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Abstract

A U(1) quantum rotor pairs a periodic angle with an integer-valued conjugate momentum, and occurs
in molecular rotation, superconducting phase—charge circuits, and compact gauge fields. Coupling such a
rotor coherently to qubits gives a hybrid register whose control structure is not inherited from either the
oscillator—qubit or the qudit case. We develop a Clifford theory, together with a universal-control result, for
registers of n qubits and r rotors. We classify all automorphisms of the hybrid phase space F3* x Z" x T"
that preserve the Weyl commutation relations, and give an explicit finite Clifford circuit for each one.
The classification is directional: rotor momentum parity may control qubit Pauli operations within the
Clifford group, while every nonzero qubit-controlled rotor momentum shift is non-Clifford. It also yields
normal forms for the mixed qubit—rotor couplings and the exact minimum number of elementary mixed
gates needed to synthesize them. Adding a rotor cosine potential and one fixed qubit-rotor conditional
phase to the local Clifford operations gives universal control on the full Hilbert space in the strong
operator topology. We then apply this structure in three settings: an exact controlled-shift realization
of gauge-covariant matter hopping, which is necessarily non-Clifford; rotor phase estimation with direct
angle readout and probe optimization under momentum-support and energy constraints; and finite Fourier
transforms on rotor momentum codes, where the one-rotor transform for d = 2° compiles into O(s)
momentum-selective and controlled-shift instructions and each cross-register Fourier factor is implemented
by one quadratic rotor Clifford gate.
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1 Introduction

Quantum rotors arise in molecular rotation, rotational motion of trapped particles, superconducting phase—
charge degrees of freedom, and compact U(1) gauge fields [1-7]. Their Hilbert spaces also support finite-
dimensional logical encodings [8, 9], while planar-rotor models can instead be digitized into qubit registers
[10]. Here we retain the rotor itself as a computational degree of freedom and allow it to interact coherently
with qubits.

Such hybrid qubit-rotor systems occur in several contexts. In compact U(1) gauge—matter theory, gauge
links carry integer electric flux while matter is represented by finite-dimensional degrees of freedom [11]. Recent
quantum-simulation proposals likewise combine finite-dimensional matter registers with infinite-dimensional
gauge degrees of freedom [7, 12, 13], and direct qubit—rotor couplings appear in hybrid quantum rotor devices
[14]. Rotor quantum phase estimation uses a rotor as the phase register for a qubit target [15], while hybrid
processor architectures require coherent interfaces between finite- and infinite-dimensional registers [16, 17].
In each case, control is required both within the individual registers and across the qubit—rotor interface.

These examples share a common control problem. The two registers have incompatible phase spaces,
and once they are coupled, the transformations preserving their joint commutation relations are no longer
determined by either one alone. Neither is the set of operations needed to go beyond them.

Much of hybrid quantum processing has been developed for oscillator modes [16, 18-21], and oscillator—
qudit systems admit a corresponding stabilizer and symplectic theory [22]. Unlike an oscillator, which
has two continuous phase-space directions, a U(1) rotor pairs a compact configuration variable with a
discrete momentum [23]: its angle § € T = R/2xZ and integer-valued angular momentum ¢ € Z form the
Pontryagin-dual pair

Z <—T.

For n qubits and r rotors, the Weyl operators are parametrized by the Abelian group
Kn,=TF"x7Z" xT".

The first consequence is an asymmetry in the mixed Clifford action. Rotor momentum parity can control
a qubit Pauli operation, but no Clifford operation can make a qubit control a nonzero rotor momentum shift,
since every homomorphism from F3" to Z" is trivial. This has no counterpart in oscillator—qubit systems,
where the mixed blocks vanish in both directions, or in finite qudit systems, where they can be nonzero in
both.

Normalizer circuits over Abelian groups provide the general setting for this structure. Ref. [24] develops
a generalized stabilizer formalism for such groups, including the configuration group Fs x Z" underlying
K, r, and establishes the corresponding Gottesman—Knill simulation result, which the hybrid Clifford circuits
constructed below inherit. Ref. [25] gives a broader quadratic formulation of Clifford-type structures over
Abelian groups, and the pure-rotor Clifford structure is described in Ref. [26]. In these treatments group
automorphisms enter as normalizer-gate primitives, as the simulation theorem requires.

We work out the qubit—rotor case at the level of circuits and cost. Every automorphism preserving the
Weyl commutator has the unique block form of Theorem 2.3, and each one is realized by an explicit finite
circuit assembled from qubit Clifford gates, rotor Clifford gates, and elementary mixed gates (Theorem 2.4).
The qubit—rotor coupling is carried entirely by one binary matrix, the mixed block C', which determines
both the parity-controlled Pauli action and the antisymmetric part of the shear matrix ©. Under Clifford
operations acting separately on the two registers, C' is completely classified by the pair k = rankp, C' and
h = %rank]pz(CTJnC’) (Theorem 2.7). Here k counts the independent qubit Pauli directions controlled by
rotor momentum parity and equals the minimum number of elementary mixed gates in the cost model of
Corollary 2.8, while h counts the independent anticommuting pairs among those directions.

The same analysis applies directly to parameterized gates. Sec. 3 determines the Clifford parameter values
of the momentum- and angle-dependent operations that arise on rotor platforms: momentum-diagonal phases,
momentum-dependent qubit gates, periodic angle potentials, and qubit-controlled rotor displacements. In
particular, every nonzero qubit-controlled rotor momentum shift is non-Clifford. Beyond the Clifford group,
the local Clifford operations Cll’fﬁ,, the cosine-potential family K;(t) on one rotor, and the fixed conditional
phase C,, 1(7w/4) generate a subgroup of U(H,, ) that is dense in the strong operator topology for n,r > 1.
The single-rotor step uses spectral controllability results for infinite-dimensional bilinear Schrédinger systems
[27, 28]. This is an existence result: it gives no bound on circuit length or control time.



The first application is compact U(1) gauge-matter dynamics. Rotor links carry integer electric flux and
qubits encode matter occupations [11, 12]; related implementations use qubit—qumode or superconducting
phase—charge degrees of freedom [7, 13]. Gauge-covariant hopping transfers a matter excitation between
neighboring sites together with a unit change of the intervening link flux. We realize its time evolution
exactly on the full rotor Hilbert space by conjugating a qubit exchange with a qubit-controlled rotor shift.
The shift is non-Clifford, so gauge-covariant hopping lies outside the Clifford group: every hopping term in
a rotor-based compact U(1) simulation carries an irreducible non-Clifford cost. This construction is exact
only on the full rotor space; we therefore study hard-wall electric-flux truncation through ground-state and
real-time calculations on an open two-plaquette model.

A second application uses the rotor as the phase register in quantum phase estimation [15]. The momentum
label ¢ indexes the controlled powers U ¢ of the target unitary. Phase kickback produces the character e*%
of Z, which translates the conjugate angle distribution under Z <— T. The eigenphase can therefore be
read directly from an angle measurement, without a coherent inverse QFT on the phase register. The initial
rotor probe determines both the estimation accuracy and the required range of controlled powers. At fixed
momentum support, the optimum is the cosine-window probe [29, 30]; at fixed mean kinetic energy, the
optimum is a Mathieu probe [31]. Under the circular-variance criterion, both optimized probes give O(E;il/ 2)
angular-error scaling for Ex = (2), compared with O(Elgl/ 4) for the uniform finite-momentum probe.

The third application uses finite rotor codes for Fourier processing. We construct the same finite Fourier
matrix in two forms, related to hybrid state-transfer and oscillator-assisted Fourier methods [17, 32]. One
construction maps an angle code to a momentum code using local angle-to-momentum Fourier operations and
mixed code-space phases. The other remains within a rotor momentum code and compiles the transform using
the hybrid gate set developed earlier. Under the logical-instruction convention stated in Sec. 7.4, the one-rotor
compilation for d = 2° uses O(s) instructions. Each cross-register base-d Fourier phase is implemented by the
rotor-rotor quadratic Clifford gate

CPHSi () := etelili

while the corresponding factor in the binary decomposition contains s? controlled-phase gates.

These constructions are formulated at the level of logical operations. Sec. 8 connects them to native-rotor
and finite-code implementations. Superconducting phase—charge circuits provide the quadratic momentum and
cosine terms used in the control construction |7, 33]. Finite-code implementations can instead use spectrally
selective qubit control, conditional displacements, and nonlinear interactions on a chosen subspace of another
infinite-dimensional system [21, 34-36]. For the compiled QFT, the main requirements are resolution of
individual binary digits of the momentum label and, for r > 2, a cross-register interaction angle 27 /d".



2 Clifford structure of hybrid qubit—rotor systems

We begin by constructing the Weyl and Clifford structure of the hybrid qubit-rotor register. The commutator
pairing on K,, . = F5" x Z" x T" fixes the allowed phase-space transformations. Their block form leads to
finite Clifford circuit realizations. Local changes of basis then reduce the mixed block to two rank invariants
and give the elementary mixed-gate cost.

2.1 Hybrid register and phase space

Throughout this paper, a rotor means a U(1) quantum rotor with configuration group T = R/27Z = S and
momentum group Z. Consider n qubits and r rotors,

Hpr = (CHP" @ (2(Z") ~ (C*)®" @ L*(T"). (2.1)
The rotor phase space pairs the discrete group Z” with the compact group T". We use the joint basis
lu, £), uelFy, (e€Z. (2.2)
For one rotor, the generalized angle states are related to momentum states by the Fourier relation
1 )
0)=—> e ). 2.3
)= 7= el (23

All angle-dependent operators below are defined through periodic functions, such as e?™? and cos 6.

The joint qubit computational basis and rotor momentum basis are indexed by the Abelian group
Ay, =Fy x Z". Its Pontryagin dual, A, , = Fy x T", indexes the corresponding phase operators.

