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Using 20.3 fb™* of ete™ collision data collected with the BESTIT detector at /s = 3.773 GeV,
we perform the first amplitude analysis of the decay D — 7 nn. The intermediate process DT —
a0(980)"n, ao(980)" — w1, is observed as the only significant component in the amplitude analysis,
and its branching fraction is measured to be (3.6720.124tat £0.06syst ) X 1073, The 7r+77 mass spectrum
associated with ao(980)"n production exhibits a line shape that differs substantially from those
observed in Dy — ao(980)m and D° — ao(980) etv. decays. We examine several conventional
descriptions of the ao(980) amplitude, including Flatté, dispersively modified Flatté, T-matrix, and
K-matrix parameterizations. With reference a¢(980) parameters, neither these models nor their
extensions including additional small resonant or non-resonant amplitudes reproduce the observed
line shape satisfactorily. When the a¢(980) parameters are allowed to float, satisfactory fits can
be obtained, but the pole mass is driven well above the K K threshold, inconsistent with the near-
threshold character of the ao(980). The results reveal a tension between fit quality and the physical
pole position in conventional direct-production amplitude models.

I. INTRODUCTION

The interpretation of invariant-mass spectra is a cen-
tral task in hadron spectroscopy. Resonance properties,
such as the quantum numbers I¢JFC, pole positions,
masses, and widths, provide essential information for
identifying hadronic states. Among the light hadrons
below 1 GeV/c?, the pseudoscalar and vector mesons
are well established, whereas the scalar mesons f,(500),
K} (700), f0(980), and a¢(980) remain of particular in-
terest because their internal structures are still under
discussion. Recent studies of charm-hadron decays in-
volving the a((980) have provided important experimen-
tal information on its production and line shape [1-5].
In these channels, however, the a¢(980) usually appears
together with several other intermediate amplitudes, and
the extracted ap(980) line shape can be affected by in-
terference with them.

The decay DT — 7 nn provides a relatively clean en-
vironment for studying the a((980) line shape. The upper
kinematic boundary of the 77 invariant mass, M (7" n),

is 1.322 GeV/c?, allowing only a limited set of 777 res-
onant contributions. Besides the a¢(980), the a2(1320)
lies at the kinematic boundary and is strongly suppressed
by phase space. Possible contributions in the nn system
are limited to isoscalar states such as fy(1370), f2(1270),
and fo(1500) [6]. Considering the available phase space
and the known decay branching fractions, these contri-
butions are expected to be small in D¥ — 7Fnn. There-
fore, this decay is especially suitable for investigating the
DT — ap(980)"n intermediate process and the associ-
ated a(980) line shape.

In this work, we perform the first amplitude anal-
ysis of DT — wtyn using 20.3 fb™! of ete™ colli-
sion data collected with the BESIII detector at /s =
3.773 GeV [-9]. We examine a broad set of conven-
tional amplitude models by combining_several ag(980)
line shape parameterizations—Flatté [10], dispersively
modified Flatté [11], T-matrix [12], and K-matrix [L3]—
with possible additional cascade decay amplitudes. This
study provides a systematic test of how the choice of
ap(980) parameterization affects both the description of



the data and the extracted pole position.

II. ao(980) LINE SHAPE PARAMETERIZATIONS

In this analysis, four descriptions of the a(980) line
shape are tested: the Flatté parameterization, the dis-
persively modified Flatté parameterization, the T-matrix
formalism, and the K-matrix formalism. These descrip-
tions are introduced below and used in the amplitude
fits.

A. Flatté parameterization

Denoting s = M?2,, the Flatté formula is

>

1
P, s) = - , 1
0(980)( ) M(? - Zz] g?pj(s) ( )

where M is the bare mass parameter, g; is the coupling
constant for channel j, and p;(s) is the corresponding
phase space factor, defined as

where sji = (mj1 £ mj2)?, with mj; and mjo being the
masses of the two particles in the channel j. The cou-
pled channels considered are 77, KK, and 7n’. Unless
otherwise stated, the Flatté parameters are fixed to the
values reported by CLEO [14].

B. Dispersively modified Flatté parameterization

The dispersively modified Flatté parameterization is
written as

1
Mg —s =32, g:1(s)’

Pay(980)(8) = (3)

where II; () is the channel-dependent dispersive function
defined in Ref. [15]; the same convention and subtraction
scheme are used here. Its imaginary part is related to the
corresponding two-body phase space, while its real part
gives the dispersive threshold correction. Unless other-
wise stated, the parameters in this description are fixed
to the values reported by BESIII [15].

C. T-matrix formalism

In the T-matrix formalism, we follow the coupled-
channel treatment of Ref. [[12]. According to the quark-
level diagrams considered in that work, the primary
tree-level production of Dt — K+ K% is absent. The
source term is therefore assigned to the 7%n channel,
while the K+ K channel is generated through coupled-
channel final-state interactions. Since the two 7 mesons
in the final state are identical, the total amplitude is
symmetrized under 7, <> 7. Defining s, = mi+na and

sp = m727+m.’ the amplitude is written as [[12]

Mp+ ptgn = g1l + Gry(8a) Trn,mn(8a) (4)
+ G (86) T mn (80)],

where g is an overall normalization factor.

The scattering matrix is obtained from the algebraic
Bethe-Salpeter equation,

T(s) = [1 - V(s)G(s)] " V(s), (5)

where V' and T are matrices in the coupled-channel space
and G(s) = diag (Gxy(s),Ggr(s)). The coupled chan-
nels are chosen as (1) 77 and (2) K*K°. Following
Refs. [12, [16], the potential matrix is

2m?2
Vi,=_2_"m
11 3 72”73

3s —m2, —m2, —m?
Vip = — e (6)

3\/§fo(f7rn
S

Voo = ———,
22 4fI2(R

where the effective decay constants are set to fr, =
frxir = 93 MeV [16]. For each channel ¢, the two-point
loop function is defined as

Gils) = Z/ (d4q 1 1

2m)* (P = q)* — m +ie > = mi +ie
(7)
where P2 = s, and m;; and m;s are the masses of the
two particles in the channel 7. Following Refs. [12, 6],
we use a three-momentum cutoff regularization,

L [ q° (wi1 + wi2)
Gi(s) = — — dg,
() 472 /0 witwiz [8 — (wi1 + wiz)? + €] q( )
8
where w;; = 4 /m?j + ¢2, q is the three-momentum mag-

nitude, and gmax = 0.6 GeV is the cutoff.



D. K-matrix formalism

In the S-wave K-matrix formalism, the production am-
plitude for the channel a is written as

Fu(s) =Y _ [T —iK(s)p(s)],, Pu(s), (9)

b

where I is the identity matrix, p(s) is the diagonal matrix
of phase space factors, and Py(s) is the production vector.
Following Ref. [13], the coupled channels are chosen as
(1) 7, (2) KK, (3) 7', and (4) multi-meson states. The
corresponding K-matrix is parameterized as

(a) (o) 2

Ga Gy 1.5 GeV* + 51
Y T 10

M2 —s o 10)

Kab(s) =
The phase space factors for the first three channels
are defined using the same convention as in the Flatté
parameterization in Eq. PJ. For the multi-meson channel,
i = 4, a smooth threshold form is adopted,

1 s> sfh
B 5/2
_ 1—s¢,, /s
pa(s) = (W) 54 < s <Y, (11)
0 5 < 8%,

where s, = (m, + 3m,)?, sb, = 2.25 GeV”.

The production vector describes the coupling of the

initial D% decay to the coupled channels. We consider
the standard form

Z Baga

The smooth production term is included only in the mn
channel; thus fPd = 0 for a # 1. As an alternative de-
scription of the smooth production term, we also consider
a polynomial form for the P vector [L7],

. 1.5 GeV? 4 gProd

s+ s prod (12)

Baga

Pa(S) M2 s +an nS (13)

where ¢, , =0 for a # 1.

Following Ref. [13], two bare poles are included in the
K-matrix. For the first three channels, the couplings of
each bare pole are constrained by

g = 50 o) ) VA ) ) SO o)

il 27 ol

(14)

where the subscript denotes the channel index, © ~ 41.4°

is the n-n’ mixing angle in the quark-flavor basis, and

A = 0.6 accounts for the suppression of strange-quark-

pair creation. The parameters of the K-matrix are listed
in Table m

Finally, for the decay DT — (7%1)s_waven , the K-
matrix amplitude is symmetrized over the two identical
7] Mesons as

= F1(8q) + Fi(sp). (15)

AD+_>(7T+77)waave7/]

TABLE 1. K-matrix parameters quoted in Ref.[13]. Masses
and couplings are given in GeV/c?, while units of GeV?/c*
for s-related quantities are implied, and only f11 is non-zero.

ao-resonances without K-matrix background term

Solution 1 Solution 2
a=1 a=2 a=1 a=2
M, 0.963 1.630 0.965 1.654
g(® 0.879 0.702 0.901 0.435
g\ 0.598 0.511 0.689 0.687
ap-resonances with K-matrix background term
Solution 3 Solution 4
a=1 a=2 a=1 a=2
M, 0.944 1.624 0.939 1.640
g(® 0.879 0.702 0.901 0.435
g\ 0.651 0.519 0.653 0.651
fi1=0529 s =1.0 f11=0731 s =1.9

E. Discussion

Using the Flatté, dispersively modified Flatté, and T-
matrix descriptions introduced above, we compare the
corresponding normalized 77 mass distributions for the
DT — ap(980)%n, ag(980)" — 7 n decay chain.

As shown in Fig. m, the Flatté and dispersively mod-
ified Flatté parameterizations give rather similar line
shapes, while the T-matrix formalism leads to a visi-
bly different distribution. This difference is expected be-
cause, in the implementation used here, the T-matrix am-
plitude describes the coupled-channel 77 final-state inter-
action, including both resonant and non-resonant scatter-
ing components generated within the model. In contrast,
the Flatté and dispersively modified Flatté forms param-
eterize the a((980) propagator with prescribed coupled-
channel couplings and do not include an explicit non-
resonant 7 scattering background.

