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Qualification of quantum states judges which of two sets of quantum states an unknown state lies
in, where the two sets are labeled by two distinct parameter regions. We formulate this problem
as a composite quantum hypothesis test and uncover universal scaling laws for the minimum error
probability for N copies. Taking polarization-direction qualification and purity qualification as
examples, we show that the N-copy permutation symmetry and the geometric symmetries of the
parameter regions identify the optimal measurements and the ” worst pairwise states”. The minimum
error probability scales as N ~3/2 exp(—N¢) for disjoint regions and as (NF)fl/2 for adjacent regions,
where € and F' are the quantum Chernoff divergence and quantum Fisher information associated with
the ”"worst pairwise states”, respectively. With the minimum error probability serving as an order
parameter, the transition between the scaling behaviors becomes a second-order phase transition as
N — oo. Our approach determines whether a quantum state belongs to a given set without full

state tomography, thereby enabling qualification of large ensembles using finite samples.

Introduction.— As quantum technologies progress
from proof-of-principle demonstrations to practical im-
plementations, a critical task is to judge whether exper-
imentally prepared ensembles meet prescribed require-
ments, using only finite measurement resources. In this
context, many quantum technologies do not require a
source to produce a unique ideal state. Instead, its
output parameters need to lie within a prescribed tol-
erance window [1], defined as the set of parameter val-
ues deemed acceptable for the intended operation. Such
tolerance windows arise naturally in quantum technolo-
gies. Single-photon sources are assessed using thresholds
on multiphoton suppression, indistinguishability, bright-
ness, and mode quality [2-6]. Quantum sensors and
clocks require squeezing or metrological gain above clas-
sical benchmarks [7-14]. Finite-sample quantum metrol-
ogy asks whether a parameter encoded in a quantum
state lies within a prescribed tolerance window [1]. Quan-
tum communication requires polarized photons transmit-
ted through optical fibers to remain within an admissible
angular region despite fiber-induced polarization diffu-
sion [15—-20].

While these platforms employ different acceptance cri-
teria, a unified statistical framework for judging whether
an unknown state lies within the corresponding admis-
sible parameter region is still unestablished. Such a
framework is needed to account for finite-sample fluc-
tuations, calibration drift, device imperfections, and to
assess device reliability, including aging and operational
lifetime [21-23].

In this Letter, we formulate the problem of qualify-
ing an unknown quantum state according to prescribed
acceptance criteria as a quantum composite hypothe-

sis test. Two representative examples are considered:
polarization-direction qualification (PDQ) and purity
qualification (PQ). For both examples, the derivation ex-
ploits the permutation symmetry of the N copies and the
geometric symmetries of the parameter regions, namely
U(1) symmetry for PDQ and SO(3) symmetry for PQ,
to identify the optimal measurements and the worst pair-
wise states. These states minimize the quantum Chernoff
divergence over two state sets [24]. The relative config-
uration of the windows then gives rise to three universal
finite- IV scaling laws for the minimum error probability
P™n_ For disjoint regions, P™® oc N~3/2exp(—N¢);
for adjacent regions, P™®» o (NF)~'/2; and for over-
lapping regions, P™" converges to a nonzero intrinsic
value as N — oo. Here, £ and F' are, respectively, the
quantum Chernoff divergence [25] and quantum Fisher
information [26-30] associated with the worst pairwise
states. Furthermore, in the N — oo limit, P™" serves
as the order parameter for a second-order transition be-
tween the disjoint- and overlapping-region phases, with
the adjacent-region configuration marking the critical
point. Unlike quantum state tomography, which recon-
structs the full state [31-38], qualification of quantum
states extracts only the relevant information and can
therefore require fewer samples.

