f}) min(r, d — r). For any A € R4~ with || A||p = 1, we have
(ZYT, A),=ZTAY = (AT2)"Y = Z"(AY)
(a) By Cauchy-Schwarz inequality, we have
~ - 9 T T2 T a1l/2 ~471/2
(A, €AY, =E(ZYT, A); =E[(AT2) V] < [E|ATZ|"] " [El|Y||]
Applying Lemma[37]to each factor gives
a4 . ~a71/4
[E[ATZ]"] " s CullaTlle =Co, [BITI*] " S CollLelle = Cyvr
Thus, we have
(A, €A), < Cihr.
Taking supremum over A gives HEHOP < Cir.

(b) Applying the same argument as in (a) to ZT(AEN/) gives ||€H0p < C’f}}(d — 7).

99



1.1.4 Proof of Lemma[39

We first establish the following identities for C and S:

Csgn(C") = (ccT)V/2, Ssgn(CT) =T(CCT)V2. (1.3)
To see this, note that for any matrix M with singular value decomposition M = AABT, the sign
matrix of M is defined as sgn(M) = ABT. Hence M = sgn(M)(M "M)'/2. Applying this to
M =CT givesC"T =sgn(C") (CCT)'/2. Since C is invertible by assumption, so is (CC T )'/2, hence
we have sgn(C") = C'(CCT)~'/2. Thus, for the first identity in ([.8), we have

Csgn(C")=cc'(cc™)~1/2 = (ccT)V2.
For the second, using S = TC gives
Ssgn(Ch) =TCcT(ccT)y~? =T(CccT)/2.

With ([8) in hand, we can obtain a representation of U sgn(U " U.). To see this, since UTU, =C,
plugging in (L8) gives

Usgn(U'U,) = (U.C+ U, 1S)sgn(CT) = U.(CCHV2 +U. . T(CCTHV2  (19)
which implies ([3) and ([4) directly by noticing that ||sin O (U, U,)|p = [|S]|p-

Proof of (L3). Since C € R"*" is a square matrix, CCT and C'C share elgenvalues From

C'C =1 —-S8'T8S, the eigenvalues of CCT are {1- a ] 1> where o0y > --- > o0, > 0 are the
singular values of S. Hence (CCT)'/? has eigenvalues {,/1 — 02}7_,, all lying in [\/1 — 07, 1].

For the operator norm bound @) sincel — /1 —xz <zxzforall) <z <1, wehave

HIT —(ccTy? L= mjax{l —J1-0? } < maxo? = ||,

where the last equality follows since [|S||,, = S sgn(CT)HOp and ([8). Finally,
ITCllop < 1T o ICllgp < 750 [|(CCTY!2 = L], < 72

2
( CT)I/Q
op

Slop =

op —
Proof of Lower bound. Since 1 —+/1 —z > z/2 forall z € [0, 1], we have

HIT _(ccTy?

op
Finally, we connect ||S||,, to 7 via

IS]lop = 1ICT llop = omin(C)T = /1= [ISI2, 7

which rearranges to HSng > 72/(1+ 72). Hence

2

HI _ (CCT)1/2 N ||S||c2)p T
" op - 2 - 2(1 —|— ’7'2).
When 7 € [0, 1], we have (1 + 72) < 2, so
-2
HIT —cchyv?|| >
op 4

1.2 Proof of Lemma 40|
Preliminaries. Using S; = TCL-, we have 8|Sy = C 7" T2C and
UUs =CJCo+ 8] 82 = Cf (I + T T2)C2 = C] (I + T, T1)C2 = C] T (Ti — T2)Co
Yerle, - ¢ T (T - BC

Here (a) follows from the fact that since C; C; + S| S1 = I, we have C; (I, + 7, T1)C1 = I,
which implies I, + 7, 71 = ¢, ‘¢t

(1.10)
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(i) Decomposition. We first decompose the aligned difference into its components parallel and
orthogonal to col(U):

Uysgn(M) — Uy = U U, [Uysgn(M) — Uy] + (I — U U, ) Us sgn(M). (L.11)

* First term: Since U'U, = M T and M sgn(M) = (M"M)Y2, the first term equals
Ur[(MTM)Y? — 1,]. Using Uy = U,Cy + U, 1S gives

UL [(MTM)Y? — 1) = U.CL[(MTM)Y2 — L]+ U, 1 S [(MTM)Y2 - 1,].
» Second term: we first compute U, and U, | components of (I — U U, )Us:
— U,-component is Co — C1(C{ Ca + S} S2). Using (LI0) gives

Co—Ci(Cl Co+ 8] 82) =Co — C1C (I + T, T1)Ca +C1C T, (T — T2)Ca
=0

=CiC T, (T — T2)Co

where the last line follows from C; C; + S Sy = I,..
- U, | -component is Sy — 81 (C{ C2 + S S2). Using (L10) gives

Sy — Si(Cl Co+ 8] S2) = T2Ca — Ti(Co — CiCT T (Th — T2)Ca)
=—(Th —T2)C2 + 315;(7—1 —T2)C2
= —Ig—r — S$1ST)(T1 — T2)Co

Combining the above gives the desired decomposition.

(ii) [|sin ©(Us, U1 )||7. This follows directly from (LIT) and the fact that |jsin ©(Us, U1)|2 =
(I — U U] )Us||% [8, Lemma 2.5].