The K-matrix result is not shown in this illustrative
comparison because its production amplitude depends on
the choice of the production vector. In particular, the co-
efficients (3, describe the relative production strengths of
the K-matrix bare poles in the initial D decay, while the



smooth production term introduces an additional non-
pole component. Therefore, unlike the Flatté-type prop-
agator forms, the K-matrix formalism does not define a
unique line shape before the production parameters are
specified in the amplitude fit.
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FIG. 1. Normalized 7771 mass distributions obtained with
the Flatté (blue), dispersively modified Flatté (green), and
T-matrix (red) descriptions. Each distribution is normalized
to unit area.

III. EVENT SELECTION

The BESIII detector and the upgraded multi-gap resis-
tive plate chambers used in the time-of-flight systems are
described in Refs. [18, [19] in detail, respectively. Since
the DT and D~ are produced together in pairs, the dou-
ble tag (DT) method [20] is employed to suppress back-
grounds. Six tag channels D~ — Ktr— 7= (7%), D~ —
Kln=(nY), D~ — K2n~n 7", and D~ — KTK 7~
are used. Signal MC samples with (3770) — D+*D~,
D~ — tags and Dt — wnn are generated, where the
amplitude model from the fit to the data is used for
the signal decay. The tracking, particle identification
(PID), K¢, n° and n reconstruction are almost identi-
cal to those in Ref. [21], except for the signal window of
invariant mass for 7 candidates, which is set to 0.45 <
M(y7)y < 0.65 GeV/c? to improve the 7 reconstruction

efficiency. Two variables, Mpc = \/ EZ,,.. — |Pp|? and

AE = Ep: — Fpeam, are used to identify D* mesons,
where (Ep+, ﬁDi) is the four-momentum of the D* me-
son and Fheam is the beam energy. For both the tag and
signal sides, any candidate with Mpc < 1.83 GeV/c?
or |[AE| > 0.1 GeV is first rejected. The candidate for
each tag mode with |AFE| closest to 0 is selected, while
the signal candidate with Mpc closest to the D nom-
inal mass [6] is chosen. Backgrounds are studied with
an inclusive Monte Carlo (MC) sample simulated with
GEANT4 [22], which includes all known open-charm de-
cays, charmless decays and initial-state radiative decays

to the J/v or ¢(3686). All particle decays with known
branching fractions are modeled with EVTGEN [23]. The
remaining unknown charmonium decays are generated
with LUNDCHARM [24].

For the tag channels, the Mp¢ signal windows are de-
fined as £6 MeV/c? around the known D~ mass [f]; and
the AFE windows are set to 3.5 times the corresponding
resolutions [21]. On the signal side, the Mp¢ signal win-
dow is required to be in the range [1.860, 1.880] GeV/c?.
Since the dominant background is from processes with
no 7 in the final state, for events used in the amplitude
analysis a multi-variant analysis (MVA) [25] is employed
in which a Gradient Boosted Decision Tree (BDTG) clas-
sifier is developed based on the inclusive MC sample.
The BDTG takes five discriminating variables: the nat-
ural logarithm of the x? of constraining the two-photon
pairs to the 7 mass; the invariant masses and the co-
sine of the helicity angles of the photon decaying from
M ,2 with higher energy, where the subscripts 1 and 2 for
7 represents a more or less energetic 7. Studies of the
MC samples show that a requirement on the output of
the BDTG retains 78.3% signals and rejects 89.7% back-
grounds. The possible distortion of the Dalitz-plot distri-
bution due to this requirement is studied with MC sam-
ples and found to be negligible. A further requirement
of |AE| < 0.040 GeV is then imposed. Furthermore, to
ensure all candidate events fall into the physical region
of phase space, a kinematic fit is performed, where aside
from four-momentum conservation, the invariant masses
of M(yv), and M(m*nn)p are constrained to individ-
ual values quoted from the PDG [6]. Finally, a sample of
1624 candidates is retained with a purity of (85.14+0.9)%.

IV. AMPLITUDE ANALYSIS FORMALISM

The amplitude analysis is performed using accepted
events in data based on an unbinned maximum likelihood
fit. The logarithm of the likelihood is constructed as

(1 - f)B(®)), (16)

where f; is the signal purity, p is the four-momenta of
the final particles, and S(p) and B(p) are the probability
density functions (PDFs) of the signal and background,
respectively:

In L = In(f,S(p) +

e(p )IM( )*Rs(p )

T IR -
fE(P Rs(p )dgp'

Here, R3(p) is the three-body phase space factor, and
€(p) is the efficiency function. The M(p) is the total am-
plitude of the signal, and B.(p) is the amplitude of the



background. The background amplitude B.(p) is calcu-
lated with

Be(p) = B(p)/e(p), (18)

where the B(p) is the function extracted from the inclu-
sive MC sample with the signal removed and the e(p) is
the corresponding efficiency.

A. Signal amplitude formalism

The M(p) is modeled as the coherent sum of the am-
plitudes of all intermediate processes,

M(p) = cae'® Aq, (19)

where ¢, and ¢, are the magnitude and phase of the "
amplitude, respectively. The amplitude A, is defined as
A, = P,S,F'FP

a” o

(20)

where P, is the propagator for an intermediate reso-
nance; S, is the spin factor constructed with the co-
variant tensor formalism [26]. The four-momenta of the
two identical n mesons are exchanged due to the Bose
symmetry requirement. For a Dalitz plot of the decay
Dt — P, PyPy (P1,2,3 are the three decay products with
JF = 07, in this paper, they are mnn), considering the
decay chain of D¥ — RP3;, R — PP, two first-order
operators are constructed as:

ji,él);,a _ TB o prQTD %,
D
i‘(l) o N PR"TR . (21)
Rp — TRu p% Pr>

where pp and pr are the four-momenta of the Dt and
intermediate resonance R, respectively. rp = pr — p3
and g = p1 — p2, P1,2,3 are the four-momenta of the de-
cay products. The two second-order operators are con-
structed as:
F@u _ mpgWr _ La) &0 PP
Tp =Tp"Tp _gTD Ty (9" = =57),

- 1) ;1) lx) za PRuPRv
B(R) = Ty, — 5T T (g — ZE0).

Here, g is the metric tensor. Only the cases with orbital
momentum L no more than 2 are considered due to the
phase space limit. Then S, is

1.0, L
S
L

~ [t 19
T2

0
1 (23)
o 2.

The F and FP are the barrier factors for the interme-
diate state and D meson, respectively, which are

1.0, L=0
F={ /5, L=1 (24)
94-3z0+22
\V 9+3;+z207 L=2.

Here, z = (qr.)?, for FP, q is the momentum of R or P3
at the rest frame of DT and r. is the effective radii for
Dt and set to 5.0 GeV ™! in the nominal fit; for F&, ¢
is the momentum of P; or P, at the rest frame of R and
re is the effective radii for R and set to 3.0 GeV ™! in the
nominal fit.

The propagator P, is taken to be a relativistic Breit-
Wigner formula for all resonances except the ay(980),
which considers the Flatté parameterization, dispersively
modified Flatté parameterization, T-matrix formula and
K-matrix formula.

B. Fit fraction and branching fraction of
intermediate process

The fit fraction (FF) of the o'® amplitude is calculated
with

_ f lcaAa(p) |2R3 (p)dgp
B = M) P Ra ) P

Here, it is noted that there is no efficiency function being

(25)

incorporated. The branching fraction of the o' interme-
diate process is
B, =B(D" — 7wt FF,, (26)

V. SIGNAL MODEL CONSTRUCTION

In the Dalitz plot of M?(ntn,) versus M?(mxtny),
shown in Fig. ], a prominent band corresponding to the
a0(980)" resonance is observed in the 77 system, while
no other clear structures are visible. Here, the subscripts
a and b label the two identical n candidates, whose as-
signment is randomized on an event-by-event basis.

Motivated by this observation, the baseline signal
model includes only the decay chain Dt — ag(980)"n,
a0(980)" — 7. In each fit, this amplitude is chosen as
the reference amplitude, with its magnitude and phase
fixed to 1.0 and 0.0, respectively. The additional ampli-
tudes listed in Table [[] are tested individually. The sta-
tistical significance of each additional amplitude is evalu-
ated from the change in the log-likelihood and the change
in the number of free parameters between the fits with
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FIG. 2. Dalitz plot of M?(nn,) versus M?(rT ) for the
selected D* — 77nn candidates. The subscripts a and b
label the two identical i candidates, whose assignment is ran-
domized on an event-by-event basis. There are some events
outside of the Dalitz boundary due to the detector resolution.

and without the amplitude. The subscripts V and T de-
note vector and tensor nonresonant amplitudes, respec-
tively.

The tests are divided into four sets, according to the
different ag(980)™ line shapes, described by:

A. the Flatté parameterization;
B. the dispersively modified Flatté parameterization;
C. the T-matrix formalism; and

D. the K-matrix formalism.

TABLE II. The additional amplitudes being considered,
where the subscripts V and T represent the vector and tensor
non-resonant states.

Amplitude
I |DT = fo(1370)7 T, fo(1370) — nn
II DT — fo(1500)7", fo(1500) — nn
I | DY — fo(1710)7 ™", fo(1710) — nn
IV | Dt — f2(1270)7™", f2(1270) — nn
(1525) (1525)
(1565) (1565)
) )

V | Dt — f5(1525)7 T, f5(1525) — nn
VI | DT — f2(1565)7™", f2(1565) — nn

VII | DT — f2(1640)7", f2(1640) — nn
VIII Dt — (ny)rmt

IX Constant term

X Dt — (rTn)vn

XI Dt — a2(1320) 1y

XII Dt — (7™ n)rn

In the test sets A and B, the a((980) parameters are
fixed to the values reported in Refs. [14] and [15], re-
spectively. In the test set C, the T-matrix amplitude is
used as described in Sec. [ll, without introducing addi-
tional free parameters. In the test set D, the scattering
part of the K-matrix formalism is fixed: the bare masses,
channel couplings, and smooth-background parameters
of the K-matrix are taken from Table I of Ref. [[13]. The
production-vector parameters, which describe the cou-
pling of the initial DT decay to the K-matrix bare poles
and smooth non-pole production terms, are treated as
free fit parameters. In the test sets A—D, the amplitude
“IX. Constant term” represents a uniform nonresonant
amplitude over phase space. When this term is included
together with the dominant ag(980) "y amplitude, the fit-
ted solution exhibits a large constructive interference, ex-
ceeding 30%. Such a large interference indicates a strong
correlation between the constant term and the ag(980) %y
amplitude, which makes the separation of the two con-
tributions unstable and model dependent. Therefore, the
constant term is not included as an independent compo-
nent in the nominal signal model.