Qualification of quantum states.— Consider a quan-
tum source with an output state pg, where 8 € O.
Qualification of quantum states partitions the param-
eter space © into an admissible region ©y and a re-
jected region ©1, thereby defining two hypotheses, Hy :
0 € ©y, Hi : 8 € ©;. These hypotheses are tested us-
ing a binary positive-operator-valued measure (POVM)
{Eyp, E1}, with Ey + E; = 1 and E; > 0, where outcome
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Fig. 1. Schematic illustration of the region configurations for PDQ and PQ. Panels (a) and (b) show PDQ, whereas panels (c)
and (d) show PQ. The gray domains in panels (a) and (c) have different meanings. For disjoint regions, they denote domains
in which no state under consideration lies (for overlapping regions, they denote the intersections ©¢ N ©1). Panels (b) and (d)
show adjacent regions. In panels (a) and (b), the orange and green surface domains denote ©¢ and ©1, while the pink and
light-blue interior domains denote the convex hulls of the corresponding state sets. In panels (c) and (d), the orange and green
domains denote Og and O1, respectively. In panel (c), the yellow line marks an arbitrary radius of the Bloch ball. In all panels,
blue dots mark the worst pairwise states, and the red dot marks the cutoff state.

i judges that H; holds [25].

Because states associated with ©y are generally
nonorthogonal to those associated with ©1, perfect dis-
crimination is impossible. A type-I error occurs when
0 € O is assigned to Hy, whereas a type-II error oc-
curs when 8 € ©; is assigned to Hy. To reduce these
errors, we use N independent and identically prepared
copies and optimize the POVM. Specifically, for a prior
distribution du(@) supported on ©, the Bayesian error
probability is

P, = ; /@ 1- Tr [pg N Er—;] du(0). (1)

The optimal measurement is obtained by minimiz-
ing P, over all binary POVMs. Introducing p; =
Tt f@)i pgN du(0), with 7; = f@i dp(0), the task reduces
to binary state discrimination between py and p; with
priors mg and 1. This optimization gives the minimum
error probability [25, 26, 39]

min 1
P = 5 [1 = |lm1p1r — mopoll,] (2)

where || - ||1 denotes the trace norm. The optimal POVM
is obtained according to the eigenspaces of 71 p1 — mpo:
F projects onto its positive eigenspace and Ej onto its
negative eigenspace. The zero eigenspace may be arbi-
trarily assigned to Ey or Ej.

Since the effective states pg and p; are defined by inte-
grals of pg)N over parameter regions, deriving the spectral
decomposition of m p1 —mp and the corresponding opti-
mal POVM in closed form is generally difficult. We there-
fore exploit the symmetries shared by the regions and the
prior distribution: these symmetries fix the structure of
the optimal measurement and enable an analytic evalua-

tion of the minimum error probability. We next illustrate
this construction with two examples.

Polarization-direction qualification and purity quali-
fication.— We first consider the PDQ for a spin-1/2
state |¢). The spin-1/2 state is parametrized by the
Bloch-sphere angles 8 = (0,¢) as |[¢) = cos§|1/2) +
e'?sin & |—1/2), where |1/2) and |—1/2) denote the states
polarized along the +2z and —z directions, respectively.
Choosing +z as the target direction, the qualification is
to judge whether the unknown direction lies within the
prescribed angular regions, i.e.,

Oy P ={(0,0):0<0 <6, 0<¢ <27},
0P ={(6,¢):61 <6 <m 0<¢<2r},

where the boundaries #y and 6, define polar caps that
are invariant under rotations about the z axis (the corre-
sponding window configurations are illustrated in Fig. 1a
and 1b). The prior distribution is chosen to share this
U(1) symmetry, i.e., du(f,¢) = g (cosf)sinfdfde for
some smooth density function gq.

For PDQ, the permutation symmetry among the N
copies and the U(1) symmetry of the parameter regions
jointly determine the optimal measurement. Specifically,
the permutation symmetry restricts the effective states pg
and p; to the totally symmetric subspace of the N-copy
Hilbert space H?g , with total spin number Sp,.x = N/2.
Moreover, the U(1) symmetry further renders 1 p1 —mopo
diagonal in the Dicke basis {|Smax, M)}, where M is the
magnetic quantum number. The remaining subspaces
can be arbitrarily assigned to Ey or F1, since m p1 — 7 p0
has zero eigenvalues on them. This freedom reduces the
Dicke-basis measurement to an equivalent local imple-
mentation: each spin is measured along the z direction,
and the judgment is made from the total magnetization.
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Fig. 2. Numerical verification of the minimum error probability for PDQ and PQ. (a) Disjoint regions, with 6, = 0.05,

01 = 0.157 for PDQ and ro = 0.9, r1 = 0.72 for PQ. (b) Adjacent regions, with 6y = 61 = 0.157 for PDQ and 7o = r1 = 0.35
for PQ. (¢) Overlapping regions for PDQ, with 6y = 0.87 and 61 = 0.27. Crosses (x) and triangles (A) denote the numerical
results for PDQ and PQ), respectively, obtained by Eq. (1), whereas solid curves show the analytical results from Eq. (6). Gray

dashed lines indicate the asymptotic scaling laws in panels (a) and (b) and the intrinsic error probability in panel (c).

