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The Chinese remainder theorem is used in metrology for extending the range of quantum
clocks/radar/interferometry, where the phase of a signal is known relative to a set of oscillators
with different periods. This paper investigates the performance of a quantum-mechanical Chinese
remainder clock, consisting of atoms/oscillators with pairwise coprime periods. We provide the op-
timal initial state and the optimal Heisenberg-limited quantum measurements for measuring time
up to the product of the periods. We introduce a novel fault-tolerant post-processing protocol that
allows reconstruction of the correct time even in the presence of errors in the remainders.

Introduction – “What time is it?” Atomic clocks provide
an answer to this question with high precision: optical
frequency atomic clocks such as NIST’s aluminum atom
quantum logic clock can measure time to a precision of
10−18 seconds [1]. For all atomic clocks there is a tension
between the precision, given by the inverse frequency of
the atoms/oscillators in the clock, and the range: the
atoms/oscillators themselves only determine time mod-
ulo their period, and we wish to measure time over many
periods. In conventional atomic clocks such as a mi-
crowave frequency cesium clock or an optical frequency
aluminum clock, the atoms interact with a semiclassical,
highly excited oscillator, a maser or laser, whose oscilla-
tions we can count: the precision is obtained by using the
atoms to monitor the frequency drift of the oscillator.

The Chinese Remainder Theorem (CRT) arises from
a problem posed by Sunzi in his book written between
the 3rd and 5th centuries; Aryabhata provided a general
algorithm to solve Sunzi’s problem in the 6th century.
The theorem states: given m pairwise coprime positive
integers xj , the value of a positive integer x between 1
and x1 . . . xm is uniquely determined by its remainders
x modxj . The CRT is useful for extending the range
of any system where we can measure the phase within
a period of an oscillator, but can’t count the periods.

The CRT has been profitably applied to atomic clocks,
to radar [2], and to interferometry [3]. Heretofore, ap-
plications of the Chinese remainder theorem have been
classical or semiclassical. In this paper we propose a fully
quantum mechanical CRT quantum clock, in which the
underlying quantum systems are harmonic oscillators or
ensembles of identical atoms with integer periods xj . The
physics of measuring time using such clocks individually
is well-established [4–6]. Here we present the optimal
initial states and optimal quantum measurements for ap-
plying the CRT to a fully quantum clock.

Quantum CRT Clock – Our CRT quantum clock con-
sists of m “hands”, each a truncated harmonic oscillator
with xj states, j = 1, ...,m, where xj are chosen pairwise
coprime. The Hamiltonian is

Hj = ωj

xj−1∑
n=0

n|n⟩j⟨n| , (1)

where ωj = 2π/xj . Here and throughout, we set ℏ = 1
and similarly fix our basic time unit to be 1. Up to degen-
eracy, this Hamiltonian is the same as for an ensemble of
xj − 1 identical two-level spins or atoms with frequency
ωj .
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Define the phase state |φ⟩j for the jth oscillator

|φ⟩j =
1

√
xj

xj−1∑
n=0

e−inφ |n⟩j . (2)

Over time t, |φ⟩j evolves to e−iHjt|φ⟩j = |φ + ωjt⟩j , so
that a measurement of the phase determines the time
mod xj . Phase states in general are not orthonor-
mal, but we can define an orthonormal basis of phase
states {|φj

k⟩j}
xj−1
k=0 for each truncated oscillator, with

φj
k = 2πk/xj [7]. The corresponding phase operator is

then

Φdisc
j =

∑
k

φj
k|φ

j
k⟩j⟨φ

j
k| . (3)

A simple, deterministic protocol then allows us to mea-
sure integer times using the Chinese remainder theorem.
We initialize each of the oscillators in the k = 0 state
|ψ(t = 0)⟩j = |φj

k=0⟩j = |φ = 0⟩j , such that at unit time
intervals it “ticks” deterministically through the states
|ψ(t = k)⟩j = |φj

k⟩j , k = 1, 2, 3, . . ., wrapping around at

k = xj . We now measure Φdisc
j at integer times to deter-

mine φj
t = 2πt/xj (mod 2π), from which we obtain the

remainder of tj = t (mod xj) for each of the oscillators.
Since xj are pairwise coprime, the standard classical algo-
rithm for the CRT then reveals t from these remainders,
as long as t <

∏m
j=1 xj (the “Maya calendar range” time

for the set of hands), see Fig. 1.
This essentially classical protocol, while straightfor-

ward, is not particularly satisfactory. In order to make
measurements at precisely integer times, our measure-
ment apparatus must possess a frequency-stable classical
oscillator to determine when the individual phase mea-
surements are to be made; having such a stable oscillator,
we may simply count its periods and use it as a clock,
without ever introducing a microscopic quantum clock
in the first place. Measuring the phases at non-integer
times introduces errors, and a naive reconstruction of t
is notoriously sensitive to any error in the remainders,1

necessitating some form of error correction. In the fol-
lowing sections we provide a protocol for continuous time
measurement that employs optimal quantum measure-
ments for each oscillator and provides both the Heisen-
berg quantum limit and extended dynamical range.