A. Test set A: Flatté parameterization

The baseline model gives InL = 105.3 and
x?/NDOF = 161.1/92. Throughout this paper, the
M (7wn) projection is obtained by filling both M (7% 7,)
and M (7" ) combinations for each event, in order to re-
duce statistical fluctuations. The projections of M (7+n)
and M (nn) are shown in Fig. E The observed ag(980)
line shape is not well reproduced by the baseline model.

—
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FIG. 3. The projections of (left) M(ntn) and (right)
M (nn) for the baseline model with Flatté parameterization
for Py, (980)- The black dots with error bars are the data; the
blue lines are the total fit; and the green lines are the back-
ground.

The additional amplitudes listed in Table @ are then
tested by adding them individually to the baseline model.
The values of In £, fit qualities, and significances relative
to the baseline model are summarized in Table |

As given in Table , adding a single additional am-
plitude improves the fit quality in some cases, but none
of these models provides a satisfactory description of



TABLE III. The fit qualities for the fits after adding one ad-
ditional amplitude in the baseline model. The significance is
calculated relative to the baseline model.

Amplitude| In£ x*/NDOF Significance (o)
I 108.0 146.1/92 1.9
IT 112.3 157.3/92 3.3
111 113.0 141.8/92 3.5
v 112.9 143.7/92 3.5
\% 119.9 136.0/92 5.0
VI 123.0 128.1/92 5.6

VII 123.4 133.5/92 5.7
VIII 116.8 134.0/92 44
IX 133.3 106.6/92 7.2
X 107.3 146.6/92 1.5
XI 116.5 152.1/92 4.3
XII 110.1 158.6/92 2.7

the data. The largest improvement is obtained for the
constant term; however, as discussed above, this term
is strongly correlated with the dominant ay(980)"n am-
plitude and does not provide a stable independent con-
tribution. The single-amplitude tests give significances
above 5o for the tensor states f5(1525), f2(1565), and
f2(1640). The projections for the three tensor ampli-
tudes that give the largest improvements in the direct-
production tests are shown in Fig. H The complete set
of projections for all tested additional amplitudes in the
Flatté case is provided in Fig. of Appendix |Al. How-
ever, no corresponding peak-like structures are observed
in the M (nn) projection. Since these tensor states popu-
late the same high-M (nn) region and have partially over-
lapping line shapes, their apparent significances in the
single-amplitude tests can be enhanced by correlations
with the dominant ag(980)"n amplitude and with each
other.

The interpretation of the f(1525) contribution is fur-
ther constrained by existing information from Dt —
K~ K*r". Using the branching fractions for f(1525) —
nm and f5(1525) — K K, together with the FFs obtained
in the present fit, one would expect a corresponding con-
tribution in D¥ — K~ KTn" at the percent level. Such
a contribution is not supported by previous Dalitz-plot
analyses of DT — K~ K*xt [27, 28). This comparison
suggests that the large significance obtained for f4(1525)
in the single-amplitude test is likely driven by correla-
tions and should not be interpreted as evidence for an
independent f4(1525)7" component.

A consistency check is also performed for the f(1270)
contribution. Using the PDG branching fractions
B(D+ — f5(1270)7, f2(1270) — 7+ 1), B(f2(1270) —
7o), B(f2(1270) — nn) and B(Dt — wtnn), the ex-
pected FF for DT — f5(1270)7 ", f2(1270) — nn is es-
timated to be (1.1 £0.2) x 1072, When the FF is fixed
to this value in the fit including amplitude IV, the signif-
icance of the f5(1270) contribution is reduced to below
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FIG. 4. The same as Fig. E, but for the direct-production
models including one additional tensor amplitude V. f2(1270),
VI. f3(1525), and VII. f2(1640) with the Flatté parameteri-
zation for Py (950)-

TABLE IV. The fit qualities for the fits with models adding
two additional f> states in the baseline model are listed. The
significance is calculated with comparing with the baseline
plus single fa states.

Amplitude| In £ 2/NDOF Significance ()

VvV VI VII
V + VI |127.7 119.1/92 2.6 3.6 -
V 4+ VII |126.2 126.6/92 1.9 - 3.1

VI 4+ VII |124.7 127.7/92 - 1.1 1.3

30.

To further examine correlations among the tensor com-
ponents, three fits are performed by including two of the
three tensor states f4(1525), f2(1565), and f5(1640) si-
multaneously. The projections are shown in Fig. p, and
the fit results are summarized in Table @ The signifi-
cance of each tensor state is evaluated from the change
in In £ with respect to the corresponding fit containing
only the other tensor state.

As shown in Table @, the incremental significances
of the tensor states are substantially smaller than those
obtained in the single-amplitude tests. When all three
tensor states are included simultaneously, the fit gives
In £ = 128.4 and x?/NDOF = 120.2/92, indicating only
a marginal improvement. These results confirm that the
apparent tensor contributions are strongly correlated and
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FIG. 5. The same as Fig. E, but for the models after further
considering (top) f2(1525) + f2(1565), (middle) f3(1525) +
f2(1640), and (bottom) f2(1565) + f2(1640).

do not provide stable independent components.

Since the single-amplitude test with fo(1565) gives
the best fit quality among the three tensor-state can-
didates, it is used as the reference model for fur-
ther tests of additional components. Additional tests
are performed by adding each of the remaining am-
plitudes, except for the constant term, to the model
“baseline+ f2(1565)”. The largest value of In £ is 127.3,
and the best fit quality is x?/NDOF = 113.4/92, ob-
tained with the model “baseline+ f3(1565) + fo(1710)”.
Relative to the “baseline+ f2(1565)” model, the improve-
ment corresponds to only 2.50. Moreover, the improve-
ment is mainly associated with a large interference be-
tween the fy(1710) and ag(980)"Tn amplitudes. For the
other tested models, In £ remains below 127.0 and the fit
quality is worse than y?/NDOF = 119.5/92.

Based on these studies, we conclude that the discrep-
ancy between the data and the baseline Flatté model can-
not be resolved by adding small conventional resonant or
non-resonant amplitudes.

B. Test set B: dispersively modified Flatté
parameterization

As discussed in Sec. @, the discrepancy between the
data and the Flatté baseline model cannot be resolved
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by adding the conventional additional amplitudes listed
in Table [[. The baseline fit gives In£ = 112.0 and
x?/NDOF = 162.7/92. The corresponding projections
are shown in Fig. f.
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FIG. 6. The same as Fig. E, but for the baseline model using
the dispersively modified Flatté parameterization.

The twelve additional amplitudes listed in Table @ are
then tested by adding them individually to the disper-
sive baseline model. The corresponding projections are
shown in Fig. of Appendix JAl. The values of In L, fit
qualities, and significances relative to the baseline model
are summarized in Table [V]. The largest improvement is
obtained for model IX, the constant term. However, as
in the test set A, this term produces a large interference
with the dominant a¢(980)*n amplitude and is therefore
not included as an independent component in the nom-
inal signal model. For the remaining fits, the mismatch
in the M (7*n) spectrum persists.

TABLE V. Fit results for models obtained by adding one
additional amplitude to the dispersive baseline model. The
significance is evaluated relative to the baseline model.

Amplitude| In £ x*/NDOF Significance(o)
I 117.9 136.9/92 2.9
II 114.6 156.1/92 1.7
111 125.1 125.9/92 4.7
v 120.8 143.6/92 3.7
\% 119.5 147.6/92 3.4
VI 123.8 138.6/92 4.4

VII 124.0 143.4/92 4.5
VIII 122.6 130.1/92 4.2
X 133.1 105.4/92 6.1
X 116.7 142.5/92 2.5
XI 114.0 164.5/92 1.4
XII 112.1 162.6/92 0.1

Compared with the Flatté baseline model, the disper-
sive baseline model has a larger likelihood value. Conse-
quently, the relative improvements obtained by adding
the fo and fo amplitudes are reduced, and none of
these resonant amplitudes reaches a significance above
50. Among the resonant amplitudes, the largest im-
provement is obtained when the fo(1710)7 amplitude is
added. In this fit, the FF of the fo(1710)7" contribution
is (1.3 £0.6)%, while the associated interference fraction
is (—4.3 £3.8)%. Since no clear corresponding structure



is observed in the M (nn) projection, this contribution is
not considered to provide a stable independent compo-
nent and is not adopted in the nominal signal model.

As in Sec. @, further tests are performed using the
model “baseline+ f5(1565)” as the reference, because it
gives the best fit quality among the single-amplitude reso-
nant additions in this test set. Additional amplitudes, ex-
cept for the constant term, are then added individually to
this reference model. The largest likelihood value, In £ =
129.5, is obtained for the model “baseline+ f5(1525) +
f2(1565)", with x2/NDOF = 128.6/92. Relative to the
corresponding single-fo models, the incremental signif-
icances of the f5(1525) and f2(1565) contributions are
2.90 and 4.10, respectively. This behavior is similar to
that observed in the test set A and indicates that the ap-
parent tensor contributions are strongly correlated rather
than stable independent components.

Based on these studies, we conclude that the discrep-
ancy between the data and the dispersive baseline model
cannot be resolved by adding small conventional resonant
or nonresonant amplitudes.

C. Test set C: T-matrix formalism

In the test set C, the 7mn S-wave dominated by the
ao(980) contribution is described by the fixed T-matrix
amplitude introduced in Sec. @ The baseline fit gives
In £ = 67.9 and x2/NDOF = 278.7/92. The correspond-
ing projections are shown in Fig. H/ Compared with the
Flatté_and dispersively modified Flatté baseline fits in
Secs. and , this fit gives a substantially worse
description of the data.
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FIG. 7. The same as Fig. E, but for the baseline model using
the fixed T-matrix description of the mn S-wave.