We define the hybrid qubit-rotor phase space by

Kny=Ap, % Em« > 2" x Z7 x T". (2.4)

The Weyl commutator pairing introduced below equips K, , with its symplectic structure.
Write

x = (g,m, ), q= (Z) € ]F%", meZ, ¢eT, (2.5)

and define

T, = (IO Ig) . (2.6)

An overbar on an integer vector or matrix denotes entrywise reduction modulo two. For a matrix M over
Fy, 1M denotes the corresponding matrix with entries in T, under the entrywise identification 0 — 0 and
1.

2.2  Weyl multiplication and commutation relation

Define the qubit Weyl operators by

Xo(a)lu) = lu+a),  Zgd)lu) = (-1)" “|u), (2.7)
and define the rotor momentum shift Xz (m) and rotor phase operator Zg(¢) by
Xp(m)f) = |e+m),  Za(@)|6) = "1). (2:8)

We write the corresponding rotor Weyl displacement as

Dgr(m, ¢) :== Xr(m)Zr(¢). (2.9)



For z = (¢,m, ¢) € K, , define the associated hybrid Weyl operator by
W(z) = W(g,m,¢) = Xq(a)Zg(b) ® Xr(m)Zr(¢). (2.10)
For y = (¢/,m',¢') € K,,,, direct multiplication gives
T 7 4T, 7
W(@)W(y) = o(z,y)W(z+y),  olz,y)=(-1)" ™. (2.11)

Reversing the product order gives

W(2)W(y) = w(z, y)W(y)W(2), (2.12)
where
w(z,y) = Zg:i; = (—1)qTJ"q/ exp(i[qSTm’ —¢7 ]) ) (2.13)

The Weyl commutator pairing w is continuous and multiplicative in each phase-space argument.
Lemma 2.1 (Perfectness of the commutator pairing). The map
D, : Kn,r — KTL,?"v Yyr— w(ya ')a (214)

is an isomorphism. Thus every continuous character of K,, , can be written uniquely in the form w(y, -) for
some y € Ky, ;.

Proof. Set A= A, , and write K, , = A X A. For z = (u,x) and y = (v,%), Eq. (2.13) becomes
w(z,y) = x(0)(u) ™. (2.15)

—~

Let iy : A — A be the evaluation map. Under the natural identification f?n\r ~ A x ;lj the map D, is

Dyy(u,x) = (X, —ta(u)). (2.16)

Pontryagin biduality identifies A with A. Hence D, is a topological group isomorphism, which proves the
claim [37, Example 1.1]. O

2.3 Hybrid Clifford group and induced phase-space action
Adjoining scalar phases to the hybrid Weyl operators gives the hybrid Pauli group
Pnr={zW(z):2€UQ), v € K, ,} (2.17)

Since the commutator pairing is nondegenerate, the center of P, , consists of the scalar phases: Z(P,, ) = U(1).
Moreover, the map zW (z) + x induces a group isomorphism P, ,/U(1)I = K,, ;.
The hybrid Clifford group is defined as the unitary normalizer of Py, ,.:

Cln,r = NU(H,I,T)(Pn,r)- (2.18)

Lemma 2.2 (Clifford action on phase space). For every U € Cl,, ., conjugation induces a unigque group
automorphism Sy : K, , = K, . For the chosen Weyl representatives, there is a unique phase function
ay : K, = U(1) such that

UW(2)UT = oy ()W (Sy). (2.19)
Moreover, Sy preserves the commutator pairing:
w(Svz, Suy) =w(r,y), =,y € Kn,. (2.20)
Proof. Conjugation by U induces an automorphism of P, ,./U(1)] = K, ,, which defines Syy. The remaining
scalar defines ayy. Since conjugation preserves operator commutators, Sy preserves w. [
Define
Sp(Kn,r,w) ={S € Aut(K,, ) : w(Sz, Sy) = w(z,y) for all z,y € K, .} . (2.21)

The preceding lemma therefore defines a homomorphism 7 : Cl,, , — Sp(K,, ,,w) by U — Sy.



2.4 Classification of hybrid phase-space transformations

Theorem 2.3 (Hybrid phase-space classification). Every group automorphism of K, , preserving w is
automatically continuous and has the unique form

Sa,ac.elg,m,¢) = (Mg+ Cm, Am, A”[¢p + Om + 7CTJ,Mq]), (2.22)
where M € Sp(2n,F3), A € GL(r,Z),C € Mata,«r(F2), © € Mat,(T), and

0-0"=xC"J,C. (2.23)
Conversely, every such tuple defines an element of Sp(¥, »,w).

The matrix M is the qubit symplectic action familiar from the stabilizer formalism [38]. The matrix A
preserves the rotor momentum lattice, and © is the shear matrix. The binary matrix C' records the mixed
qubit-rotor action ¢ — q + C'm.

Writing ¢; for the jth column of C, each ¢; € F3" labels a qubit Pauli operator P, up to phase. We call
the nonzero columns the Pauli directions controlled by rotor momentum parity. Their pairwise commutation
relations are recorded by CTJ,C: its (i,j) entry is zero when P., and P., commute and one when they
anticommute. These mixed commutators leave the antisymmetric part of the shear no freedom. Eq. (2.23)
fixes it as © — T = 7CT.J,C, so only the symmetric part of © remains an independent parameter.

¢=Mq+Cm,
m'= Am,
¢'=A"T(¢p+Om+nCTJ,Mgq).

[N

M A C (C)
qubit sym- rotor lattice action mixed block shear matrix
plectic action

< >
< >

symmetric ad- o-0"=~c"J,C
ditions to © fixed by the
rotor quadratic gates mixed block C

Figure 1: Block structure of the hybrid symplectic map. The matrices M and A describe the qubit symplectic
and rotor lattice actions, and C' is the mixed block. The difference © — ©T = 7CTJ,,C is fixed by the mixed
block; symmetric additions to © correspond to rotor quadratic gates.

Proof sketch. A homomorphism first has the block form ¢’ = Mg¢+Cm,m' = Am, ¢’ = a(¢)+ Bm+7Gq. The
vanishing homomorphism groups and the uniqueness of the remaining blocks are established in Appendix A.1.
The pure qubit commutators give MT.J,, M = .J,,. The torus-integer commutators force a(¢) = AT ¢, which
also removes discontinuous torus automorphisms. The finite-integer and integer—integer commutators then
determine G and Eq. (2.23). Direct substitution proves the converse. The appendix also gives the composition
law and inverse. O

As a first specialization of Theorem 2.3, set n = 0. Then g and M are absent, and the 0 x r mixed matrix
C vanishes. Hence

Sae(m,¢) = (Am, A" T[p+06m]), ©=06" (2.24)



Define the phase-space transformations L4 (m, ¢) = (Am, A=T¢), No(m, ¢) = (m, ¢ + Om). Then Sy o =
L4 Ng, and a direct conjugation gives

LaNoL ' = Ny rg4-1. (2.25)

Hence the symmetric shear parameters form a normal subgroup on which GL(r,Z) acts by © — A" T@A~!
Since a symmetric 7 X r matrix with entries in T has r(r +1)/2 independent entries, the pure-rotor symplectic
group is

Sym,.(T) x GL(r,Z) ~ U(1)"0"*V/2 5 GL(r, Z). (2.26)
This recovers the known phase-space action of the pure-rotor Clifford group. Representative rotor gates

are described in Ref. [26]. In the pure-qubit case, r = 0 removes A, C, and ©, leaving the standard qubit
symplectic group Sp(2n,Fs).

2.5 Unitary realization of hybrid symplectic maps

For ¢ = (a,b) € F3", define the Hermitian Pauli operator associated with ¢ by P. = i“TbXQ (a)Zg(b), P, =
P!, P2 = I. For rotor j, define
Toj= Y PlmI2e 0. (2.27)
Lezr

T

This gate applies P. when /; is odd and the identity when /; is even. Its induced mixed block is C' = ce;,

which has rank one when ¢ # 0.
When n,r > 1, take ¢ = (0, e1), so that P. = Z;, and set j = 1. Then

Ty = Cp = ™D Ma®h (2.28)

For M € Sp(2n,TF5y), choose a qubit Clifford V; inducing g — Mgq. For A € GL(r,Z), define the rotor
automorphism unitary by

Uall) = |AL). (2.29)
For R = R" € Mat,.(T), set
" 41
Fr(0) = ZRJ-]-J(J#) + > Ryt (2.30)
j=1 1<i<j<r
Qrll) = e /rO|p). (2.31)

Their induced actions on rotor phase space are

Ua: (m, (b) — (Am7 A_Td))v

(2.32)
QR : (ma (b) — (m7 (rb + Rm)
Consequently, the combined unitary Vy ® (UsQr) induces
L]\/[,A,R(q7 m, ¢) = (MQa Ama AiT(gb + Rm)) : (233)

The next theorem realizes every symplectic automorphism in Theorem 2.3 by a finite circuit. The chosen
order of the mixed gates produces a triangular contribution to the shear ©, and a quadratic gate acting only
on the rotor register supplies the remaining symmetric contribution.

Theorem 2.4 (Explicit hybrid Clifford realization). Let S = Sir,4,c,0 be a map classified in Theorem 2.3.
Set

D=M"'C=(d,...,d;), TIp:=Tq . Tan, (2.34)
so that the gates I'q, 1,...,lq. » act in increasing order of the rotor index.
Define @g € Mat,(T) by
nd! Jad;, i<j
0%).; = g ent ’ 2.35
N -



and set O == O — 6%. Then O\oc is symmetric, and
Us := [V ® (UaQe,.)] D, (2.36)
UsW (2)UL o W(Sz),  z€K,,. (2.37)
Proof. First isolate the mixed part by setting M = A = 1I:
S1.1,02(¢,m,¢) = (q+ Dm, m, ¢+ Em+ 7D J,q) . (2.38)
The elementary mixed gate satisfies
Tej:(g.m, @) — (q+cmy, m, ¢+ meje’ Joq) . (2.39)
Applying the factors in I'p =Ty, - - Ty, 1 in increasing rotor order and iterating Eq. (2.39) gives
Tp: (¢.m,¢) — (q+ Din, m, ¢+ Opm + 1D Jnq) . (2.40)

Thus I'p implements S, ; ;, ga. By construction,
1Y p

05 —(©5)T =xD"J,D. (2.41)

Since D = M ~1C and M is symplectic, DT.J,,D = CT.J,,C. Together with Eq. (2.23), this implies O, — O] . =
0. Hence B0 is symmetric, and Qe,, . is a rotor quadratic gate. The unitary Vay ® (UaQe,,.) implements
Ly, a0, from Eq. (2.33).