Continuous time and measurement – The optimal initial
states and measurement procedures for measuring time

1 This may initially seem strange, but simple generic examples
bear this out. For instance, consider x1 = 5, x2 = 7; if we mea-
sured t = 1 (mod 7) and t = 3 (mod 5), then t = 8 (mod 35),
while if instead t = 1 (mod 7) but t = 4 (mod 5), then t =
29 (mod 35). Thus changing even a single remainder by 1 leads
to a shift in the result on the order of the entire range.

a)

𝜔𝑚 =
2𝜋
𝑥𝑚

𝜔2 =
2𝜋
𝑥2

𝜔1 =
2𝜋
𝑥1

b)

𝜙𝑗=t mod 𝑥𝑗  

c) d)

FIG. 1. Schematic of the proposed protocol. a) State prepa-
ration: We prepare n truncated harmonic oscillators, with
coprime periods, in the optimal initial states for phase esti-
mation. b) Measuring the time t: We perform the optimal
Heisenberg-limited measurement of phase on each oscillator,
to find the remainder of t by each period. c) Chinese re-
mainder theorem reconstruction: From the remainders, we
recover t, using a robust algorithm to overcome potential ex-
perimental errors. d) Extended dynamical range: This idea
is reminiscent of the structure of the Maya Long Count Cal-
endar. With enough periods (denoted by Maya numerals in
kets in the figure), we can extend the dynamical range of our
device exponentially.

continuously using truncated harmonic oscillators or en-
sembles of atoms are known [4–6]. The continuous phase
operator for each oscillator is

Φcont
j =

∫ π

−π

dφ

ωj
φ|φ⟩j⟨φ| , (4)

where the normalization of the measure is necessary to
ensure this is a valid POVM,

∫ π

−π
dφ
ωj

|φ⟩j⟨φ| = 1j .

Holevo [6] showed that this operator gives the optimal
continuous phase measurement , yielding the minimum
variance in phase for any initial state. The optimal initial
state is given by Buzek et al [5],

|ψopt⟩j =
√
2

√
xj

xj−1∑
n=0

sin
π(n+ 1/2)

xj
|n⟩. (5)

After evolving from |ψ(t = 0)⟩j = |ψopt⟩j for time t,
the probability density of measuring φj is

Popt(φj | t) =
2 sin2

(
π

2xj

)
cos2

(
xjδj
2

)
cos2

(
δj
2

)
x2j sin

2
(

δj+π/xj

2

)
sin2

(
δj−π/xj

2

) , (6)

where δj = φj − ωjt .



3

In particular, this distribution has a sharp central peak
at φ̄j = ωjt mod 2π. The width of this peak, which
is the standard deviation of φj when restricted to lie
between φ̄j − π and φ̄j + π, is ∆φj, opt ≃ π

xj
at large xj .

Thus each phase measurement with this optimal initial
state yields a measurement t̃j = φj/ωj (mod xj) of the
time remainder tj for the j’th oscillator, with Heisenberg
scaling error ∆tj ≃ 1/2.
We now provide a scheme to deal with measurement

errors.2 Our prescription for the fractional part of the
remainders is to round them, use the CRT for the inte-
ger part, and add back the fractional part at the end.
As described earlier, the traditional CRT reconstruction
is generically volatile, and accordingly we are interested
mostly in ensuring that the determination of the inte-
ger part of the time is correct, as the fractional part is
less sensitive and can be recovered in a straightforward
manner. Our method affords an exact measurement of
the integer part of the time with exceedingly high prob-
ability, at the cost of adding states to the Hilbert space,
while incidentally also improving the resolution of the
fractional part. We note that there are various other ro-
bust reconstruction algorithms known for the CRT, see
[2, 10–14] and references therein; our proposal is partic-
ularly suited to the problem at hand: it explicitly deals
with the fractional parts, is robust against a physical er-
ror distribution, requires only a modest increase of the os-
cillator Hilbert space dimension, and is simple and com-
putationally inexpensive.