The additional amplitudes listed in Table @ are then
tested by adding them individually to the T-matrix base-
line model. The corresponding projections are shown in
Fig. @ of Appendix E? and the fit results are summa-
rized in Table V1. Because the T-matrix baseline model
gives a poor description of the data, several additional
amplitudes lead to large apparent improvements in In L.
However, these improvements should not be interpreted
as evidence for independent physical contributions since
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the fit quality of the corresponding baseline model are
much worse than those using Flatté and dispersively
modified Flatté parameterizations for P, gs0). Further-
more, the large contributions given by these tests dis-
agree with those presented in sections and ,
and the independent Dalitz plot analyses for the decay
Dt — K- K*tnt 27, 28].

TABLE VI. Fit results for models obtained by adding one
additional amplitude to the T-matrix baseline model.

Amplitude In£ x?/NDOF Significance

I 106.8 179.2/92 8.5
II 79.6 251.5/92 4.4
III 113.1 172.0/92 9.2
I\Y 93.7 208.7/92 6.8
\Y% 81.6 245.0/92 4.8
VI 92.4 223.9/92 6.6

VII 94.5 228.7/92 7.0
VIII 94.0 207.4/92 6.9
IX 127.3 130.4/92 10.7

X 88.5 223.3/92 6.0
XI 772  231.3/92 3.9
XII 79.9 234.5/92 4.5

In particular, the models “baseline+III” and “base-
line+IX” exhibit large interference with the dominant
mn S-wave amplitude. These solutions are therefore not
considered stable independent descriptions of the data.
For the remaining models, although the likelihood values
are improved relative to the T-matrix baseline, the fit
qualities remain poor and the mismatch in the M (7+n)
spectrum persists. Since the baseline T-matrix descrip-
tion is already strongly disfavored, the large significances
obtained for several additional amplitudes mainly reflect
their ability to compensate for the poor 77 line shape de-
scription. They are therefore not interpreted as evidence
for genuine additional intermediate states.

Additional tests including more than one extra am-
plitude show similar behavior: the improvements are
mainly driven by strong correlations and interference
effects rather than by well-resolved structures in the
data. Therefore, the fixed T-matrix description, even
when supplemented with conventional resonant or non-
resonant amplitudes, does not provide a satisfactory de-
scription of the data.

D. Test set D: K-matrix formalism

In this section, the nn S-wave dominated by the
ap(980) contribution is described with the K-matrix for-
malism. The scattering part of the K-matrix is fixed to
the four parameter sets reported in Ref. [13], denoted
as s1-s4 and listed in Table [I. For each of the parame-
ter set, the production-vector parameters are determined



from the fit. In the baseline fits, the parameter Spmd is
found to be consistent with zero within its uncertainty
and becomes poorly constrained when allowed to float.
It is therefore fixed to zero in all subsequent fits.

The fitted production-vector parameters, together
with the corresponding In £ and x?/NDOF values, are
listed in Table . The projections are shown in Fig.

TABLE VII. Fit results for the K-matrix baseline models us-
ing the four parameter sets. The production-vector parame-
ters B2 and fpro are determined from the fit.

Parameter set B2 27 In£ x?/NDOF
sl —7.1+1.0 0.63+£0.13|84.8 159.1/92
s2 —9.5+1.3 0.47+0.10[92.9 158.3/92
s3 —9.9+1.3 1.06 +£0.18|66.6 185.2/92
s4 —16.0+1.9 1.07 £ 0.16(75.0 180.8/92
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FIG. 8. The same as Fig. E, but for the fit model using the K-
matrix form to parameterize the ao(980) with the parameter
sets (top) sl, (second row) s2, (third row) s3 and (bottom)
s4.

As an alternative description of the smooth produc-
tion term, the form in Eq. is replaced by the first-
order polynomial form in Eq. [L3. The fitted values of 33,
1,0, and cj 1, together with the corresponding In £ and
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x2/NDOF values, are listed in Table . The projec-
tions are shown in Fig. §. This alternative form does not
lead to a satisfactory improvement in the fit quality.

TABLE VIII. Fit results for the K-matrix baseline models
with the smooth production term in the P vector replaced by
a first-order polynomial.

Parameter set B c1,0 ci,1 In£ x?>/NDOF
sl —10.4+£2.5 2.04 £ 0.44 —0.28 +0.37|83.5 164.3/92
s2 —6.6+1.6 1.44+0.32 —1.05+0.27|91.0 154.2/92
s3 —25.1+5.2 4384+0.85 0.66+0.65 |77.9 179.4/92
s4 —18.5+£2.8 3.09+0.51 —0.95+0.39|74.3 183.1/92
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FIG. 9. The same as Fig. E, but for the fit model with an
altered P-vector background term.

Among the baseline fits, the parameter set s2 gives the
best fit quality and is therefore used for the subsequent
tests with additional amplitudes. The additional ampli-
tudes listed in Table [[I are added individually to the K-
matrix baseline model. The corresponding fit results are
summarized in Table and the projections are shown
in Fig. [L§ of Appendix

Similar to the behavior observed in the test set C,
the models “baseline+III”, “baseline+IX”, and “base-



TABLE IX. Fit results for models obtained by adding one
additional amplitude to the K-matrix baseline model with
the parameter set s2.

Amplitude B2 frOd InL x2/NDOF Significance
I —14.0+1.9 0.53+0.11|112.4 137.4/92 5.9
11 —12.0+1.6 0.59+0.10|120.2 135.7/92 7.1
IIT —7.5+1.5 0.01+0.12(131.9 114.6/92 8.6
v —994+1.5 0.56+0.11(104.4 140.1/92 4.4
\% —7.7+£1.5 0.37+0.11|102.7 146.5/92 4.0
VI —8.6+1.8 0.47+0.14|104.7 145.3/92 4.5

VII —8.6+2.0 0.46+0.17|101.9 155.2/92 3.8
VIII —14.3+2.4 0.98+0.19|106.6 136.6/92 4.9
IX —33.3+12.4 0.30 £0.24|142.7 90.9/92 9.6
X —26.2+4.1 0.87+0.24|139.7 98.1/92 9.4
XI —9.0+1.8 0.41+0.14(102.2 141.2/92 3.9
XII —16.3+4.1 0.98+0.32| 97.2 151.7/92 2.4

line+X”, corresponding to the additional fo(1710)7" am-
plitude, the constant term, and the (7n)yn amplitude,
respectively, exhibit large interference with the dominant
mn S-wave amplitude. These solutions are therefore not
considered stable independent descriptions of the data.
For the remaining amplitudes with large apparent signif-
icances, no corresponding clear structures are observed
in the relevant invariant-mass projections. As in the pre-
vious test sets, these apparent improvements are mainly
driven by correlations with the dominant 77 S-wave am-
plitude rather than by well-resolved additional compo-
nents.

Therefore, the K-matrix formalism with the reference
scattering parameters, even with alternative production-
vector forms or additional conventional amplitudes, does
not provide a satisfactory description of the data.

E. Signal model conclusion

The studies in Secs. @»@ show that the discrep-
ancy between the data and the baseline descriptions can-
not be resolved by adding the conventional resonant
or non-resonant amplitudes listed in Table @ Although
some additional amplitudes lead to sizable improvements
in the likelihood, their fitted contributions are not sta-
ble. In particular, their significances change substantially
when more than one additional amplitude is included,
and several of the apparent improvements are accompa-
nied by large interference with the dominant 77 S-wave
amplitude. Moreover, no clear corresponding structures
are observed in the relevant invariant-mass projections.

This conclusion is consistent across the Flatté, disper-
sively modified Flatté, T-matrix, and K-matrix descrip-
tions tested above. The large significances obtained for
some amplitudes in the test sets C and D mainly re-
flect the poor description of the dominant 77 line shape
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in the corresponding baseline models. They are there-
fore not interpreted as evidence for genuine additional
intermediate states. Based on these studies, no addi-
tional amplitude is included as an independent compo-
nent in the nominal signal model. The nominal signal
model contains only the decay chain DT — a¢(980)"7,
ao(980)T — w1,

VI. FURTHER AMPLITUDE-ANALYSIS TESTS

To improve the description of the data, further tests
are performed by allowing the a¢(980) parameters to float
in the amplitude fit. Two cases are considered:

o floating the a((980) parameters in the Flatté pa-
rameterization;

o floating the a((980) parameters in the dispersively
modified Flatté parameterization.

Due to the limited statistics and the weak sensitivity
to the 71’ channel, the coupling constant g, is fixed to
the values reported in Refs. [14] and [15] for the Flatté
and dispersively modified Flatté parameterizations, re-
spectively. We do not attempt to float the scattering
parameters of the K matrix, since they are constrained
by coupled-channel scattering information and cannot be
reliably determined from the present single decay channel
alone.

For the Flatté and dispersively modified Flatté param-
eterizations, the corresponding pole positions, \/§pole,
are also determined. The pole position is a process-
independent quantity that characterizes the resonance.
It is written as \/Epole = Mpole — I'pole/2, where Mpole
and I'pole are the pole mass and width, respectively. For
the ao(980), the pole is expected to be located on an un-
physical sheet close to the physical region and near the

KK threshold [f].

For each decay channel j, the right-hand branch cut
starts at the threshold sj = (mj1 + mj2)? and extends
to +o0o0 along the real axis. The left-hand cuts are not
considered in the sheet classification. Two branches of
the phase-space factor are defined as

A
il (s) =Nipf(s), A==+

where

pE) =25 =570 s = (mp £ m)”
(28)
Here, mj1 and mjo are the masses of the two particles in
channel j. The physical branch is chosen by approaching
the physical axis from the upper half-plane.