Using D = M~1'C, @g + Olpe =0, and D'J,, = CTJ, M gives

Sumace = Laae,. oS pes UsW (2)UL oc W (Sa). (2.42)

This completes the construction of a unitary lift for every element of Sp(K,, ,,w). O

Corollary 2.5 (Clifford—symplectic exact sequence). Conjugation on Weyl operators induces a surjective
homomorphism . : Cl,, , — Sp(K,, r,w), by U — Sy, with kernel P,,,. Consequently,

1 — Py — Clyy =5 Sp(Kppyw) — 1 (2.43)

is a short exact sequence, and Cly, , /Ppr =~ Sp(Kp r,w).

Proof. The homomorphism property follows from composition of the induced phase-space actions, and
surjectivity follows from Theorem 2.4. It remains to identify the kernel. If Sy = id, then UW (2)UT =
x(z)W (z) for a phase function x on K, ,. Comparison with the Weyl multiplication law shows that x is a
character.

Since W (z) depends continuously on z, the identity UW (z)UTW (z)T = x(2)I shows that x is continuous.
By Lemma 2.1, there exists y € K,,, such that x(z) = w(y,z) for all + € K, ,. Hence V := W(y)'U
commutes with every Weyl operator. Commutation with all qubit and rotor phase operators makes V
diagonal in the joint basis. Commutation with all qubit and rotor shifts makes its diagonal entries equal.
Thus V is a scalar and U € P, . The reverse inclusion follows directly from the Weyl commutation relations.
The quotient statement follows from the first isomorphism theorem. O

Corollary 2.6 (Generators of the hybrid Clifford group). Forn,r > 1,
Cln,r = <7)n,7’> Cln,07 ClO,ru C7r> . (244)

Forn =0 orr =0, the mized generator C, is omitted.
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Proof. Every operator on the right-hand side of Eq. (2.44) is a hybrid Clifford operator.

Conversely, let U € Cl, ., and let Sy be its induced phase-space action. By Theorem 2.4, there is an
explicitly constructed unitary Usg,, satisfying 7, (Us,) = Sy. The elementary mixed gates occurring in Ug,
are generated by C, Clifford operators acting only on one register, and Weyl operators, while its remaining
factors belong to Cl, o or Cly,. Hence Ug, is generated by the operators in Eq. (2.44).

Since U and Ug,, induce the same phase-space action, UU;U € kerm, » = Py, . Therefore U = (UU;U)USU
is also generated by the operators in Eq. (2.44).

Fix ¢ # 0 and choose a qubit Clifford V. such that VCZlVCT = e.P. with e, € {£1}. Choose a rotor
permutation U, that moves rotor 1 to rotor j. Then

(Ve @ Up )Cr(Ve @ Ur )T = {Fc’j’ Ee =1, (2.45)
! ! Zp,j(m)e, , €.=—1.
The extra factor in the second line is a rotor Weyl operator. O
Example 2.1 (One qubit and one rotor). For the smallest nontrivial hybrid register,
Sp(K1,1,w) 2 T X Sy X Zs. (2.46)

Here the factor T is the one-rotor shear parameter, Zs records momentum reversal, and Sy = AGL(2,F3) com-
bines the one-qubit symplectic action with the mixed parity-controlled Pauli action. The group identification
is proved in Appendix A.2.

Classical simulation. The generators in Corollary 2.6 are normalizer operations over the Abelian group
A, » =Fy x Z". Hybrid Clifford circuits with the stabilizer inputs and measurements are therefore covered
by the generalized Gottesman-Knill simulation result of Ref. [24].

2.6 Classification of mixed Clifford couplings

Let V = F2", 3;(u,v) = u"J,v, and regard C as a linear map from F} to V. Clifford operations acting
separately on the qubit and rotor registers transform C' as

C+— MCR, M e€Sp(2n,Fs), ReGL(r,Fs). (2.47)

Here R=A ' for a rotor basis change A € GL(r,Z). Every R occurs because reduction modulo two maps
GL(r,Z) onto GL(r,F2). The right action changes the basis of the domain; the left action sends im C' to
M(im C).

Under this action, the orbit of C' is determined by the alternating space (im C, 87|im ¢). Witt extension
lifts its normal form to the ambient symplectic space.

Theorem 2.7 (Classification of mixed blocks). The pair
1
(k,h) = (ransz C, 3 rankp, (CTJnC)> (2.48)

is a complete invariant of the action in Eq. (2.47). Two mized blocks are equivalent under separate qubit and
rotor Clifford operations if and only if they have the same pair (k, h).

Fix a symplectic basis e1, f1,...,en, fn of V. Every orbit contains a representative whose nonzero columns
are

e, f1,-- - ens fny€ntt, - -, €k—n, (2.49)

followed by r — k zero columns. The admissible values are

0 < k < min(r,2n), max(0,k —n) <h < LSJ . (2.50)
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Proof. Invariance. Suppose that C' = MCR, M € Sp(2n,F2), R € GL(r,F2). Then rank C’ = rank C' and
(C"HTJ,C" = RT(CTJ,C)R. Hence both k and h are invariant under this action.

The quotient isomorphism Fj/ ker C = im C identifies the alternating form represented by CT.J,,C with
the restriction of 3; to im C. Consequently, k = dim(im C) and 2h = rank(5|,, <) -

Completeness. Now suppose that C and C’ have the same pair (k,h). The restricted alternating spaces
(im C, Bslyy, ) and (im C’, B, o) have the same dimension and rank, and are therefore isometric. By Witt
extension, this isometry extends to an element M € Sp(2n,F2) satisfying M (im C') = im C’ [39, Theorem 3.4].

The maps C' and M ~1C’ are surjections F — im C of the same rank. Choosing bases of F% adapted to
their kernels gives R € GL(r,F2) such that CR = M ~1C’. Hence MCR = C’, so the pair (k,h) completely
determines the orbit.

Normal form and admissible range. The space im C' has a basis consisting of h symplectic pairs
and k — 2h vectors in the radical of £;|,, ~. A symplectic transformation of V' sends such a basis to
e1s fi,---sen, fr,ent1,---,en—n. A change of basis in I then places these vectors in the first £ columns and
makes the remaining » — k columns zero.

This gives Eq. (2.49). The inequalities k¥ < r k < 2n,2h < k give the upper bounds in Eq. (2.50).
Moreover, the normal form contains an isotropic subspace of dimension k& — h. Since an isotropic subspace of
V has dimension at most n, together with A > 0, this gives the stated lower bound. Conversely, the columns
in Eq. (2.49) exist for every pair (k, h) in this range. O

In this normal form, k& counts the independent qubit Pauli directions controlled by rotor momentum
parity, and h counts the independent anticommuting pairs among them. The remaining k — 2h directions lie
in the radical of the restricted alternating form. Through Eq. (2.23), the binary matrix CT.J,,C also fixes
© — O7, and rank(CTJ,,C) = 2h.

Mixed-gate cost model. Qubit-only and rotor-only Clifford operations are free, and each elementary
mixed gate I'c ; counts once.

Corollary 2.8 (Minimum number of elementary mixed gates). In this model, the minimum number of
elementary mized gates required to realize an admissible mized block C is N (C) = rankg, C.

Proof. These free operations act on C' by invertible left and right multiplication and therefore preserve its
rank. Under composition, Eq. (A.11) gives C1o = M,Cs + C1 As. Hence a circuit containing ¢ elementary
mixed gates has a total mixed block that is a sum of at most ¢ rank-one contributions, each multiplied on the
left and right by invertible matrices. Rank subadditivity therefore gives ranky, C' < ¢t. Thus at least ranky, C'
elementary mixed gates are required.

Conversely, the representative in Eq. (2.49) has k = rank C' nonzero columns, and each column is realized
by one elementary mixed gate. The ordered product of these gates may also produce a rotor shear ©,. Since
both © and O, satisfy © — OT = 0, — O = 7C7J,C, their difference © — O, is symmetric and can be
implemented by a Clifford operation acting only on the rotor register. Thus rank C' elementary mixed gates
are sufficient. O

3 Gate families

The applications below use gates whose parameters depend on rotor momentum or angle. This section
determines when those gates are Clifford. We also examine qubit-controlled rotor displacements, which
reverse the direction of control in the elementary mixed Clifford gate.

3.1 Pure-rotor and mixed Clifford gates

We regard the pure-qubit Clifford group as standard and recall only the rotor and mixed gates used below.
Up to a global phase, the pure-rotor Clifford group is generated by Weyl operators, momentum-lattice
automorphisms, and quadratic phase gates. These operations are implemented by Dr(m, ¢), Ua, and Qg,
respectively, as defined in Egs. (2.9), (2.29), and (2.31) [26].
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The following gates give concrete instances of the latter two types. For i # j and a € T, we use

PAR; [6;)= | — £,)
SUM1—>3|&,€]>: Mﬁfj + £z>7 (3 1)
QUAD, (a)|t;)= ij(fﬂrl)/?‘gj% )

)

e
CPHS” (a)|£l, EJ = 6ia£i€j |£“ £]>

PAR, SUM, and rotor SWAP implement elementary automorphisms of the momentum lattice Z". QUAD
and CPHS implement the diagonal and off-diagonal entries of the symmetric shear matrix R.

In the hybrid system, the elementary mixed Clifford gate I'c ; in Eq. (2.27) acts as the identity for even
¢; and as P, for odd ¢;. For P, = Z; and j = 1, this family reduces to the one-qubit-one-rotor gate C; in
Eq. (2.28). For n,r > 1, Eq. (2.44) shows that C, together with P, ,, Cl,, o, and Cly ., generates Cl, ..