The

inset in panel (a) highlights the N—3/2 scaling in the small-N regime.

Guided by the symmetry analysis above, we
parametrize the POVM by cutoff angle x [40] as

Smax

B = Y

M=Sax cosz+1

|S) m (S|, (4)

where [S)yr = |s1) ® -+ ® |sn) denotes a product state
in the z basis, with s € {1/2,—1/2} constrained by
M= Zszl S. Substituting Eq. (4) into Eq. (1) gives the
z-dependent error probability Pe(z). The minimizer x,
is then obtained from dP.(z)/dz = 0 (see Supplemental
Material [41] for details), yielding

In (sinf;) — In (sin 0
( 91) ( g) ’ 90 7& 017

In (tan 71) —In (tan 7")

907 90 = 91.

arccos

T, =

Substituting Eq. (5) into Pe(z) gives

ASNig/zeiNg, 00 < 91,
Ay [NF]TV2, =06,  (6)

P+ AN"3/2¢=NE 90 > 0.

Pmin ~
° ~

where Ag and Ay, are N-independent prefactors given in
Supplemental Material [41] (when the prior density van-
ishes at the boundary, the scaling laws of minimum er-
ror probability are modified [42]). The three lines cor-
respond to disjoint, adjacent, and overlapping regions,
respectively. For disjoint regions, the exponential decay
is characterized by the Chernoff exponent £ [24], which
is given by

§ = D(t«|lto) = D(t[t1) = C(tol[t1), (7)

where t; = cos?(0;/2), t.
aln(a/b) + (1 — a)In[(1 — a)/(1 — b)] and C(alld) =
—Ininfocser [a®b' ™ + (1 —a)*(1 — b)' %] are respec-
tively the Kullback-Leibler (KL) divergence and the
Chernoff divergence between two Bernoulli distribu-
tions [43-45]. In the third equality of Eq. (7), we have
used the relation between the KL divergence and the
Chernoff divergence [46]. For adjacent regions, the ex-
ponential decay is replaced by a power law. As t; — to,
C(to“tl) ~ F(to - t1)2/8, where F = 1/[t0(1 - to)] is the
Fisher information of the Bernoulli distribution entering
Eq. (6). For overlapping regions, the intersection ©gN0O;
carries the prior weight [47] and Py, = mo+m1 — 1, which
gives a nonzero intrinsic error probability as N — oo.
The Chernoff exponent £ also governs the finite-IN cor-
rection to this limit.

We next consider the PQ for a qubit state p. The
qubit state is parametrized by the Bloch-vector r =
(rg,7y,75) as p = (L+r-0) /2, where 0 < r < 1 and
o = (04,04,0;) is the vector of Pauli matrices. Since
the purity of p is Tr(p?) = (1 +72)/2, the qualification is
to judge whether the Bloch radius r lies within the pre-
scribed radial tolerance in spherical coordinates on the
Bloch ball, i.e.,

cos®(z./2), D(allb) =

S~

O, ={(r0,¢):ro<r<1,0<0<m 0<¢<2r},

O ={(r0,¢):0<r<r,0<0<m 0<¢<2r},
(8)

where r9 and r; denote the radial boundaries. The re-
gions defined by these boundaries are invariant under ar-
bitrary rotations of the Bloch vector (the correspond-
ing windows configurations is illustrated in Fig. 1c and
1d). The prior distributions are chosen to share this
SO(3) symmetry, i.e., du(r,0,¢) = w(r)r? sin 6 dr dfde,



for some smooth density function w.