For the a((980), three coupled channels are considered:
7, KK, and 77/, giving 2> = 8 Riemann sheets. A
sheet is labelled by the signs (Ary, Az, Aryy), and the
physical sheet is (+ + 4). The unphysical sheets closest
to the physical region are (— + +), (— — +), and (— —
—). For the CLEO Flatté parameters, g, = 0, so the
71’ channel is decoupled from the denominator. In this
case, the third sheet label is immaterial, and the sheet
(= + +) is equivalent to the two-channel sheet (—+) in
the (7n, KK) space. Following Ref. [29], the pole search
is performed on the relevant nearby sheets.

Denoting the denominator of the a¢(980) dynamical
function by D, (s), poles are obtained by solving

D()L‘(;rm/\xkv/\wn’ (S) =0 (29)

on the corresponding Riemann sheets. The pole asso-
ciated with the a((980) is expected to be close to the
KK threshold. In the present study, the search is fo-
cused on the (— + +) and (— — +) sheets. Poles found
on the (— — 4) sheet have much larger imaginary parts
and are far from the near-threshold region relevant to the
ap(980). Therefore, only poles on the (— + +) sheet are
reported.

With the nominal @¢(980) parameters reported by
CLEO [14] and the Flatté parameterization, the pole po-
sition is found to be

Vspole = (1.022 = i0.070) GeV/c?. (30)

With the nominal ao(980) parameters reported by BE-
SIII [[15] and the dispersively modified Flatté parameter-
ization, the pole position is

VSpote = (1.046 — i 0.064) GeV/c”. (31)

A. Floating the ao(980) parameters in the Flatté
parameterization

As discussed in Sec. M, the nominal signal model con-
tains only the decay chain D — a((980) "7, a(980)" —
7Tn. We first use this baseline model and leave the
Flatté parameters free. Since the value of My reported in
Ref. [14] is much more precisely determined than the cou-
pling constants g2, and g3 ., only the two coupling con-
stants are floated in the first step, while Mj is fixed to the
CLEO value. The fit gives In £ = 109.3, gfm = (0.449 +
0.038) GeV?/c*, and g2 . = (0.371 & 0.098) GeV?/c?,
with x2/NDOF = 158.8/92. The corresponding projec-
tions are shown in Fig. @ The data are still not well
described.

A further fit is performed by also floating My. The
fit returns My = (1.082 & 0.017at) GeV/c?, g2, =

(0.469 & 0.047gac) GeV?/c*, and g2 . = (0.566 &
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FIG. 11. The same as Fig. E, but for baseline fit by floating
all the ao(980) parameters with using Flatté parameterization
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Although the data are well described after floating all
three Flatté parameters, the resulting parameters differ
significantly from the CLEO values. The corresponding
pole position is \/Epole = [(1.096 £ 0.0154¢a) — 4(0.042 £
0.0244t4¢)] GeV/c?. The pole mass is therefore shifted
well above the KK threshold, which is unexpected for

the near-threshold a((980) state.

To examine whether this pole shift can be attributed to
systematic effects, systematic uncertainties on the floated
parameters and pole position are evaluated. The follow-
ing sources are considered. The detailed results are sum-
marized in Table [X|.

(I) The fixed value of g, is varied within the uncer-
tainty reported in Ref. [14].

(IT) The signal purity f is varied within its uncertainty
to estimate the effect of the background fraction.

(III) The uncertainty due to the background shape in-
cludes three contributions: the choice of the AFE
window used to select the background sample,
the kernel bandwidth used in extracting the back-
ground shape, and the statistical fluctuation of the
background sample. The last contribution is esti-
mated with the bootstrap method [30, B1].



(IV) The uncertainty due to the fit bias is obtained
from_the input-output (IO) check described in
Sec. .

(V) The uncertainty associated with the reconstruction
efficiency includes tracking, PID, and 7 reconstruc-
tion.

(VI) The uncertainty due to possible additional ampli-
tudes is evaluated by repeating the fit with each
additional amplitude considered in Table [, ex-
cept for the constant term. For each parameter,
the largest deviation from the nominal result is
assigned as the systematic uncertainty from this
source.

TABLE X. Systematic uncertainties for the a¢(980) parame-
ters and pole position obtained with the Flatté parameteriza-
tion. The values are given in units of 1072, with mass-related
quantities in GeV/c? and coupling constants in GeV?/c*.
Parameter| I II III IV V VI |Total
Moy 0.1030.70201 25| 2.6
g2, 10406220500 60| 64
gy |09 1.26.4090.1 14.2| 15.6
Mpole 0.0 0.2 0.6 0.1 0.1 1.7] 1.8
I'pole/2 (0.2 0.1 0.9 0.1 0.0 3.7| 3.8

Based on the systematic study, the final pole mass is
Mpote = (1.096 £ 0.0154¢a¢ + 0.0184y4¢) GeV/c®. (32)

The difference between this M. and the pole mass cal-
culated from the CLEO parameters cannot be covered by
the systematic uncertainty. Thus, although floating the
Flatté parameters improves the fit quality, it drives the
pole mass well above the near-threshold region expected
for the a(980).

1. 10 check

The IO check is performed using 300 data-sized MC
samples. In these samples, the signal process is gener-
ated according to the amplitude model D — a((980) "7,
a0(980)" — w7, with the ag(980) parameters set to the
values obtained from data. The same event-selection and
amplitude-analysis procedures as those used for data are
applied to these MC samples.

For each parameter, the pull is defined as

Vout — V4
pull =~ (33)
Oout
where Vout & oout is the fitted result from a pseudoex-
periment, and Vi, is the generated input value. The pull
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distributions obtained from the 300 samples are fitted
with Gaussian functions. The fitted mean, f,, is used to
evaluate possible fit bias, while the fitted width, oy, is
used to check whether the statistical uncertainty is prop-
erly estimated.

If p,, differs significantly from zero, the fitted value in
data is corrected according to

Vc =V - HpOstat, (34)

where V' =4 ogat is the result obtained from data and V,
is the corrected value. The uncertainty associated with
this correction is assigned as

Obias = Op,, Ostat, (35)

where o0, is the uncertainty of the fitted pull mean. If
no significant bias is observed, no correction is applied,
and the possible residual bias is assigned as a systematic

uncertainty,
Obias = A/ ,U/ZQ; + O—pr Ostat - (36)

If 0, is larger than unity by more than three stan-
dard deviations, an additional systematic uncertainty is
assigned to account for the possible underestimation of
the statistical uncertainty:

Oc = \/01% — 1 Ogtat- (37)

The results of the IO checks are listed in Table @

TABLE XI. IO check results for the ao(980) parameters and
pole quantities obtained with the Flatté parameterization.

Parameter Up Op
M,  —0.11+0.06 1.02+0.04
9on 0.10 +£0.06 0.97 & 0.04
gwi  —0.30+£0.06 1.12 £ 0.05
Mpole  —0.01 4+ 0.06 0.97 £ 0.04
Tphole/2  0.3740.06 0.95+0.04

For My, 972r777 and Mpole, no significant fit bias is ob-
served from the fitted values of p,. Corrections are ap-
plied to g7 = and I'yo1e /2, for which the fitted pull means
deviate significantly from zero. The corrected results
are gf(Kc = (0.610 = 0.149¢a¢ & 0.1564ys) GeV2/04 and

Tpole.c/2 = (0.033 £ 0.02441a¢ % 0.0384ys) GeV/c2,

2. Tests with additional amplitudes in the floating Flatté fit

The same additional amplitudes as those considered
in Sec. are tested in the floating-parameter Flatté
fit. The constant term is excluded from these tests, fol-
lowing the discussion in Sec. . For each additional



amplitude, the fit is repeated with M, 972r777 and gf(l—(
allowed to float. The resulting In £ values, fit qualities,
significances of the additional amplitudes, and shifts in
the fitted ag(980) parameters and pole position are sum-
marized in Table . Here, “NA” indicates that no pole
associated with the a(980) is found on the (—++) sheet;
such fits are not used in the evaluation of the systematic
uncertainty from additional amplitudes.

TABLE XII. Fit results obtained by adding one additional
amplitude to the floating-parameter Flatté baseline model.
The constant term is not included. All shifts are relative to
the baseline fit with all Flatté parameters floated. The shifts
are given in units of 1072, with GeV/c2 for AMy, AMpole,
and A(Tpowe/2), and GeV?/c* for AgZ, and Agjy . Here,
“NA” indicates that no pole associated with the ao(980) is
found on the (— + +) sheet.

Amplitude] In£ x?/NDOF Sig. (0)[AMo AgZ, Agy iz | AMpole A(Tpote/2)
I 143.8 86.0/92 1.1 +2.1 +1.1 +13.4| +1.3 +2.6
II 146.1 83.6/92 2.2 +2.5 +1.8 +14.2| +1.6 +2.7
III 144.2  85.1/92 1.3 +2.2 -3.0 +13.1| +0.9 +3.7
v 142.6  85.6/92 0.2 —-0.1 +0.5 +2.7| —0.1 +0.3
\% 144.1 83.2/92 1.3 —1.5 =57 -85 | —14 —0.2
VI 143.3  83.9/92 0.8 —14 -54 -76| —-14 -0.2
VII 143.6  84.4/92 1.0 -1.8 =5.1 =99 | -1.7 -0.7

VIII 143.2  84.3/92 0.7 -1.1 —-6.0 —11.1| —-1.1 -0.5
X 145.2  85.5/92 1.9 |+42 +1.8 +27.8| NA NA
XI 144.3 83.5/92 1.4 -1.1 =33 —-34 | —-1.1 +0.1
XII 143.2  84.2/92 0.7 -09 -33 —-6.1| —0.9 —0.4

As shown in Table , once all Flatté parameters are
allowed to float, none of the additional amplitudes has a
significance above 30. This is different from the fixed-
parameter Flatté tests in Sec. , where some addi-
tional amplitudes showed sizable apparent significances.
The result indicates that the improvements previously
attributed to additional amplitudes can largely be ab-
sorbed by changes in the a(980) line shape.

To test whether a missing additional amplitude could
mimic the observed shift of the ao(980) parameters, fur-
ther fits are performed in which the complex coefficients
of the additional amplitudes are fixed to the values ob-
tained in Sec. , while the Flatté parameters are refit-
ted. The resulting In £ values, fit qualities, fitted ay(980
parameters, and pole positions are listed in Table @
of Appendix [B. Even with such artificially fixed addi-
tional components, the pole mass remains far above the
near-threshold pole position calculated from the CLEO
parameters.