3.2 Momentum-dependent gates

Momentum-dependent gates fall into two classes: scalar phase gates diagonal in the momentum basis and qubit
gates selected by the rotor momentum. The phase in the first family must admit a quadratic representative on
Z". In the second, apart from a scalar rotor phase, the qubit blocks can vary only through momentum-parity
powers of a fixed Pauli operator.

3.2.1 Momentum-diagonal phase gates

Let w: Z" — U(1) and define
Gult) = u(t)6). (3.2)

Proposition 3.1 (Clifford criterion for momentum-diagonal phase gates). The gate G,, belongs to Cly , if
and only if there are v € T, A € T”, and R = R" € Mat,.(T) such that

u(l) = e”Jri)‘T”ifR(@for every L € 1", (3.3)
where fr is defined in Eq. (2.30).

Proof sketch. Conjugating X g(e;) shows that, if G, is Clifford, the factor u(¢+e;)u(¢)~! must be a character
of Z", up to a scalar. Compatibility of these finite differences gives a symmetric matrix R. Appendix B.1 solves
the resulting difference equations on Z" and obtains Eq. (3.3). Conversely, this form gives G, = ¢ Zr(\)Qr,
which is a pure-rotor Clifford gate. O

The degree of a polynomial expression for the phase does not by itself determine whether the gate is
Clifford, since different polynomials may agree on the integer momentum spectrum. For one rotor,

e = eiml — Zg(m), (3.4)
because ¢2 — / is even for every £ € Z.

3.2.2 Momentum-dependent qubit gates

For one rotor, let {V;}scz be a sequence of n-qubit unitaries and consider the gate

V=> Vo) (3.5)

LEL
The qubit operation in each block depends on the rotor momentum ¢.

Proposition 3.2 (Clifford criterion for momentum-dependent qubit gates). The gate V belongs to Cl, 1 if
and only if there exist Vo € Cly, 0,c € F2" a,\ € T such that

Vp = Mt D2 plyy for all 0 € 7. (3.6)
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Proof sketch. Conjugating I ® Xg(1) shows that Cliffordness forces VgHVJ = elrte P for a fixed Pauli
operator P.. Appendix B.2 solves this recurrence for every ¢ € Z and gives Eq. (3.6) with a fixed unitary V;.
Conjugating the qubit Weyl operators shows that V € Cl,, o. Conversely, writing V = (I ® G,,)T'c1 (Vo ® I),
with u(f) = e!PHet+D/2 proves that V is Clifford. O

A simple specialization is the conditional phase gate

QPC ®éj} . (3.7)

Ce,j(p) = exp {w

Corollary 3.3 (Clifford criterion for the conditional-phase gate). Forn,r > 1, c € F3"\ {0}, 1 <j <7, and
peT,
Cei(p)eCl,, <= ¢=0orm (mod2m). (3.8)

The case ¢ = 0 gives the identity, while C. ;(m) =T ;.

Proof. The relative unitary between adjacent momentum blocks is exp [i<pI _2P °] . Its eigenvalues are 1 and e’?.

For this operator to be proportional to a Pauli operator, these eigenvalues must be either equal or opposite.
Hence ¥ =1 or ¢'? = —1, which gives ¢ = 0 or # (mod 27). For ¢ = m, the relative unitary is P,, and the
gate is I'c ;. O

A broader family is given by momentum-selective qubit rotations (MQRs). For one qubit, let X and Y
denote the Pauli matrices and define

MQR =) Ry, (6:) ® [0)(], (3.9)
tez
0 .
R4(0) = exp {—5(cos $pX +singY)|, (3.10)

where ¢, € T and 6, € R. By Proposition 3.2, such a gate is Clifford if and only if its blocks have the form
Ry, (00) = P+t D2ply for all £ € Z, (3.11)

for some fixed V; € Cl, o, fixed Pauli operator P, and o, A € T. Thus, apart from a scalar phase depending
quadratically on ¢, the qubit operation alternates with momentum parity between V;, and P.V5. An MQR
outside this form is non-Clifford. A simple Clifford example is Ro(7f) = (—iX)’ = e~*™/2X*. This is of the
form in Eq. (3.11), with a linear scalar phase and momentum-parity-dependent powers of X.

3.3 Angle-dependent phase gates
Angle-dependent phase gates include pure-rotor multiplication operators and phases coupled to a qubit Pauli
operator.
3.3.1 Pure-rotor phase gates
Let g : T" — U(1) be continuous, and define the multiplication operator
[My)(6) = g(0)3(0). (3.12)

The gate M, commutes with every X (m). Its conjugation of an angle translation is

MyZR(¢)My = Mg 555 ZR(9)- (3.13)
If M, is Clifford, this factor must be proportional to a torus character for every ¢ € T".

Proposition 3.4 (Clifford criterion for pure-rotor phase gates). The gate M, belongs to Cly , if and only if
there exist v € T and s € Z" such that

g(0) = i tis'e for all € T". (3.14)

Up to a global phase, M, is the rotor Weyl operator Xg(s).
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Proof. Suppose that M, is Clifford. For each ¢ € T", Eq. (3.13) implies

9(0)g(0 + @) = cpe’™s? (3.15)

for some ¢, € U(1) and sy € Z".

Translation preserves the winding number of g in every angle variable; complex conjugation reverses it.
Hence the left-hand side of Eq. (3.15) has zero winding number in every angle variable. The winding numbers
of the character on the right-hand side are the components of sg4, so s4 = 0.

It follows that g(6 + ¢) = x(¢)g(0) for some continuous function y : T" — U(1). Applying two successive
translations gives x(¢ + ¢') = x(¢)x(¢'), so x is a continuous character of T". Therefore x(¢) = e8¢ for
some s € Z". Taking 0§ = 0 gives g(f) = e +is"0 for some ~veT.

Conversely, a function of this form gives M, = ¢? X(s), which is a rotor Weyl operator and hence a
Clifford gate. O

Let f € C(T",R), and let My be the multiplication operator [M¢](6) = f(0)¥(0). Define
Vi(t)=e "M teR. (3.16)
Corollary 3.5 (Clifford criterion for real angle potentials). The gate Vy(t) belongs to Cly, if and only if
t =0 or f is constant.

Proof. The case t = 0 gives the identity. Suppose that ¢ # 0 and that V;(¢) is Clifford. By Proposition 3.4,
there exist v € T and s € Z" such that
eI O) = irtisTo, (3.17)

Because f is a continuous real-valued function on T", the left-hand side has zero winding number in every
angle variable. The winding numbers of the right-hand side are the components of s. Therefore s = 0, and
e~/ is constant.

It follows that t[f(0) — f(0)] € 2aZ for all § € T". The left-hand side is continuous in 6, while 277 is
discrete. Since T" is connected, it must vanish identically. Hence f is constant. The converse is immediate,
since a constant f gives only a global phase. O

For one rotor, the cosine-potential gate is
K(t) = e Meos - [Most)](0) = cos 0)(0). (3.18)

Since cos 8 is nonconstant, Corollary 3.5 shows that K (¢) is non-Clifford for every ¢ # 0.

3.3.2 Pauli-string—rotor phase gates

For n,r > 1 and ¢ € F3" \ {0}, let P. be the corresponding Hermitian Pauli string. Given f € C(T",R) and
7 € R, define the Pauli-string-rotor phase gate (PSR gate)

PSR, /(1) = exp[—iTP. ® My]. (3.19)

The gate restricts to V¢(7) and V¢(—7) on the +1 and —1 eigenspaces of P, respectively. All nonidentity
Pauli operators are Clifford-conjugate up to sign, so it suffices to analyze one representative.

When f(0) = fo is constant, the rotor dependence drops out and the gate reduces to the Pauli rotation
e~ imfoPe

Proposition 3.6 (Clifford criterion for PSR gates). For 7 =0, the gate PSR, s(7) is the identity. Suppose
that T # 0. Then PSR, ¢(7) is Clifford if and only if f is constant, say f(0) = fo, and 7fy € F7Z.

Proof. The case 7 = 0 is immediate. Assume that 7 # 0. Since P, is nonidentity, choose a Hermitian Pauli
string Py that anticommutes with P.. By Pc2 =1,P.P; = —P,;P,., we obtain

PSR, #(7)(Py ® Ir)PSRe ¢ ()" = Py ® Meos(arf) — iPePa @ Main(ary), (3.20)
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where Mog(2-5) and Mg, (2, ) denote multiplication by cos(27 f(6)) and sin(27f(6)), respectively.

Suppose first that PSR, ¢(7) is Clifford. Then the operator in Eq. (3.20) must be proportional to a
single hybrid Weyl operator. The Pauli strings P; and —iP, P, are linearly independent, but a hybrid Weyl
operator contains only one qubit Pauli component. Therefore one of the two coefficient functions must vanish
identically:

sin(27f(0)) = 0 for all € T", (3.21)

or

cos(2rf(0)) =0  forall §eT". (3.22)

In the first case, 27 f(6) € 7Z for all 6, while in the second case, 27 f(0) € § + 7Z for all 6.
In either case, the continuous function f takes values in a discrete subset of R. Since T" is connected, f
must be constant. Write f(0) = fo,a = 7 fo.
The PSR gate then reduces to
PSR, ;(1) = e """ @ I. (3.23)

For a Pauli string P; anticommuting with P,,
e~ P pyetePe — cos(2a) Py — isin(2a) P.Py. (3.24)

For this operator to be proportional to a single Pauli string, one of the two coefficients must vanish. Hence
sin(2a) = 0 or cos(2a) = 0. Thus the gate can be Clifford only if 7f, € F7Z.