(iii) It remains to prove the operator-norm bounds. Let Uy, | € Qg4 4, be an orthogonal comple-
ment of Uy, and set M = UITJ_ Us. Since [Uy, Uy, | is orthogonal,

Uy Uy = U) ULU, Us + Uy Uy LU U,

that is, MM T + M T M = I,. Thus the singular values of M are /1 — 2(M), while the singular

J
values of M are sin 0;(Uz, Uy). Therefore

||(MTM)1/2 - L = mjax{l — /1 — sin? 6;}.
Using § <1—+1—2 <zforze|0,1], withz = sin® 0;, gives

1, . .
5|80 O, )| < I(MTM)Y2 — | < ||sin ©(Uz, U

Finally, since || sin ©(Us, Uy)|| = ||(I — U;U{ )Us|| [8, Lemma 2.5], analysis of the second term in

(CTI) gives
Isin©(Us, Uh)|* < [IC1C) T ACe||* + [[(Zi—r — $1ST ) (Ti = T2)Cz 1%,
Since ||C;|| < 1and ||I4—, — S1S; || < 1, we have
[sin©(Us, Un)[|? < (1 + 1)1 T1 = o>

The proof is complete.
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1.2.1 Proof of Lemma [41]

Proof of Item (ii). This is Lemma 29 of [13]], which follows from Lemma i.A.3 of [2] upon setting
p = 02 /4 and observing that tr[(GT G)~!] = ||G~||3.

Proof of Item (iii). Without loss of generality, we can assume U, = [I,;0] and Uy = G(GT G)~'/?
where G' € R?*" is a standard Gaussian matrix. Write

i~ (&)
where G € R™" and Gy € RA=7)X7 gre independent standard Gaussian matrices. Then
(U] U) (U, Up) ! = GG
Item (i) gives P(||G7 || > 12y/7/6) < 6/2. Item (i) with t = V/21log(4/5) gives
P{|Gs]| > VA= 7 + Vi + \/2og(4/0)} < 6/2.
Combining the two bounds gives

P{||U U U < 12‘[ (VA=r+ 7+ /2108(4/8)) } 21—
Since v/d — 7 + /r < \/2d, and
V2d + \/21og(4/5) < 2v/2d+/21og(4/5) = 4\/dlog(4/3)
{H LUO UT 1|| 48\/rd(lsog(4/5)} S1_s

Set § = 6, /c, for ¢, > 1, since log(4c¢,/0,) < 2log(4c,)log(1/d,) for §, < 1/e, we have

48¢,/2 log(4cp)\/rd1°g(1/5p)} >1-%
5, - '

‘We have

p{ (U] U)W U0 <
Cp

J Additional experiments

We provide additional row-wise diagnostics for Theorem [§|under the same simulation settings as in
Section

Row-specific coverage. Table4|summarizes the empirical coverage rates across all d = 100 rows
by reporting their quantiles. The coverage rates are concentrated near the nominal level, particularly
for faster spectral decay, while some rows exhibit undercoverage for smaller 3. The variation across
rows is natural, as Theorem [§]is a fixed-row result with row-dependent conditions, so finite-sample
accuracy may differ across m € [d].

Table 4: Quantiles across rows of the row-specific empirical coverage rates at nominal level 0.95 over
200 Monte Carlo trials.

8  Min 10% 20% 30% 40% S50% 60% T70% 80% 90%  Max

0.5 0840 0.880 0.890 0.897 0906 0910 0.920 0.930 0.930 0.940 0.970
1 0860 0.899 0910 0920 0920 0.930 0934 0940 0.950 0.960 0.990
4 0900 0920 0930 0930 0940 0.940 0.950 0.950 0.960 0.970 0.970

Row-specific Q-Q diagnostics. To further assess row-wise calibration, for each row m € [d] we
compare the standardized quadratic statistic

Qm = ([U. Sgn(U;—Un)]m; - [Un]mw)T[EEﬂ_l([U* Sgn(U»TUn)]m,- — [Un]m,.)
with the x?2 distribution using Q-Q plots. Table summarizes, across all d = 100 rows, the quantiles
of the fitted Q-Q slopes, with slopes near one indicating good agreement. Figure 2] additionally
shows the Q—Q plots for the first two rows under each 5 € {0.5,1,4}. Overall, the slopes become

more concentrated around one as the spectral decay becomes faster, consistent with the coverage
results above.
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Table 5: Quantiles across rows of the fitted slopes of the row-specific Q-Q plots against the >

distribution.
I} Min 10% 20% 30% 40% 50% 60% 70% 80% 90% Max
0.5 0943 1.052 1.107 1.121 1.156 1.189 1.214 1257 1.292 1.348 1.431
1 0.899 1.017 1.049 1.063 1.082 1.107 1.138 1.169 1.197 1.240 1.343
4 0912 0964 0987 1.002 1.018 1.033 1.058 1.075 1.102 1.140 1.228
B=05 g=1 g=4
209 :(S.QS\ODE 1.086, int 0.135 g 209 :i‘slape 1.052, int 0.056 ’ 209 :?‘slupe 1.079, int -0.030
< 16 161 164
o g 124 124 124
E 81 81 81 7
. /. ol / X ,//
7 yd /
0 : — 0 . . : . — 0 . . . - .
0 4 8 12 16 20 0 4 8 12 16 20 0 4 8 12 16 20
209 :i‘s\ope 1.236, int -0.099 g 209 :i‘slape 1.096, int -0.008 ’ 209 :fﬂslnpe 0.916, int 0.161
< 16 16 16
~ g 124 124 124
g 81 81 8
g 7
0 . . \ : . —~ 0 . ; : . —~ 0 / : : . :
0 4 8 12 16 20 0 4 8 12 16 20 0 4 8 12 16 20

X3 quantiles

X3 quantiles

X3 quantiles

Figure 2: Row-specific Q-Q plots of the standardized quadratic statistic against the x2 distribution
form = 1,2 and 8 € {0.5,1,4}. The diagonal line represents exact agreement. Columns correspond
to 8 = 0.5,1,4, and rows correspond to m = 1, 2.
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