Since the shift in M1 is mainly driven by the fitted
value of M, additional tests are performed by floating
only M, while fixing the coupling constants to the CLEO
values [14]. For each additional amplitude, three strate-
gies are tested: fixing the full complex coefficient, fixing
only its magnitude, or fixing only its phase to the value
obtained in Sec. . The corresponding Flatté results
are summarized in the Flatté columns of Tables ‘,
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, and @ in Appendix E, respectively.

In all these tests, the pole mass remains well above the
near-threshold value calculated from the CLEO param-
eters. Moreover, for the same additional amplitude, the
fitted Mpole can vary substantially depending on which
part of the additional-amplitude coefficient is fixed. This
instability indicates that these additional amplitudes do
not provide a robust physical solution to the observed line
shape discrepancy. In the fits listed in Table , where
the phase of the additional amplitude is fixed and the
magnitude is allowed to float, the fitted magnitudes for
the models with amplitudes I, III, IV, and X are com-
patible with zero within statistical uncertainties. This
further indicates that these components are not required
by the data once the a((980) line shape is allowed to vary.

These studies show that the Flatté parameterization
can describe the data only by shifting the a(980) pole
mass well above the near-threshold region. Possible ad-
ditional amplitudes, even when introduced with coef-
ficients fixed from the fixed-parameter studies, cannot
bring the pole mass back to the value calculated from
the CLEO parameters. This demonstrates a tension be-
tween fit quality and the physical pole position in the
direct-production Flatté description.

B. Floating the a(980) parameters in the
dispersively modified Flatté parameterization

As in the Flatté case, we first perform a fit in which
only the coupling constants 972”7 and g?(f( are_floated,
while My is fixed to the value reported in Ref. [15]. The
fit gives In L = 112.5, gfm = (0.345 + 0.021) GeV?/c,
and g2 . = (0.341 £ 0.057) GeV?/c*, with x2/NDOF =
159.6/92. The corresponding projections are shown in
Fig. @ The data are still not well described when only
the two coupling constants are floated.
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FIG. 12. The same as Fig. E, but for the baseline fit by
floating the ao(980) coupling constants with using dispersively
modified Flatté parameterization for Py (9s0)-

A further fit is performed by also floating My, while
gfm, is fixed to the value reported in Ref. [L5] due
to the limited sensitivity to the 77’ channel. The
fit returns My = (1.045 £ 0.0074at) GeV/c?, g,zm7 =



(0.319 & 0.0264) GeV?/c*, and g2, = (0.416 &
0.0644at) GeV?/ct. The fit gives In£ = 144.6 and
x?/NDOF = 84.5/92. The projections are shown in

Fig. [13. The corresponding pole position is \/Epole =

[(1.087 £ 0.0095¢a¢ ) —(0.008T0 008)] GeV/c?. Both M,
and [poe/2 differ significantly from the pole position
calculated using the BESIII parameters reported in
Ref. [15]. The pole mass is shifted well above the KK
threshold, and I'yo1e /2 becomes very small. Therefore, as
in the Flatté case, although the data are well described
after floating the ag(980) parameters, the resulting pole
position is difficult to reconcile with the near-threshold
nature of the ao(980).
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FIG. 13. The same as Fig. E, but for the baseline fit by floating
all ao(980) parameters with using dispersively modified Flatté
parameterization for P, (9s0)-

The systematic uncertainties of the floated a(980) pa-
rameters and pole quantities are also evaluated. The con-
sidered sources and evaluation procedures are the same as
those used in the Flatté case discussed in Sec. . Only
the IO check results and the effects from possible_addi-
tional amplitudes are presented below, in Secs.
and il B 2, respectively. The resulting systematic uncer-
tainties are summarized in Table @

TABLE XIII. Systematic uncertainties for the ao(980) param-
eters and pole quantities obtained with the dispersively mod-
ified Flatté parameterization. The values are given in units
of 1072; the units are GeV/c? for My, Mpole, and Tpole/2,
and GeV?/c* for the coupling constants. The fit-bias uncer-
tainty, source IV, is not assigned for I'yoie/2 because, after
retaining only poles on the (— + +) sheet in the IO check, its
pull distribution cannot be described by a Gaussian function.
The dash indicates that the corresponding uncertainty is not
assigned and is not included in the total uncertainty.
Parameter| I II III IV V VI |Total
Moy 0.3 0.1 0.2 0.0 0.0 0.4| 0.5
gfr,, 0.3 0.1 1.00.20.1 17| 2.0
g% |0.70.54.1 0.4 03 3.0] 5.1
Mpole 0.0 0.2 0.4 0.1 0.0 0.7| 0.8
Tpole/2 0.1 0.1 0.9 - 0.0 0.3| 1.0
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1. The IO Check

For I'po1e /2, the nominal value is very close to zero, sug-
gesting that the pole is located close to the real axis and
near the boundary between neighboring Riemann sheets.
In the IO check, the pole associated with the a((980) is
found on a neighboring Riemann sheet in some pseudo-
experiments. Following the pole-selection criterion used
in the nominal analysis, only poles found on the (— + +)
sheet are retained. For the retained pseudo-experiments,
the pull distribution of Mpei. can still be described by
a Gaussian function, and the corresponding fit-bias un-
certainty is evaluated. However, the pull distribution
of I'pote/2 cannot be described by a Gaussian function.
Therefore, no fit-bias uncertainty is assigned for I'po1e/2.

The IO check results for the remaining parameters are
listed in Table [XI

TABLE XIV. IO check results for the a(980) parameters and
pole mass obtained with the dispersively modified Flatté pa-
rameterization.
Parameter Up Op
Moy 0.02£0.06 1.02+£0.04
9o 0.38£0.06 1.03+£0.04
T —0.29 £ 0.06 1.05+0.04
Mpote 0.18 £0.07 0.98£0.05

Following the same correction procedure as that used
in Sec. , corrections are applied to gfm, gf( > and
Mo1c according to the fitted pull means. The corrected
results are gimc = (0.309+£0.0264¢at, £0.020ys ) GeV2/04,
Iri.e = (0435 £ 0.064g00 + 0.0515) GeV?/e! and

Mpote,c = (1.085 £ 0.009s¢at + 0.008syst) GeV/c?. Even
after considering the systematic uncertainties, the cor-
rected pole mass remains well above the pole mass cal-
culated from the BESIII reference parameters.

2. Tests with additional amplitudes in the floating
dispersive fit

The same additional amplitudes as those considered
in Sec. are tested in the floating-parameter disper-
sively modified Flatté fit. The constant term is excluded
from these tests, following the discussion in Sec. . For
each additional amplitude, the fit is repeated with M,
gfm, and gfq—( allowed to float, while 972”7/ is fixed to the
value reported in Ref. [15]. The resulting In £ values, fit
qualities, significances of the additional amplitudes, and
shifts in the fitted ap(980) parameters and pole quanti-
ties are summarized in Table . Here, “NA” indicates
that no pole associated with the a(980) is found on the
(= 4 +) sheet; such fits are not used in the evaluation of
the systematic uncertainty from additional amplitudes.



TABLE XV. Fit results obtained by adding one additional
amplitude to the floating-parameter dispersively modified
Flatté baseline model. The constant term is not included.
All shifts are relative to the baseline fit with the dispersive
parameters floated. The shifts are given in units of 10~2, with
GeV/c? for AMy, AMpote, and A(I'pole/2), and GeV?/c* for
Agfm and Ag?(f(. Here, “NA” indicates that no pole associ-
ated with the ao(980) is found on the (— + +) sheet.

Amplitude] In£ x*/NDOF Sig. (0)[AMo AgZ, Aga g |AMpote A(Tpote/2)
I 145.1 85.4/92 0.5 +0.5 —1.0 +3.0 NA NA
II 147.0 84.1/92 1.6 +0.8 —1.1 +4.6 NA NA
111 145.0 85.0/92 0.4 +04 —-1.6 +24 NA NA
v 144.8 84.8/92 0.2 —-0.1 -0.0 +1.0| —-0.1 —-0.3
\% 145.7 83.0/92 1.0 |-04 —-1.7 —-3.0| —0.7 +0.3
VI 144.9 83.6/92 0.3 -02 -13 —-19 | —-04 +0.1
VII 144.9 84.4/92 0.3 —-04 -09 —-20| —-0.5 +0.3

VIIT 144.8 84.2/92 0.2 +0.1 -0.8 —-1.5 —-0.1 +0.0
X 145.7  85.8/92 1.0 |-1.0 —1.9 +6.7| NA NA
XI 145.2  84.1/92 0.6 -03 -09 —-10| —-04 +0.0
XII 144.8 84.0/92 0.2 —-0.1 -04 —-14| —-0.2 +0.2

As shown in Table @, once the dispersive parameters
are allowed to float, none of the additional amplitudes has
a significance above 3¢. This is different from the fixed-
parameter dispersive tests in Sec. , where some addi-
tional amplitudes showed sizable apparent significances.
The result indicates that the improvements previously
attributed to additional amplitudes can largely be ab-
sorbed by changes in the a((980) line shape.

To test whether a missing additional amplitude could
mimic the observed shift of the ao(980) parameters, fur-
ther fits are performed in which the complex coefficients
of the additional amplitudes are fixed to the values ob-
tained in Sec. , while the dispersive parameters are
refitted. The resulting In £ values, fit qualities, fitted
ao(%pawmeters, and pole positions are listed in Ta-

ble of Appendix B. Even with such artificially fixed
additional components, the pole mass cannot be brought
back to the near-threshold pole position calculated from
the BESIII reference parameters.

As in Sec. , additional tests are performed by
floating only M, while fixing the coupling constants to
the BESIII values [15]. For each additional amplitude,
three strategies are tested: fixing the full complex coeffi-
cient, fixing only its magnitude. or fixing only its phase
to the value obtained in Sec. . The corresponding dis-
persively modified Flatté results are summarized in the

dispersive columns of Tables , , and in Ap-

pendix [B, respectively.