Conversely, suppose that f(0) = fo and 7fy € (7/4)Z. Any qubit Pauli string commuting with P, is
unchanged under conjugation by e~*"foFe_ If a qubit Pauli string instead anticommutes with P, Eq. (3.24)
shows that it is mapped, up to a scalar phase, to either itself or P.P;. Thus e~*"fo"* normalizes the qubit
Pauli group. Since the gate acts trivially on the rotor subsystem, PSR, f(7) = e"ihPe @ [p € Cl,, . O

For 1 <j<mnand1l <k <, choose P. = Z; and f(#) = costs. Then e~i7Z5®c0s Ok i non-Clifford
for every 7 # 0. On the Z; = +1 and Z; = —1 eigenspaces, its rotor factors are e 7 ¢ O and e'7 <050
respectively.

3.4 Qubit-controlled rotor displacements

The mixed Clifford gate I'. ; uses rotor momentum parity to control a qubit Pauli operation. We now consider
the opposite direction of control, in which the qubit controls a rotor displacement. The classification in
Sec. 2 already indicates an obstruction: every homomorphism F3" — Z" is trivial. A Clifford transformation
therefore cannot contain a nonzero qubit-controlled rotor-momentum shift.

For one qubit and one rotor, define the conditional displacement

CD(m, A) = |0)(0| ® Dr(m, \) + [1)(1] ® Dr(—m,—X), meZ, AeT. (3.25)

Proposition 3.7 (Clifford criterion for conditional rotor displacements). The gate CD(m, \) is Clifford if
and only if m =0 and A € Z C T.

Proof. Conjugating the rotor phase operator gives
CD(m, \)(Ig ® Zr(4))CD(m,\)1 = e™™%Z @ Zx(¢). (3.26)

If m # 0, one can choose ¢ such that e~*™#Z is not proportional to a Pauli operator. The conjugated operator
is then not proportional to a hybrid Weyl operator. Hence m = 0 is necessary.

Let cz denote the Pauli label for which P., = Z. When m =0,
CD(0,A) = [Ig & Zr(N)]Cey (~20). (3.27)

The first factor is a rotor Weyl operator. By Corollary 3.3, the second factor is Clifford if and only if —2A =0
or 7 (mod 27). Thus A € §Z C T, which gives the stated condition. O
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The following qubit-controlled rotor shift acts nontrivially only on the |1) component:
CShifty—, gr(m) = |0)(0], ® Ir + |1)(1|, @ Xr(m), m € Z. (3.28)

Corollary 3.8 (Clifford criterion for qubit-controlled rotor shifts). The gate CShift,,r(m) is Clifford if and
only if m = 0.

Proof. Conjugating the rotor phase operator gives
CShifty-, n(m) (I @ Zr(6))CShift,a(m)! = (10)(0] + ¢~ *1)(1]) @ Zn(6). (3.20)

If m # 0, choose ¢ such that e~"™? # +1. The qubit factor is then not proportional to a Pauli operator, so
the conjugated operator is not proportional to a hybrid Weyl operator. Hence the gate is non-Clifford. For
m = 0, it is the identity. O

3.5 Summary of Clifford conditions

Table 1 summarizes the Clifford conditions for the parameterized gate families studied above. The standard
Clifford gates recalled in Sec. 3.1 are omitted.

Gate family Clifford condition

Gu u(l) = eV TR for some yE€T, €T ,and R=R' € Mat,(T).
V (r=1) Ve = eip‘”ae(”mmPf\/b for some Vy € Cly 0, c € F2", and o, A € T.
Ce;(p) p=0orm (mod 27).

Vi (t) t =0 or f is constant.

PSR, ¢ () T =0, o0r f(0) = fo and 7fo € FZ.

CD(m, A) m=0and A€ FZCT.

CShiftg— r(m) m = 0.

Table 1: Summary of the Clifford conditions for the parameterized gate families considered in this section.

4 Universal control from Clifford and non-Clifford gates

Sec. 3 shows that the cosine potential and the conditional phase at angle 7/4 are non-Clifford. Together with
Clifford operations acting separately on the two registers, these two controls give universal control in the
strong operator topology.

Define the group of Clifford operations acting separately on the two registers by

CLYS == {Uq ® Ur : Ug € Cly 0, U € Clo,}. (4.1)

For n,r > 1, let ¢; be the Pauli label satisfying P., = Z;, and let K (t) denote the cosine-potential gate
in Eq. (3.18) acting on the first rotor. Let

G = (CLS, K1 (t) 1t € R, Co, 1 (n/4)) . (4.2)

By Corollary 3.3, C¢, 1(mw/4) is non-Clifford. Since cos# is nonconstant, Corollary 3.5 shows that K (¢) is
non-Clifford for every ¢ # 0.
The fixed conditional-phase gate satisfies

[Coy 1 (m/4)]" = Copa(w) = Ty 1. (4.3)

Since C1°° contains the hybrid Weyl operators, Corollary 2.6 implies that CIL‘ZC together with C¢, 1(m)

n,r r

generates the full hybrid Clifford group. Lemma 4.4 further shows that C., 1(7/4) yields a qubit T' gate.
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4.1 Strong operator topology and finite momentum windows
Throughout this section, G’ denotes the closure of G in U(H) with respect to the strong operator topology.

Definition 4.1 (Universal control in the strong operator topology). A subgroup G C U(H) provides universal
control in the strong operator topology if G~ = U(H). Thus, for every target unitary V € U(H), every finite
set of vectors 91, ...,1s € H, and every € > 0, there exists U € G such that

(U =V)ill <e,  G=1,....s (4.4)

Lemma 4.2 reduces strong density on the full Hilbert space to approximate control on each finite momentum
window.

Lemma 4.2 (Finite-window criterion for strong density). Let H be separable, and let {Pr} be an increasing
sequence of finite-rank orthogonal projections satisfying P, — I strongly. Set Hy, = PL’H. Suppose that for
every L, every Vi, € U(HL), and every n > 0, there exists W € G’ such that W preserves Hy and

[Wla, — Vil <. (4.5)
Then G is strongly dense in U(H).

Appendix C proves Lemma 4.2 by interpolating a target unitary on a sufficiently large finite momentum
window and controlling the projected tails. Fig. 2 summarizes the proof strategy.

Cllno,cry Kl(t)7 C1r/4
generating set G, r

L e )

rotor-local control

52 5 ubit-local control . .
Hy = €7 + ¢, §ERNZ q mixed Clifford gate C
Meos = cos 0, K(t) = e~ #tMeos the commutator of Cr /4 and Xg(1)
] t Cr = (Crya)*
M_os couples adjacent momentum states yields T" ® Ir 4 w/
|f = 1> - ‘£> - M + 1> single-qubit Clifford gates and T' entangling on every

X 5 finite window
. are norm dense in U(C*)
nonresonant connected chain

. 7(011,0,T) 111l _ U((CQ)
Gr = U(L*(T)) /
\ A

G111’ =U(C* @ L*(T))

universal control of one qubit and one rotor

permutations distribute local control
CPHS couples distinct rotor modes

finite-window norm density
= full-space strong density

Y

Gor' =UHny), nyr>1
universal control of n-qubit, r-rotor registers

Figure 2: Proof structure for universal control. A biased rotor drift and cosine control yield universal control
of a single rotor, while a commutator of C /4 with Xp(1) produces Tt ® I'r and hence single-qubit control.
Combining these local controls with the hybrid entangler C; = (C, /4)4 gives universal control of one qubit
and one rotor. Permutations and CPHS couplings extend the construction to general hybrid registers, while
finite-window norm density implies full-space strong density.
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4.2 Single-rotor universal control

Let K(t) be the cosine-potential gate defined in Eq. (3.18), and set
H,=07+¢l, ¢eR\LZ (4.6)
The drift evolution is a pure-rotor Clifford gate because
ey — QUAD(—25)Zg((1 — €)s). (4.7)
In the momentum basis, Hy,|f) = &¢|f), e, = £? + £/, and the nearest-neighbor transition gaps are
Erp1 —Er =20+ 1+E&. (4.8)

Moreover, (k| cosf|f) = 1 (8k,e41 + Ok, e—1) , so the control couples only neighboring momentum levels. Since
& ¢ Z, the spectrum is nondegenerate and the corresponding transition frequencies |e,11 — &¢| are pairwise
distinct. The nearest-neighbor transitions connect the full momentum lattice and therefore form a nonresonant
connectedness chain. Theorem 2.11 of Ref. [28] consequently applies. A related earlier result on approximate
state controllability under a stronger spectral assumption is given in Ref. [27].

Theorem 4.3 (Single-rotor universal control). The group Gg := <e_iSHb7K(t) 18t € R> is strongly dense
in U(L*(T)).

Proof. Appendix C verifies the hypotheses of Theorem 2.11 in Ref. [28]. For a constant control amplitude «
applied for time 7, the Lie-Trotter formula gives

—iT wcos : —iT Tu N
e—iT(Hptucost) _ Shimpy oo [6 Hb/NK(ﬁ)} . (49)

Hence every evolution generated by a piecewise-constant control belongs to Gr’. The cited theorem states
that these evolutions can approximate any target unitary simultaneously on any finite set of states. By
Definition 4.1, this is precisely the strong density of G in U(L?(T)). O

4.3 One qubit and one rotor
In this subsection, write C,, := C, 1(¢).

Lemma 4.4 (A qubit T gate from the conditional phase). The conditional-phase gate and the unit rotor
momentum shift satisfy ‘
(I ® Xr(1))Cy(Ig ® Xp(1)T)CL = e V0 @ I, (4.10)

For ¢ = /4, the right-hand side is T' ® I, where T = diag(1, e"™/%).

Proof. Since Xg(1)(Xg(1)! = ¢ — I, conjugation by the momentum shift gives (Io ® Xr(1))Cy(Ig ®
Xp(D)) = (e*i‘”“m' ® IR) C,. Multiplication by C:L proves Eq. (4.10). O

The single-qubit Clifford group together with 7" is dense, up to a global phase, in the single-qubit unitary
group [40, 41]. Since scalar phases are contained in Cl; o, the gates available here generate a norm-dense
subgroup of U(C?).

Theorem 4.5 (One-qubit—one-rotor universal control). The group G1,1 defined in Eq. (4.2) is strongly dense
in U(C* ® L*(T)).