Increasing phase resolution – Each truncated harmonic
oscillator measures time to an accuracy of order ±1/2.
We can improve the accuracy of the measurement of time
by increasing the truncation scale: we keep the same fre-
quency ωj for the j’th oscillator, but increase the num-
ber of states to Zxj , where Z is an integer. We use
the Buzek optimal initial state for each oscillator. Each
oscillator now “ticks” Z times more frequently, and the
phase measured for each oscillator has uncertainty that
scales inversely with Z, namely that ∆φj = π/Zxj and
∆tj = 1/2Z ≡ ∆t for each oscillator. From equation (6)
, for large Z the probability that the measured φj is more
than ϵ away from ωjt is

Popt(|δj | ≥ ϵ) ≃ 4π

3 (Zxjϵ)3
. (7)

We thus can attain any desired resolution with any de-
sired probability by increasing Z sufficiently.

2 The error correction protocols put forth in this work are classi-
cal, in that we first measure the phases and then perform correc-
tions. In principle, one could also consider more fundamentally
quantum error correction, wherein quantum processing is done
to the superposition of oscillator states themselves and the mea-
surement is postponed to the end. Such quantum protocols may
be able to achieve results strictly better than classically possible
[8, 9]; we leave such interesting extensions to future work.

Protocol –

(1) Begin with the optimal initial state for each oscillator,
evolve for an unknown time t < x1 . . . xm, and measure
the phases ϕj using the optimal Holevo covariant mea-
surement to yield estimates t̃j of time tj = t (mod xj) for
each oscillator. The standard deviation in the value of
each t̃j is of order 1/2Z, where Z is the truncation scale
multiplier, which we shall choose to be sufficiently large
as explained below.

(2) The distribution of measured times t̃j follows Eq.
(6). We begin by considering all non-integer parts rj =
t̃j−⌊t̃j⌋ of the values t̃j . Suppose now that |tj−t̃j | < 1

4 for
all j (taken mod xj), as will happen with high probability
for large Z, so that all measured t̃j lie in an interval of
length at most 1/2.
If maxj rj −minj rj < 1/2, then we may simply round

each measured t̃j down, to t′j = ⌊t̃j⌋. However, if
maxj rj − minj rj > 1/2, then evidently the measure-
ments “wrap around” an integer boundary, and so we
must round fractional values below 1/2 down and above
1/2 up. That is, in this case we round each t̃j to the
nearest integer t′j = ⌊t̃j⌉. In either case we then identify

the r′j = t̃j − t′j as the non-integer correction, which we
estimate simply to be r′ = (1/m)

∑
j r

′
j .

(3) Calculate the integer value t′ of t by applying the
Chinese remainder theorem inversion to the t′j . Our final
estimate of t is then t′ + r′.

We now return to the matter of choosing Z. The integer
part of the time is correctly reconstructed as long as the
assumption in step (2) holds: the probability of failure is
bounded by the probability that |tj−t̃j | ≥ 1/4 for some j.
This may be computed directly from (6); at large Z, from
Eq. (7), we have that Popt

(
|tj − t̃j | ≥ 1/4

)
≃ 32

3π2Z3 , and
so for the method to succeed with probability p = 1 − ϵ
we choose

Z ≥ Zmin ≃
[
32

3π2

1

1− p1/m

] 1
3

≃
(m
ϵ

) 1
3

. (8)

Then, the uncertainty on the final value follows solely
from that on the measured fractional parts, in the stan-
dard way. The unbiased estimator of their standard de-
viation is ∆2 =

∑
j(r

′
j − r′)2/(m− 1), yielding an overall

uncertainty ∆/
√
m ≈ 1/(2Z

√
m) for the estimate of t.

Figure 2 illustrates a simulation of the above proto-
col, demonstrating significant improvement in the recon-
struction results as we increase Z. As discussed, the most
critical failure mode is not a small continuous error, but
an incorrectly rounded remainder, which can produce a
reconstruction error of order

∏
j xj . This behavior is vis-

ible at small Z, where the reconstruction exhibits broad
catastrophic failures, spread sporadically through the en-
tire range. As Z increases, this failure mode rapidly be-
comes increasingly rare, and the remaining error is due
to the fractional part, with narrow distribution around
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FIG. 2. Reconstruction errors for the proposed protocol with
{xj} = {2, 3, 5, 7, 11} and Z ∈ {1, 3, 5, 7}, for N = 1000 trial
times chosen uniformly at random from [0, 2310) [15]. For
Z = 1 (no error correction), the error is distributed across
the entire range, while for larger Z the distribution is peaked
around 0 with uncertainty 1

2Z
√
m

(red dashed lines) – e.g.