In all these tests, the pole mass remains well above the
near-threshold value calculated from the BESIII refer-
ence parameters. This indicates that possible additional
amplitudes, even when introduced with coefficients fixed
from the fixed-parameter studies, cannot provide a ro-
bust solution to the observed pole-position shift.

These studies show that, as in the Flatté case, the dis-
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persively modified Flatté parameterization can describe
the data only by shifting the pole mass away from the
near-threshold region. The additional-amplitude tests
do not bring the pole mass back to the value calculated
from the BESIII reference parameters, demonstrating the
same tension between fit quality and the physical pole
position.

VII. SUMMARY OF THE TESTS

The studies presented above show that the observed
a0(980) line shape in DT — ao(980)"7n, ao(980)" —
77, cannot be satisfactorily described by the conven-
tional direct-production amplitude models tested in this
work. With the reference ay(980) parameters, the Flatté,
dispersively modified Flatté, T-matrix, and K-matrix de-
scriptions do not reproduce the data satisfactorily, even
when additional conventional resonant or nonresonant
amplitudes are included.

When the a¢(980) parameters are allowed to float in
the Flatté or dispersively modified Flatté parameteri-
zations, the fit quality is significantly improved. How-
ever, the resulting pole mass is driven well above the
KK threshold and cannot be brought back to the near-
threshold region by systematic variations or by introduc-
ing additional amplitudes. Thus, the improved fit quality
is obtained at the cost of a pole position that is difficult
to reconcile with the usual near-threshold character of
the ao(980).

These tests indicate that the distortion observed in the
ap(980) line shape cannot be interpreted as evidence for a
stable additional intermediate resonance within the con-
ventional amplitude models considered here. Instead, the
results point to a limitation of simple direct-production
descriptions and suggest that mechanisms beyond the
conventional tree-level amplitude picture may be rele-
vant.

VIII. BRANCHING FRACTION

MEASUREMENT

To measure the branching fraction of D+* — 7T, a
selection optimized for the branching-fraction measure-
ment is applied. The requirements 0.505 < M (yy), <
0.570 GeV/c? and x?(n) < 50 are imposed instead of the
MVA selection used in the amplitude analysis.

The branching fraction is measured with the DT
method [20]:

Ypr

B(Dt =t ="
( nn) YST Esig Bgub

; (38)



where Ypr is the DT yield, Ysr is the total single tag
(ST) yield, eqg is the weighted signal efficiency, and Bgup
denotes the branching fraction of 7 — ~~. The total ST
yvield is Ysr = (10646.9 4 3.8) x 103. The weighted signal
efficiency is defined as

XY /e (30)
sig YST )

where Y2, el and ¢! are the ST yield, ST efficiency,

and DT efficiency for the i*" tag mode, respectively.

The DT yield is extracted by fitting the AE distribu-
tion before applying the AFE signal-window requirement,
as shown in Fig. The signal shape is described by
the sum of a bifurcated Gaussian function and a double-
Gaussian function. The bifurcated Gaussian function is a
modified Gaussian function with different widths on the
left and right sides of the peak. The two signal compo-
nents share a common mean value. All signal-shape pa-
rameters except the common mean are fixed to the values
obtained from the signal MC sample. The background
shape is described by a second-order Chebyshev polyno-
mial, which is validated with the inclusive MC sample.
The fit gives YpT = 1506 + 49.

250 — — Data -
r — Total fit

E 200 Y A - Signal
S 150 R, R S Background
> F [ Simulation ]
5 100F 3
> L
= f

50

0.1 20.05 0 0.0 0.1
AE (GeV)

FIG. 14. Fit to the AFE distribution. The black points with
error bars represent data, the solid curve shows the total fit,
the red dashed curve shows the signal component, and the
black dashed curve shows the background component. The
green histogram shows the background estimated from the
inclusive MC sample.

The DT efficiency eg)T is determined with the signal
MC sample. The signal MC sample is generated accord-
ing to the amplitude model obtained from the fit to data
using the Flatté parameterization with floated ao(980)
parameters. This model reproduces the observed kine-
matic distributions and is used for the efficiency deter-
mination. The uncertainty associated with the generator
model is evaluated by varying the model parameters ac-
cording to the covariance matrix from the fit to data.
The branching fraction is measured to be

B(DT = 7tnm) = (3.67+0.124a1 7006445 ) x 1073, (40)
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The systematic uncertainty is estimated to be 1.7%.
The contributions are as follows. The uncertainties as-
sociated with PID, tracking, and 7 reconstructions are
0.5%, 0.5%, and 0.6%, respectively, and are determined
from hadronic DT DD control samples [32]. The un-
certainty from the signal shape is 0.6%, estimated by
varying the fixed signal-shape parameters within their
uncertainties and by replacing the nominal signal shape
with the sum of a double-sided Crystal Ball function and
a Gaussian function. The uncertainty from the back-
ground shape is 0.7%, estimated by fixing the polynomial
parameters to those obtained from a fit to the simulated
background sample from inclusive MC. The uncertainty
associated with the Mpc signal window is found to be
negligible. The uncertainty due to ST yield is 0.3%, taken
from Ref. [B2]. The uncertainty from the fit procedure
is 0.3%, estimated with the inclusive MC sample using
the same fitting procedure as applied to data. The MC-
generator uncertainty is found to be negligible by varying
the parameters in the generator model according to the
covariance matrix obtained from the fit to data. The
uncertainty from B(n — ) is 0.9% for two 1 mesons,
taken from the PDG [f].

IX. CONCLUSION

Using 20.3 fb™! of eTe™ collision data collected with
the BESIIIT detector at /s = 3.773 GeV, we perform
the first amplitude analysis of the decay DT — 7.
A prominent contribution from the decay chain DT —
ao(980)n, ag(980)" — mTn, is observed. No addi-
tional conventional resonant or non-resonant amplitude
is found to provide a stable independent contribution to
the signal model. The branching fraction of DT — 7 +nn
is measured to be (3.67 2 0.12g4a; £0.064yst) X 1073 using
the DT method. Within the nominal amplitude model,
in which only the DT — a0(980)n, ao(980)T — nTn
decay chain is included, this value corresponds to the
product branching fraction of the intermediate process.

The observed 77 mass spectrum exhibits an ag(980)
line shape that differs from those observed in other
processes. A systematic study is performed using sev-
eral conventional descriptions of the a(980) amplitude,
including the Flatté parameterization, the dispersively
modified Flatté parameterization, the T-matrix formal-
ism, and the K-matrix formalism. With reference
a(980) parameters, these descriptions do not reproduce
the observed line shape satisfactorily, even when ad-
ditional conventional cascade decay amplitudes are in-
cluded.

When the a¢(980) parameters are allowed to float in
the Flatté and dispersively modified Flatté parameter-
izations, the fit quality is significantly improved. How-



ever, the resulting pole mass is driven well above the K K
threshold. This pole position is difficult to reconcile with
the usual near-threshold character of the ag(980). Sys-
tematic variations and tests with additional amplitudes
do not bring the pole mass back to the near-threshold
region.

These results demonstrate a tension between the fit
quality and the physical pole position in conventional
direct-production amplitude models. The observed line
shape distortion therefore cannot be explained solely by
the choice of the a¢(980) line shape parameterization or
by interference with small additional conventional am-
plitudes. This suggests that additional dynamical effects
beyond the conventional direct-production amplitude de-
scriptions may be relevant for describing the a¢(980) line
shape in D — 7.
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Appendix A: Projections for fits with additional amplitudes

This appendix presents the complete projection plots for the fits in which one additional conventional amplitude
is added to the baseline model. The results are shown for the Flatté, dispersively modified Flatté, T-matrix, and
K-matrix parameterizations of the a(980) contribution. For each tested model, the left panel shows the M (71n)
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projec‘ﬁon and the right panel shows the M (nn) projection. The model labels I-XII follow the definitions given in
Table [.
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FIG. 16. The same as Fig. @, but for the models using the dispersive parameterization for Py (9s0)-
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FIG. 17. The same as Fig. @, but for the models using the T-matrix form instead of the ao(980) amplitude.
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FIG. 18. The same
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as Fig. @, but for the models using the K-matrix formula for the ao(980) line shape.
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Appendix B: Additional tests with fixed additional-amplitude coefficients

This appendix gives the detailed results of additional tests in which the complex coefficients, magnitudes, or phases
of possible additional amplitudes are fixed to the values obtained in the direct-production tests. These tests are
performed to examine whether the shifted ag(980) pole position can be restored by including conventional additional
amplitudes with fixed coefficients. The constant term is not included in these tests.

TABLE XVI. Fit results obtained by fixing the complex coefficient of each additional amplitude to the value obtained in

Sec.

and GeV?/c* for g2, and g5 .

. while refitting the Flatté parameters. The constant term is not included. The units are GeV/c* for My and +/s

pole?’

Amplitude| In£ x*/NDOF My 9o To i V80l

I 135.1 92.8/92 [1.050 £ 0.009 0.421 £ 0.033 0.305 & 0.081 [(1.066 £ 0.011) — ¢ (0.081 £ 0.017)]
11 135.1 103.8/92 |1.047 £ 0.009 0.398 £ 0.030 0.338 & 0.081 [(1.063 £ 0.010) — ¢ (0.069 £ 0.016)]
111 133.7 96.2/92 |1.039 £ 0.008 0.445 + 0.035 0.243 4+ 0.072 [(1.054 £ 0.011) — 4 (0.101 £ 0.016)]
v 135.1 96.3/92 |1.052 £ 0.010 0.421 £ 0.034 0.474 4+ 0.102 [(1.070 £ 0.010) — ¢ (0.052 £ 0.018)]
\% 136.4 98.0/92 |1.039 £ 0.008 0.367 £ 0.024 0.337 4 0.073 [(1.055 £ 0.008) — 4 (0.062 + 0.014)]
VI 134.2 101.6/92 |{1.030 £ 0.007 0.370 £ 0.024 0.303 & 0.067 [(1.047 £ 0.008) — ¢ (0.069 £ 0.013)]
VII 136.9 99.5/92 [1.032 £ 0.007 0.370 £ 0.023 0.265 4 0.062 [(1.048 £ 0.008) — 4 (0.076 + 0.013)]
VIII 137.2  89.0/92 |1.043 £ 0.008 0.379 £ 0.025 0.298 4 0.065 [(1.059 £ 0.009) — 4 (0.071 £ 0.015)]
X 136.7 88.4/92 [1.056 £ 0.010 0.427 £ 0.034 0.358 4 0.094 [(1.073 £ 0.012) — ¢ (0.072 £ 0.019)]
XI 136.8 99.7/92 |1.041 £+ 0.007 0.359 £ 0.022 0.318 4+ 0.062 [(1.057 £ 0.007) — 4 (0.062 £ 0.013)]
XII 141.2 87.5/92 |1.057 £ 0.009 0.385 £ 0.026 0.375 £ 0.082 [(1.073 £ 0.010) — ¢ (0.057 £ 0.017)]

TABLE XVII. Fit results obtained by fixing the complex coefficient of each additional amplitude to the value obtained in

Sec.