Proof. The group G1,1 contains the single-rotor gates used in Theorem 4.3. Hence its strong closure contains
Ig ® Ug for every Ur € U(L*(T)). By Lemma 4.4 and the single-qubit Clifford gates, the same closure
contains Ug @ I for every Ug € U(C?).
For L > 1, let
Wy =span{|{) : —L < ¢ < L}. (4.11)
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Every unitary on Wy, extended by the identity on its orthogonal complement, is a rotor-local unitary and
S .
therefore belongs to GG; 1 . Such an extension preserves Wr,.
Moreover,

4 R

Cr = [Crya]” = 0)(0] ® Ir + [1)(1] ® (-1)° (4.12)
also preserves every momentum window. It is entangling on C? ® W;,. Indeed, choose an even momentum
state |e) and an odd momentum state |o) in the window. Then

(9] = 210}l +1o)) + 1)(Je) ~ o), (1.13)

|[+) ® 7

which is an entangled state.
Arbitrary local unitaries together with an entangling bipartite gate generate a norm-dense subgroup of
(C2 ® WL) [42, Corollary 2|. Thus every unitary on C? ® Wy, can be approximated by elements of G711
that preserve this finite window.
The projections onto C2 ® Wy, increase strongly to the identity. Therefore Lemma 4.2 implies that G 1 is
strongly dense in U(C? @ L?(T)). O

4.4 General hybrid universal control
Theorem 4.6 (General hybrid universal control). For every n,r > 1, G, » ® = U(Hn,r), where Gy, , is defined
in Eq. (4.2).

Proof. We first obtain arbitrary rotor operations on finite momentum windows. Rotor permutations conjugate
K, (t) to the corresponding cosine-potential gate K;(¢) on any rotor mode j. By Theorem 4.3, the strong
closure therefore contains every single-rotor unitary acting on any chosen mode.

For L > 1, define the r-rotor momentum window

Wy =span{|l1,...,4): —L < {¢; < L for all j}. (4.14)
Every single-mode unitary on span{|€ ) —L < {; < L} can be extended by the identity outside that window.

Hence the restriction of G,, , ® to Wi, » contains arbitrary unitaries on each individual rotor mode.
The pure-rotor Clifford group contains the gates CPHS;;(c). For a # 0 (mod 27), such a gate is
entangling on the finite window. Indeed, on the subspace spanned by |0) and |1) of each of the two modes, it

1
[0)+11) ® 0+11) ¢4 a state whose coefficient matrix is (

maps =0y V2 1
resulting state is entangled. Choose CPHS couplings between neighboring rotor modes. These couplings form
a connected interaction graph. Applying the bipartite universality criterion of Ref. [42, Corollary 2] iteratively
along a spanning tree of this graph, together with arbitrary single-mode unitaries, gives a norm-dense subgroup
of UMWrL,). All these gates preserve the finite momentum window.

We next consider the qubit register. By Lemma 4.4, the available gates produce a T gate on the first
qubit. Qubit Clifford operations include qubit permutations, so a T' gate is available on every qubit. The
n-qubit Clifford group together with these T" gates generates a norm-dense subgroup of U((C?)®").

e}a) . Its determinant is e’ — 1 # 0, so the

It remains to couple the two registers. Since C., 1(m) = [Ccl,l(w/4)]4, the group Gy, , contains the mixed
Clifford gate C¢, 1(m). This gate preserves every finite momentum window and is entangling across the
partition (C?)®" @ W, ,..

For example, fix all qubits except the first and all rotors except the first, and choose one even and one odd
momentum state of the first rotor. The restriction then contains the entangling action exhibited in Eq. (4.13).

We have therefore obtained arbitrary unitaries on the qubit register, arbitrary unitaries on the finite
rotor window, and an entangling gate between the two registers. The finite-dimensional bipartite universality
criterion consequently gives a norm-dense subgroup of U ((C2)®” ® WL,T) for every L. These operations
preserve the finite-dimensional subspace (C2)®" @ Wy, ..

The projections onto (C?)®™ ® W, ,. increase strongly to the identity. Lemma 4.2 therefore implies
CTVn,rb = U(Hnr) O

Remark 4.7 (Boundary cases). If r = 0 and n > 1, the n-qubit Clifford group together with a single-qubit T
gate generates a norm-dense subgroup of U((C?)®"). If n = 0 and r > 1, the argument above restricted to

the rotor register gives (Cly,, Ki1(t) : t € R) S = U(L?(T7)). The case n = r = 0 is one-dimensional.
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Logical operations in the applications. Secs. 57 also use CShift and Oy as logical operations.
Theorem 4.6 places these operations in the strong closure of G,, ;.

5 Gate realization of a compact U(1) gauge—matter model

In compact U(1) gauge—matter theory, each oriented link carries a compact gauge angle and an integer-valued
electric flux, and each matter site carries a binary occupation. Links are therefore represented by rotors and
matter sites by qubits. For a lattice with N matter sites and N, oriented links, the corresponding hybrid
register is

Haom = (C2)*™ @ LA(T)®Ne., (5.1)

Gauss’s law couples the two registers at the level of the physical state space. The four Hamiltonian terms fall
into the gate families introduced in Sec. 3: the electric term is generated by rotor momentum quadratics, the
magnetic term by a periodic angle potential, and the mass term by qubit-local operations. The gauge-covariant
hopping term changes matter occupation together with an integer shift of the link flux, placing it in the
qubit-to-rotor control direction studied in Sec. 3.4.

We use the standard Hamiltonian formulation of compact U(1) lattice gauge theory introduced by Kogut
and Susskind [11]. Its separation into matter degrees of freedom and integer-flux gauge links is also the
starting point of recent hybrid quantum simulation proposals, including oscillator—qubit, qubit—qumode, and
superconducting phase—charge implementations [7, 12, 13]. Broader reviews of quantum simulation methods
for lattice gauge theories can be found in Refs. [43, 44].

5.1 Rotor links, matter qubits, and Gauss’s law

Let e = (a,b) denote a link oriented from site a to site b. Its gauge field is a rotor with

Ue=e% = Xp(1), E.=1l,, [Ee,Us]=0ceUe. (5.2)
Thus Ue|le) = |l.+1). For the oriented plaquettes, let B = (Bpe) be the boundary matrix, with By € {0, £1},
and set ‘ R
Up=[[Ulr =e*, @& =) Byb.. (5.3)
One qubit at site n stores the occupation
I+2,
iy = +2 (5.4)

With this Pauli convention, |0) is occupied and |1) is empty. On a two-dimensional square lattice, let
My = (=1)" " by = 251 and
Pn="Mn —by+ a2, ¢ EL. (5.5)

Here ¢&<* is a fixed external charge.

Let D € ZNs*Ne be the oriented site-link incidence matrix, with

+1, if site n is the tail of e,

Dye =< —1, if site n is the head of e, (5.6)
0, otherwise.
The Gauss-law generators are
Gn=> DucEe—pn,  Hpnys =[ |kerGy. (5.7)

Because each oriented link has one tail and one head, 17D = 0. Every physical state therefore satisfies
the global Gauss constraint

Z (ﬁn - bn + qut) |¢> = Oa |¢> € thys‘ (58)

n
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The Gauss-law constraint couples the flux divergence on the rotor links incident on site n to the matter-
qubit charge p,. The physical subspace consists of matter occupations and link-flux configurations satisfying
G, = 0 at every site.

Let g > 0 denote the gauge coupling, aj,t > 0 the lattice spacing, mg € R the staggered mass parameter,
and k € R the hopping amplitude. The gauge-matter Hamiltonian is

H=Hpg+Hp+ Hy + Hg, (5.9)

where )
Hp=%Y_E?, ~ Hp= ﬁ >, (1 —cos @), (5.10)
Hy=mo 3, Mfn,  Hr=3"._ (1) HKab- (5.11)

Let ¥,, and ¥! denote the fermionic annihilation and creation operators at site n. For a link e = (a,b)
oriented from site a to site b, let (, = e'+* denote the fixed hopping phase. The gauge-covariant hopping
term is

R *
Hicab = 5 (G W Uan s + ¢ UL, W) (5.12)

The direction-dependent phases in a Kogut—Susskind discretization are particular choices of (4 [45, 46].
Choose a snake ordering s(n) of the matter sites. The Jordan—Wigner transformation [47] introduces

WY = (-1 = -2, Sy = H mw, (5.13)
m: min(s(a),s(b))<s(m)<max(s(a),s(b))
and gives

K _ " _
Hiar = 5 (Cab0d SabUaboy, + €0 SabUl o ) - (5.14)

For adjacent sites in the chosen ordering, S.; = I, so Eq. (5.14) reduces to a two-qubit exchange coupled to
the link momentum shift U,;,. Expanding the ladder operators gives the form used below:

Hg ap = g 08(0ap + 0ap) (XaSap Xp + YaSapYs) + sin(bap + dap)(XaSapYs — YaSabXb)} : (5.15)

Appendix D.1 verifies that each of Hg, Hg, H);, and Hx commutes with every G,, and derives the Pauli
decomposition in Eq. (5.15). For each hopping term, the changes in matter charge and electric flux cancel in
the Gauss-law generators at both endpoints.

5.2 Gate realization of the Hamiltonian

Electric term. The electric evolution on one link is a pure-rotor Clifford gate:
eTIGE/2 — 7 (g2At)2) QUAD, (—g>At). (5.16)

The Weyl phase Zg .(g?At/2) compensates for the £.(¢. + 1)/2 convention in the definition of QUAD.

Magnetic term. For a plaquette p, the boundary vector b, = (Bpe)e is a primitive integer vector. Choose
A, € GL(Ny, Z) such that A,b, = e1. Here K;(t) denotes the cosine-potential gate in Eq. (3.18) acting on
the first rotor mode. The plaquette evolution is

¢iAt1—cos @)/ (g%a) — ~idt/(PPal ) ) (—TA d ) Usa,. (5.17)

P a
lat

Indeed, UjleR(el)UAp = Xr(bp), so conjugation maps the cosine acting on the first rotor mode to cos ®,.