Z = 5 is sufficient to ensure error less than 1 in 99% of cases.

zero. The simulation therefore confirms the main role of
increasing Z.

Proof of optimality – The procedure we have given here
for implementing a fully quantum CRT clock employs
states and measurements that are not entangled between
the different hands. For each hand, the initial state |ψ(0)⟩
is indeed highly non-classical: it is anti-squeezed in en-
ergy for each truncated oscillator, or equivalently an en-
tangled spin anti-squeezed state for each atomic ensem-
ble. It might be suspected that a more accurate proce-
dure for measuring time, using states and measurements
that are entangled between the hands, is possible.

Surprisingly, this is not the case, as we now prove: en-
tanglement does not help. Indeed, the optimal measure-
ment of time for any Hamiltonian is given by the Holevo
covariant measurement [6] – the POVM elements are
projections onto the states |χ(t)⟩ = e−iHt|χ(0)⟩, where
|χ(0)⟩ is a uniform superposition over energy eigenstates
of H. In our case, these states are simply the unentan-
gled states |ϕ(t)⟩1 ⊗ . . .⊗ |ϕ(t)⟩m, the tensor product of
the phase states for the individual oscillators.

The Holevo procedure does not in general specify
the optimal initial state; consider, therefore, an ar-
bitrary initial state |χ(0)⟩1...m (entangled between the
hands). Let the reduced density matrix for the j’th
oscillator be χj(0) =

∑
k p

j
k|µk(0)⟩j⟨µ(0)k|. This state

evolves to χj(t) =
∑

k p
j
k|µk(t)⟩j⟨µ(t)k|, where |µk(t)⟩ =

e−iHt|µk(0)⟩. Now, the variance ∆2
k of the phase mea-

surement on each individual |µk(t)⟩ is greater than or
equal to the optimal variance ∆2

opt, obtained when the
initial state is the optimal Buzek state for that oscilla-
tor. The variance of any observable O in the state χj(t)

obeys ∆2
χ =

∑
k pk∆

2
k +

∑
k pk(tr(Oµk) − tr(Oχ))2, so

since ∆2
k ≥ ∆2

opt, we conclude ∆2
χ ≥ ∆2

opt. Hence, the
variance in time measurement for any initial state is at
least as great as that for the unentangled procedure given
above.

Experimental Realizations and Platforms – The quan-
tum CRT clock can be implemented across a range of
existing quantum sensing platforms that already con-
front the fundamental tradeoff between phase sensitivity
and dynamic range. In cold-atom interferometry, phase
measurements are intrinsically 2π-periodic, limiting the
unambiguous range of inertial and gravitational sens-
ing. Recent experiments have addressed this limitation
by combining interferometers with different interrogation
times or scale factors, producing moiré-like phases with
an extended effective period and enabling large enhance-
ments in dynamic range [3]. More generally, composite
and multi-interrogation-time protocols combine modular
phase measurements to reconstruct signals over a wider
range. Related strategies based on large-momentum-
transfer atom optics and multi-frequency control further
extend the accessible phase accumulation and coherence
time [16, 17]. These approaches demonstrate that multi-
scale phase estimation is experimentally viable, but they
remain fundamentally semiclassical, relying on separate
measurements and classical post-processing.
In parallel, rapid progress in quantum metrology has

enabled the use of entangled states and optimized mea-
surements to approach fundamental limits of precision.
Programmable quantum sensors based on trapped ions
have demonstrated near-optimal phase estimation over
finite dynamic ranges by jointly optimizing input states
and measurement protocols [18], while entanglement-
enhanced interferometry has achieved sensitivities be-
yond the standard quantum limit [19–21]. Compact and
deployable quantum sensors are also emerging as prac-
tical technologies for real-world applications [22]. The
present work provides a unifying framework that com-
bines these directions: it extends multi-scale interfero-
metric ideas into the fully quantum regime, where mul-
tiple “moduli” are treated as a single coherent system
and measured optimally. This suggests a new class of
quantum sensors that simultaneously achieve large dy-
namic range and Heisenberg-limited precision, bridging
the gap between classical range-extension techniques and
quantum-enhanced metrology.
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