For the PQ, the N-copy state remains permutation
invariant, but the U(1) symmetry about the z-axis is en-
larged to SO(3) rotational symmetry about the Bloch
vector. As in the PDQ, these two symmetries deter-
mine the structure of mp1 — mppp: it is constant on each
block labeled by the total angular momentum S, with
the constant Ag. More explicitly, Schur—Weyl duality
gives the decomposition ’H?g = Py Vs ® Kg, which
together with Schur’s lemma leads to mip1 — mopo =
PDgAs (Iys ® Ikg). Here Vg carries the irreducible
SU(2) repres entation with total angular momentum
S, while g is the multiplicity space carrying the cor-
responding irreducible representation of the symmetric
group Sy

Guided by the symmetry analysis
parametrize the POVM by a cutoff = [40] as

above, we

Smax

E%) = P

S=2Smax+1

(]IVS ® LCS) : (9)

Substituting Eq. (9) into Eq. (1) gives the a-dependent
error probability P.(z). Applying a minimization proce-
dure similar to that used for the PDQ yields the mini-
mizer z, and the minimum error probability for all three
types of region configurations. Their expressions take the
same forms as in Eqs. (5) and (6), with ¢; and ¢, now re-
defined as t; = (1+7;)/2 and t, = (14,)/2. The explicit
prefactors are given in Supplemental Material [41].
These two examples exhibit universal scaling of the
minimum error probability: despite differences in their
prior distributions, symmetries, and optimal measure-
ments, both exhibit the three types of scaling laws sum-
marized in Eq. (6). In Fig. 2, we further compare the
numerical results obtained by minimizing the error prob-
ability defined in Eq. (1) with the analytical asymptotic
expressions in Eq. (6) for both qualification tasks under
the three types of region configurations. Their agreement
at large IV supports the predicted universal scaling. The
reference dashed lines indicate the N~3/2 prefactor and
the exp(—N¢) decay in panel (a), the N~/2 scaling in
panel (b), and the intrinsic error probability in panel (c).
Worst pairwise states and phase transition.—The
worst pairwise states, denoted by pyo and pw,1, are a
pair of states that attain the minimum quantum Cher-
noff divergence over all pairs belonging to two sets
of quantum states, p € Cyp and o € C;, where the
quantum Chernoff divergence is defined as Cq(pllo) =
— Inming<s<; Tr(psal’s) [24, 25, 48]. When the two
worst pairwise states approach each other through
a parameter, ie., pwo = po and pwi1 = Patda;
the leading variation of the quantum Chernoff diver-
gence is Cq (pallpatda) ~ Fq (pa) (da)?/8 [49], where
Fq(pa) = Tr(paL?) is the quantum Fisher informa-
tion with respect to the parameter o and L, is the

symmetric logarithmic derivative defined by dp,/0a =
(paLa + Lapa) /2 [30, 50, 51].

We next use the worst pairwise states to reveal the in-
trinsic connection between the geometric symmetry and
the universal scaling of the minimum error probability.
In the PDQ, the two sets of quantum states are the con-
vex hulls [52] of the state families associated with the
parameter regions in Eq. (3), C; = conv{pg : 0 € O;}.
The U(1) symmetry of Cyp and C; restricts the search
for the worst pairwise states to the z axis. Among the
corresponding intersection points, the pair minimizing
the quantum Chernoff divergence gives the worst pair-
wise states shown in Fig. 1(a). Their density matri-
ces are diagonal in the S, basis, py,; = diag[t;, 1 — ],
where t; = cos?(6;/2). Their quantum Chernoff di-
vergence therefore coincides with the Chernoff diver-
gence between two Bernoulli distributions in Eq. (7).
The relation derived above between the KL divergence
and the Chernoff divergence has a quantum counter-
part: Cq (pwollpw,1) = Dq (pz. |lpw,0) = Dq (pa. ||pw,1) 5
where Dq(p|lo) = Tr[p(lnp — Ino)] is the quantum rel-
ative entropy [53]. Here, the cutoff state (marked by
the red dot in Fig. la) is diagonal in the S, basis,
pz, = diag[ts,1 — t.] with z, given by Eq. (5), where
t. = cos?(x./2). For the adjacent-region configuration,
the three states coincide, pw,0 = pw,1 = pz., as shown in
Fig. 1(b), of which the quantum Fisher information re-
produces the Fisher information of the Bernoulli distribu-
tion in Eq. (6). For the overlapping-region configuration,
the minimum error probability approaches a nonzero in-
trinsic value.