This realizes the plaquette evolution using a rotor automorphism and the cosine-potential gate. The plaquette
g g

boundary vector satisfies Db, = 0, the lattice identity that the boundary of a boundary vanishes, so the

p
evolution preserves every Gauss-law constraint.
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Mass term. Using 7, = (I + Z,,)/2, the mass evolution is

—iAtHy _ iAt my —iAt MmoNn Zn /2
e M = exp (— 5 Zn:nn> 1;[6 0 . (5.18)

Apart from the displayed global phase, this term requires only qubit-local rotations.

Hopping term: controlled-shift realization. On the full rotor Hilbert space, define

HC(LZ)((;ab) = (eié”"’arfsabab_ + eii‘s“bJ;'SabJ;) . (5.19)

ol
2
Consider either of the following controlled shifts:

V) = CShifty (1), VP = CShifty . (1). (5.20)

Let V,;, denote either Va(l;l) or Va(lf). Then Hy qp = VabHéZ) ((5ab)VJb, and therefore
e~ Hi w0 = Y, e~ iTH Ga) T (5.21)
For §,, = 0, define P, = XS, Xp, Py, = Y,SuY,. These Pauli strings commute, and HC(LZ)(O) =
&(Py + P,). Moreover, with R, (5) = e"%+/2, we have Héz)((?) = Ra(é)H(%) (0)R,(8)T. Consequently,

efiTHfz%)(éab) _ Ra(§ab)67iTnP1/4efiTNP2/4Ra(5ab)T. (522)

Together, Egs. (5.21) and (5.22) implement the gauge-invariant hopping evolution. Appendix D.2 derives the
controlled-shift conjugation identities and the commuting-Pauli decomposition underlying this realization.

Hopping term: PSR realization. Eq. (5.15) writes Hg 45 as a sum of four Pauli-string-rotor angle-
potential terms. The exponential of each term is a PSR gate of the form defined in Eq. (3.19). The sine
potentials can be obtained from the cosine potential by a rotor phase translation.

The controlled-shift realization preserves the Gauss-law subspace. Finite-order product formulas built
from the four PSR factors in Eq. (5.15) do not generally share this invariance [48].

5.3 Finite-flux truncation

Numerical calculations replace each link Hilbert space by

L
Hep=spanf[f): —L << L}, Tp,= Y [0 (5.23)
{=—L

The projected shift
Uer =1 UIlL

acts as the ordinary link shift on every nonboundary momentum state but annihilates the upper-boundary
state:
[t+1), —L<{<L,

Uerlt) =
-210) {0, (=1L

Consequently,
Ul U =T —|LY(Ll,  UepUlp =TI —|— LY(-L|. (5.24)

Thus U, 1, is a nonunitary hard-wall truncation in which transitions leaving the selected electric-flux window
are omitted.
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The discrepancy from the full rotor shift is supported entirely at the cutoff boundary. For a normalized
state |¢) € He L,

|(Ue = Ue) 1)1 = {LID)P,
|@i=vi || = 1L,

Eq. (5.25) identifies the occupations of |L) and | — L) with the squared norm errors of the projected forward
and backward shifts, respectively.
Adding the boundary transition |L) — | — L) restores unitarity. Define

(5.25)

L-1
U= Y W+1){l|+|-L)L|, d=2L+1. (5.26)
{=—L

The operator 5@, 1, cyclically permutes the d = 2L + 1 momentum states and is therefore unitary. For
Ee o =LE]IlL,
direct action on the momentum basis gives
[Ee.rL, ﬁe,L] = 5&,L —d| — L)(L|. (5.27)

The operators U, 1, and ﬁe, 1, agree on every transition with ¢ < L. Their only difference is the added
wraparound transition |L) — | — L), which produces the rank-one correction in Eq. (5.27).

The projected shift preserves the ordinary integer-flux translation away from the boundary and is
nonunitary; the cyclic completion is unitary. In the full hopping term, a unit change of the endpoint matter
charges is accompanied by a unit change of the link flux. The cyclic wraparound changes the link flux by
—2L while the endpoint matter charges still change by one unit, so it violates the original integer-valued
Gauss’s law at the cutoff boundary.

In the cutoff calculation below, we use the hard-wall projected Hamiltonian: hopping and plaquette
transitions whose final flux lies outside the window are omitted. The resulting Hamiltonian remains Hermitian
and preserves the finite Gauss-law basis. Its agreement with the full rotor model is controlled by the weight
on |E.| = L, as quantified by Eq. (5.25). Appendix D.3 derives this boundary-supported shift error and
compares the projected shift with its cyclic completion. We monitor this boundary occupation together with
the physical observables in Sec. 5.4.

5.4 Finite-flux benchmarks

Flux-cutoff dependence is computed by diagonalizing the Hamiltonian in the joint kernel of the Gauss-law
generators for an open 2 x 1 plaquette strip with six sites, seven links, and two plaquettes. The 2 x 1 strip is
the smallest open geometry containing two plaquettes and therefore supports the connected correlator Cys.
At L = 6, the corresponding physical basis has dimension 2350.

24



4 es 5 €4 6
@ > L 4 > @
@ matter qubit
A A A
es p1 €6 P2 €7 —» oriented rotor link
{ > L 4 > L J
1 e1 2 €2 3

Figure 3: Open 2 x 1 gauge—matter strip used in the finite-flux benchmarks. Matter qubits occupy the six
sites, U(1) rotors occupy the seven oriented links, and p; and ps denote the two plaquettes. Horizontal links
are oriented to the right and vertical links upward, with the site and link ordering used in the calculation
listed in Appendix D.4.

We set ¢&** =0, ajay = 1, K = 1, mg = 1.5, and (ap = 1. The flux cutoffs are L = 1,2, 3,4, 6, and the scan
uses 55 logarithmically spaced values of g=2 from 1072 to 10. Here ), b, = 3, so Eq. (5.8) fixes the total
matter occupation to y_, i, = 3. Using the finite basis, matrix elements, and sparse diagonalization specified
in Appendix D.4, we evaluate

_ 1 1
W = F Z(COS (I)p>, A= 81 - 50, <E2>link = ﬁ Z<E§> (528)
P, £

—e— L=1 -=- L=2 —& L[=3 -4 L=4 -=- L=6

(a)

0.6

0.2

0.0f » ‘ ‘
1072 10T 100 10!

100 il

<E 2 > link
=
T
L

1074 E, Il Il 3
102 101 100 101

Figure 4: Ground-state results for the open 2 x 1 gauge-matter model. (a) Average plaquette cosine W. (b)
Spectral gap A = & — &. (c) Link-averaged squared electric flux (E?);,,. The curves correspond to flux
cutoffs L = 1,2, 3,4,6. The vertical dotted line marks g—2 = 1.
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At small g2, the electric term suppresses nonzero link flux, and W remains close to zero. As g2

increases, the plaquette term becomes more important and the ground-state flux distribution broadens. The
spectral gap A develops a minimum near g~2 ~ 2, in the same crossover region where W rises rapidly and
the link-flux distribution broadens. Over the sampled interval g~2 < 1, the maximum absolute L = 4 versus
L = 6 differences in W, A, and (E?)jj are 1.34 x 1078, 4.69 x 1071°, and 7.23 x 1079, respectively. The
separation between the L = 4 and L = 6 curves increases toward g~2 = 10 as more weight approaches the
cutoff boundary.

To probe the coupled qubit-rotor dynamics, we evolve the zero-flux strong-coupling state

Q) = |0 =b; E = 0), [ (1)) = e HL|Q.). (5.29)

This state satisfies DE =0 —-b =0. Wetake g2 =1,mg=15,k=1,0<t<8 and L =1,2,3,4.

‘We monitor 1
W(t) = Fp Z(cos D)+,

p

C12(t) = (cos @1 cos Pa)y — (cos Pq)¢(cos Do)y,

In(t) = = 1 (in)t, (5.30)

_ 1
Por(t) = N, Z (L(m.|=1}), -

—— L=1 -=%- L=2 —4 L[=3 - L[=4

0.6 E 0.10 3
0.5 E
0.05 3
0.4 E .
= 0 < 0.00 ]
= O )
02 ] -0.05 3
0.1 E -0.10 ]
0.0 E —0.15 Eul ! ! ! ! ! ! ! .

In(t)

PoL(t)

10- 141 3 4

time ¢ time ¢

Figure 5: Gauge-invariant real-time dynamics of the open 2 x 1 gauge-matter model following evolution from
the zero-flux strong-coupling reference state. The parameters are g~2 = 1, mo = 1.5, and k = 1. (a) Average
plaquette cosine W (t). (b) Connected two-plaquette correlation Cja(t). (c) Staggered matter imbalance
Iy (t). (d) Link-averaged cutoff-boundary occupation Py (t). The first two panels probe the rotor gauge
observables, panel (c) probes the matter-qubit dynamics, and panel (d) diagnoses the finite-flux truncation.
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Starting from the zero-flux state, the plaquette expectation W (t) develops an oscillatory response, while
the connected correlation C12(t) becomes nonzero. The evolution therefore generates both local magnetic
coherence and correlations between the two rotor plaquettes. At the same time, the matter imbalance Ips(t)
departs from its initial value and undergoes oscillations. Since the electric and magnetic terms act only on the
rotor register and the mass term is diagonal in the occupation basis, this redistribution of matter occupation
is generated by the gauge-covariant hopping term Hp .

On the 241 sampled times, the maximum L = 3 versus L = 4 differences in W (t), C12(t), and I(t) are
9.99 x 107°, 2.28 x 107%, and 3.54 x 107°, respectively. The maximum Py (¢) decreases from 7.60 x 1075 at
L=3t0284x10"" at L = 4.
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6 Rotor quantum phase estimation and probe-state design

In rotor quantum phase estimation, a single rotor serves as the phase register for an n-qubit target. Let
U € U(Hn,0) have an eigenstate satisfying

Ulpg) = €®|vy),  [ty) € Hno- (6.1)

Standard QPE stores the phase in a finite register and applies an inverse quantum Fourier transform before
measurement [41, 49, 50|. With a rotor phase register and direct angle measurement, the inverse transform
can be omitted. The rotor momentum label ¢ € Z indexes the controlled powers U ¢, and phase kickback
produces the character e=*#. Under Z <— T, this character translates the conjugate angle distribution by
, so the eigenphase can be read directly from an angle measurement.