, while refitting the dispersive parameters. The constant term is not included. The units are GeV/c? for My and

Spole, and GeV2/c* for g2, and g% ~. Here, “NA” indicates that no pole associated with the ao(980) is found on the (— + +
P 9mn Ik K

sheet.
Amplitude[ In£ x*/NDOF Mo 9o 9%k V5ol
I 137.9 89.5/92 |1.032 £0.006 0.346 + 0.025 0.322 + 0.059 [(1.078 % 0.009) — i (0.042 % 0.018)]
I 141.5 92.1/92 |1.035 4 0.006 0.318 4+ 0.024 0.367 4+ 0.058 [(1.077 4 0.009) — i (0.024 + 0.015)]
111 136.7  95.2/92 |1.021 +0.006 0.374 +0.025 0.267 +0.056 [(1.069 + 0.009) — i (0.067 + 0.016)]
Y 139.7  94.9/92 |1.034 £ 0.007 0.324 +0.025 0.490 + 0.073 NA
\Y% 139.4  96.6/92 |1.032 %+ 0.006 0.313 +0.023 0.406 + 0.059 [(1.072 4 0.008) — i (0.016 + 0.014)]
VI 135.8 104.0/92 |1.024 +0.006 0.333 + 0.023 0.383 + 0.057 [(1.068 + 0.008) — i (0.031 + 0.015)]
VII  [137.3 103.6/92 [1.025 4 0.006 0.343 4 0.023 0.339 & 0.054 [(1.071 £ 0.008) — i (0.042 £ 0.016)]
VIIT  |140.0 88.4/92 |1.032+0.006 0.334 + 0.025 0.387 £ 0.054 [(1.077 + 0.009) — 7 (0.025 + 0.015)]
X 138.7 88.9/92 |1.031 4 0.006 0.344 4+ 0.025 0.296 + 0.055 [(1.076 4 0.008) — i (0.047 + 0.017)]
XI 143.3  89.7/92 [1.037 4 0.006 0.300 4 0.022 0.397 +0.052 [(1.076 & 0.008) — i (0.01273-95)]
XIT  |144.7 84.0/92 |1.044 4+0.007 0.318 +0.025 0.408 +0.063 [(1.086 + 0.009) — i (0.01075058)]




TABLE XVIII. Fit results obtained by floating only My while fixing the coupling

full complex coefficient of each additional amplitude to the value obtained in Secs.
the coupling constants are fixed to the CLEO values; for the dispersively modified Flatté parameterization, they are fixed to
the BESIII values. The constant term is not included. The units are GeV/c2 for Mo and Mpole-

nstants
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the reference values and fixing the

and . For the Flatté parameterization,

Amplitude Flatté Dispersively modified Flatté
InL x?/NDOF Moy Mpole InL x2/NDOF Mo Mpole

I 132.9 95.6/92 1.047 £0.007 1.062 +0.006|137.2 92.5/92 1.033 £0.006 1.084 4+ 0.007
II 134.2 104.8/92 1.043 4 0.007 1.058 +0.006|139.5 98.2/92 1.037 £ 0.006 1.088 £ 0.006
II1 128.7 102.7/92 1.036 £ 0.007 1.053 +0.006|135.8 97.8/92 1.022+ 0.006 1.073 4 0.006
v 132.0 101.1/92 1.042 4 0.007 1.057 4+ 0.006|136.9 101.4/92 1.030 £ 0.006 1.081 £ 0.007
\% 136.3 98.1/92 1.037 £0.007 1.054 +0.006|136.8 104.3/92 1.031 + 0.006 1.082 £ 0.006
VI 134.1 101.5/92 1.030 4 0.007 1.048 4+ 0.006|134.7 108.7/92 1.023 £0.006 1.074 £ 0.006
VII 136.5 99.8/92 1.033 £0.007 1.050 +0.006|136.5 107.7/92 1.026 £ 0.006 1.076 £+ 0.006
VIII 136.8 89.2/92 1.043 +0.007 1.058 +0.006|139.1 91.4/92 1.031 £ 0.006 1.082 £ 0.007
X 134.2 91.7/92 1.050 4 0.008 1.064 &+ 0.006|137.2 94.2/92 1.032 £ 0.006 1.084 £ 0.006
XI 136.8 99.7/92 1.041 £ 0.007 1.056 +0.006|139.0 101.9/92 1.037 £ 0.006 1.089 4 0.006
XII 140.4 87.7/92 1.053 4+ 0.007 1.067 4+ 0.006|142.9 89.2/92 1.044 £+ 0.007 1.096 £ 0.007

and

TABLE XIX. Fit results obtained by floating only My while fixing the coupling constants to the reference values and fixing
only the magnitude of each additional amplitude to the value obtained in Secs. @

the coupling constants are fixed to the CLEO values; for the dispersively modified Flatté parameterization, they are fixed to
the BESIII values. The constant term is not included. The units are Ge\//c2 for Mo and Mpole.-

Amplitude Flatté Dispersively modified Flatté
InL x?/NDOF Mo Mpole InL x?/NDOF Mo Mpole
I 137.1  99.0/92 1.059 £ 0.009 1.072 +0.008|137.9 101.9/92 1.040 £ 0.011 1.091 £ 0.011
1I 136.9 100.9/92 1.055+0.010 1.068 +0.009|143.9 91.5/92 1.050 £ 0.008 1.102 4 0.008
111 138.3 92.7/92 1.063 £0.010 1.076 +0.009|136.4 93.6/92 1.026 £ 0.008 1.077 £ 0.008
v 135.1 88.5/92 1.053 £0.010 1.067 +0.009|137.1 100.8/92 1.030 £ 0.006 1.081 4 0.007
A% 138.0 93.6/92 1.044 £0.010 1.060 4+ 0.009|136.8 104.4/92 1.031 + 0.006 1.082 =+ 0.006
VI 134.4 100.9/92 1.031 £ 0.007 1.048 +0.006|134.9 107.7/92 1.024 £ 0.006 1.075 4 0.007
VII 136.7 100.0/92 1.033 £0.007 1.050 +0.006|137.2 104.8/92 1.028 £ 0.007 1.079 4 0.007
VIII 136.9 89.2/92 1.043 £0.007 1.058 +0.006[139.2 91.0/92 1.032 + 0.007 1.083 £ 0.007
X 136.7 92.1/92 1.059 £0.009 1.0724+0.008|142.4 93.3/92 1.047 £ 0.008 1.098 4+ 0.009
XI 138.1 96.4/92 1.045 £ 0.008 1.061 +0.007|140.5 97.1/92 1.042 + 0.007 1.093 £ 0.007
XII 140.5 86.6/92 1.053 £0.008 1.067 +0.006|142.9 89.0/92 1.044 £ 0.007 1.096 £+ 0.007

TABLE XX. Fit results obtained by floating only M while fixing the co
only the phase of each additional amplitude to the value obtained in Secs.

. For the Flatté parameterization,

ling constants to the reference values and fixing
L@ and . For the Flatté parameterization, the
coupling constants are fixed to the CLEO values; for the dispersively modified Flatté parameterization, they are fixed to the
BESIII values. The constant term is not included. The units are GeV/c2 for Moy and Mpole-

Amplitude Flatté Dispersively modified Flatté
InL x?/NDOF My Mpole InL x?/NDOF My Mpole

I 136.8 92.3/92 1.056 £0.008 1.070 +0.007|142.8 89.8/92 1.044 £ 0.007 1.096 £+ 0.008
II 137.3  93.5/92 1.052 £ 0.009 1.066 +0.007|142.9 89.2/92 1.045+ 0.008 1.097 £ 0.008
II1 137.0 92.0/92 1.059 £0.010 1.072+0.009|143.0 88.4/92 1.041 + 0.008 1.093 £ 0.009
v 136.8 92.1/92 1.056 £0.010 1.069 +0.008|142.9 89.8/92 1.043 £ 0.007 1.094 £ 0.008
\% 139.4 91.3/92 1.047 £0.008 1.061 +0.007|142.8 89.7/92 1.044 £ 0.008 1.096 £ 0.008
VI 138.3 91.9/92 1.045+0.009 1.060 +0.008|142.8 89.6/92 1.044 + 0.008 1.096 + 0.008
VII 137.7 92.5/92 1.049 £ 0.009 1.063 +0.008|143.1 90.5/92 1.041 + 0.008 1.093 £ 0.008
VIII 139.2 87.5/92 1.049 £0.008 1.063 +0.007|142.8 89.4/92 1.043 +0.009 1.094 4+ 0.009
X 136.9 93.0/92 1.057 £0.009 1.070 +0.007|142.9 90.2/92 1.046 £ 0.008 1.097 £ 0.008
XI 141.0 88.5/92 1.050 £0.008 1.064 +0.007|142.8 89.9/92 1.044 £ 0.007 1.096 £+ 0.007
XII 140.6 86.8/92 1.053 £0.008 1.067 +0.007|142.9 89.3/92 1.044 + 0.007 1.096 4 0.007