In the PQ, the two sets of quantum states are taken
as the quantum states associated with the parameter re-
gions in Eq. (8), C; = {pe : 0 € ©;}. The SO(3) sym-
metry makes all radial directions of the Bloch ball equiv-
alent. For the disjoint- and adjacent-region cases, the
density matrices of worst pairwise states are the pair of
intersections of any chosen radius with Cy and C; that
minimizes the quantum Chernoff divergence, as shown in
Fig. 1(c) and 1(d). In the basis aligned with the cho-
sen radius, the worst pairwise states in the PQ have
the same diagonal structure as those in the PDQ, ex-
cept that ¢; and t, are now redefined as t; = (14 r;)/2
and t, = (1 + r.)/2. The preceding analysis therefore
yields analogous results for the Chernoff divergence and
the Fisher information in Eqs. (6) and (7).

The three types of scaling laws in Eq. (6) reveal a phase
transition characterized by the signed distance d = €€.
Here, € takes values —1, 0, and 1 for disjoint, adjacent,
and overlapping regions, respectively. The adjacent-
region case then marks the critical point. For PDQ near
the critical point, P.,/v/&, €As, and the prefactor Ay
in Eq. (6) depend only on the cutoff angle z, (see Sup-
plemental Material [41] for details). To eliminate this
nonuniversal dependence, we impose 0y + 6, = 7, thereby

fixing z, = 7/2. Figure 3(a) shows P™" as a function
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Fig. 3. Finite-N scaling analysis of the minimum error prob-
ability in the PDQ. (a) Minimum error probability P™™ as
a function of signed distance for N copies. (b) For N copies,
with N from N = 20 to N = 400, the rescaled error proba-
bility N'/2P™" i plotted as a function of d.

of d for several copy numbers N. As N increases, the
transition from the disjoint-region phase (d < 0) to the
overlapping-region phase (d > 0) becomes sharper, with
PM™in as an order parameter that remains finite in the
overlapping-region phase and vanishes in the disjoint-
region phase. This behavior is consistent with a second-
order transition in the large-N limit. In Fig. 3(b), we
plot NY/2P™in a5 a function of Nd for copy numbers
from N = 20 to N = 400 and observe a collapse near the
critical point, which is described by the finite-N scaling
form

PR (N, d,a,) = N~ 2g(@.) f(Nd),  (10)

where g(z.) is a prefactor determined by the prior dis-
tribution, while f(INd) is a scaling function.
Discussions.—Previous work in composite quantum
hypothesis testing has reduced the Chernoff exponent
governing the minimum error probability for discrim-
inating two quantum-state sets to the Chernoff diver-
gence between their worst pairwise states, typically as-
suming commuting or quasi-classical state families, or
convex state sets [54-59]. The parameter regions consid-
ered here generally violate these assumptions: the cor-
responding sets of quantum states are nonconvex in the
state space, and states drawn from the competing regions
can be both noncommuting and nonorthogonal. Never-
theless, by exploiting the permutation symmetry of the
N copies and the geometric symmetries of the parameter

regions, we reduce the Chernoff exponent to the Chernoff
divergence between the worst pairwise states and identify
these states via the symmetries of the state sets. This re-
duction therefore extends beyond the previous commut-
ing, quasi-classical, and convex settings.

To illustrate the application of the theory, consider
photons with horizontal (H) or vertical (V) polariza-
tion are disturbed during the long-distance transmis-
sion in optical fiber. We aim to qualify photon po-
larization using PDQ. Let ~ denote the ratio of the
transmission distance to the polarization-diffusion length
of the optical fiber [60-62], with v < In2, v = In2,
and v > In2 corresponding to the disjoint-, adjacent-,
and overlapping-region cases in PDQ), respectively. For
v < In2, our result suggests that achieving an error
probability € requires a detected photon number N, >~
2lne/In [1 — (2exp(—y) — 1)2}, while v = In2 corre-
sponds to the maximum fiber transmission distance over
which photon polarizations remain distinguishable, be-
yond which an intrinsic error prevents the qualification
error probability from being made arbitrarily small by
increasing the photon number.
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