Bosonic modes have previously been used as phase registers [51, 52|, and the rotor version with momentum-
controlled powers and direct angle readout was proposed in Ref. [15]. Here we take this rotor protocol as the
starting point and allow an arbitrary initial probe state. Its momentum amplitudes determine the shape of
the translated angle distribution, and therefore control both the estimation error and the range of powers
U~* required by the protocol.

This makes probe preparation the main resource question. At fixed momentum support, the optimum is
the cosine-window probe used below [29, 30]. At fixed mean kinetic energy, the optimum is a Mathieu probe
[31]. Sec. 6.2 compares these probes with the uniform finite-momentum state and relates their estimation
error directly to the corresponding rotor resources.

6.1 Phase kickback and direct-angle readout

For a normalized rotor probe

mr=>_allr, Y lal*=1, (6.2)

ez =/
define the momentum-controlled power operation

Ov =Y U el (6.3)

LEL

The sign convention is chosen so that, with the angle-state convention of Sec. 2.1, the measured angle
distribution is centered at 6 = .
Phase kickback gives

OU(|¢@> & ‘77>R) = 1by) @ M) R, Mgl R = Zafeii&pml% (6.4)

LET

The generalized angle states define the periodic angle measurement

Eo(d0) = |0)(0] db, 7 Ey(df) = Ig. (6.5)
0

Its probability density after phase kickback is

2
=py(0 —¢|0). (6.6)

Z apett0=¢)

LeZ

1
(6 1¢) =5

Eq. (6.6) shows that phase kickback translates the angle profile without changing its shape. The amplitudes
ay determine the localization and tails of the direct-angle distribution, and the largest occupied |¢| determines
the required range of controlled powers.
The uniform momentum superposition provides the baseline. Set d = 2° and use the finite rotor momentum
code
M) = span{|0)g, ..., |d — 1)z} (6.7)
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Finite rotor momentum encodings have also been considered in Ref. [8].
The rotor analogue of the uniform qubit phase-register state is

d—1
|+a) 7; )R- (6.8)
Applying Eq. (6.3) gives
Ou (|Yy) ® |[+a)r) = [¥) © |xa(®)) R, (6.9)

where
e = 75 Z %)) . (6.10)

Indeed, the momentum component |¢)z applies U~ to the target eigenstate and therefore acquires the phase
e~ iy,

Using the angle-momentum Fourier relation in Eq. (2.3), the angle-space amplitude after phase kickback
is

(01xa(») (6.11)
£=0
The corresponding direct-angle probability density is
2
— 1 sin?[d(0 — ¢)/2]
0 o—9)| = — 2 7 A 6.12
pa(f | ¢) Z:(:) 2rd sin?[(6 — ¢)/2] (6.12)

Eq. (6.12) is a shifted periodic Fejér kernel. Its maximum is centered at § = @, and its first zeros occur
at circular distance 27/d. As d — oo, the probability measures pq(f | ¢)df converge weakly to the Dirac
measure at ¢. Appendix E.1 gives the calculation.

The eigenphase can therefore be recovered by measuring the rotor angle directly, without applying a
coherent Fourier transform to the phase register. The corresponding rotor protocol is shown in Fig. 6.

[+a)r — —|i|

Ou
V) = —

Figure 6: Rotor quantum phase estimation with direct angle readout. The momentum-controlled power
operation translates the angle distribution of the rotor phase register by the target eigenphase ¢, which is
then read out by an angle measurement.

For the uniform probe above, Fourier processing followed by momentum measurement recovers the
standard discrete QPE distribution. Direct angle measurement requires no such coherent Fourier stage.

6.2 Probe optimization under momentum and energy constraints

Two resource constraints determine the probe optimization: finite momentum support and fixed mean rotor
energy.
For the general probe in Eq. (6.2), define its mean resultant length by

R(n) = | XrW)m)| = | araj,, |, (6.13)
LETL
and use the circular variance
V(n):=1- R(n). (6.14)
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The modulus makes R(n) independent of the angular origin. After centering the probe at § = 0, V(n) =
fozﬂ[l —cos(0 — ¢)|p, (0 | ¢)db. For a narrowly localized distribution,

1
1—cos(f — ) ~ 5(9 — )2, (6.15)
so the angular error scale is
Ay~ V2V. (6.16)

The Holevo variance R(n)~2 — 1 and V() = 1 — R(n) are both strictly decreasing functions of R(n), so they
select the same optimal probe states.
We also use the dimensionless rotor kinetic energy

Eg(n) = (l¢®n) =D lacl*, (6.17)
LET

For probes with finite momentum support, the largest occupied |£| determines the required range of controlled
powers; Fr measures the rotor kinetic-energy resource.

Uniform momentum superposition. For comparison, consider the centered uniform state

L

i) r = \/ﬁ Z;L 1) k. (6.18)
For Eq. (6.18),
Rynit = 25{; T Vinit = 2L1+ T (6.19)
The corresponding energy is B
Eunit = ﬁ Z;L = @ (6.20)

Since
2L+ 1 =+/12FE it + 1, (6.21)

the circular variance obeys

1 ~1/2
Vit = ————==0(E__%7). 6.22
f 12Eunif ¥ 1 ( unif ) ( )

The corresponding error scale is therefore Ay,if = O(Eu_nli&).
This scaling reflects the slowly decaying sidelobes of the uniform finite-momentum profile. Its central
lobe still has angular width O(1/L) = O(E_l./Q). The weaker scaling in Eq. (6.22) arises because the circular

unif
variance is sensitive to probability away from the central peak.

Finite-support optimum. Among all normalized rotor states supported on {—L,..., L}, the cosine-
window probe is optimal. This is the standard finite-support sine-state optimizer of Refs. [29, 30|, written in
centered momentum coordinates:

wl
o WZ (s 10w (6.23)

With n = £+ L, the cosine coefficient becomes sin[w(n+1)/(2L +2)]. Appendix E.2 recovers its finite-support
optimality from the numerical radius of the compressed rotor shift.
In particular,

Reos = cos(z(;:_l)) . (6.24)
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Its circular variance is therefore

2

™
Voos = 1 _COS(Q(L+ 1)) T8I +1)2

The corresponding error scale is

+O(L™%). (6.25)

™

Acos ~ 2(L+1)

(6.26)

The kinetic energy of this state is

9L +4L+3 1 2( 7 )
Ews=——F7—"——2 —_— |, 6.27
6 221 (6.27)
with the large-L behavior
1 2
Bes=|=— =) (L+1)?2+0(L7?). 6.28
(- 2) @+ rou (6.25)
Combining Egs. (6.25) and (6.28) gives
2 —6 w2 —6
cos ™ ’ cos ™ 2
Ve ™ B, 12E... (6:29)

The cosine taper suppresses the angular tails responsible for the larger circular variance of the uniform
probe. It achieves the Eios!? error scaling while retaining strictly finite momentum support.

Fixed-energy Mathieu optimum. The cosine-window probe is optimal when the momentum support is
fixed. A second optimization removes the support restriction and fixes the mean rotor energy Er = <22>
Under this constraint, the minimum-circular-variance probe is a Mathieu state [31].

For a prescribed energy Eg, consider

VEr)i= min (1 |(nlXa(l)]. (6.30)

(n||m)=Er
After centering the angular distribution at § = 0, the minimizing state can be chosen even, and minimizing V’
reduces to maximizing {cosf) at fixed (£2).
Introducing a Lagrange multiplier A > 0 for the energy constraint leads to H) := 72 — Xcos@. Its ground
state minimizes the corresponding variational functional and satisfies

(22 - )\cosé) [ma) = exlna)- (6.31)

Choosing A so that (ny|¢2|ny) = Eg gives the constrained optimum in Eq. (6.30).
In the angle representation, £ = —id/df. With z = /2, Eq. (6.31) takes the standard Mathieu form

d2
dn;\ + (ax — 2gy cos2z)ny =0, ay = 4ey, Q= —2\.
z
The normalized even ground-state wavefunction is therefore
0
na(0) = (0|nn) = N, ceg <§, 72)\) . (6.32)
For large Er, the optimal circular variance satisfies
1
Vi(ER) ~ —, 6.33
Er) ~ g (6.33)
so the corresponding error scale obeys
1
Ay~ (6.34)

2ER’
The Mathieu probe therefore achieves the same El_zl/ % error scaling as the cosine-window probe, with the
optimal prefactor under the fixed-energy constraint. Appendix E.3 derives Egs. (6.33) and (6.34) from the
local quadratic approximation to the Mathieu ground state.

The Hamiltonian in Eq. (6.31) contains the same cosine potential used in the universal-control construction
of Sec. 4.
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Asymptotic comparison. Table 2 collects the three direct-angle probe families and their resource
constraints.

Probe Constraint Vv Error scale Ay
Uniform momentum || <L ~ \/%TR O(EI?M)
Cosine-window |4 < L ~ 7;24;75 ~ 7;22;1%6
Mathieu Er fixed ~ ﬁ ~ 2\/1E

Table 2: Asymptotic comparison of direct-angle rotor probes. The cosine-window probe minimizes V at fixed
momentum support. The Mathieu probe minimizes V' at fixed mean rotor energy.

Both optimized probes have Elgl/ ? error scaling under the circular variance V', compared with E;l/ * for
the uniform momentum profile. The Mathieu probe has the smaller leading variance prefactor at fixed energy,
1/8 < (72 — 6)/24, and the cosine-window probe has strictly finite momentum support.
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7 Quantum Fourier transforms with rotor registers

A finite rotor code can itself serve as a computational register. A d-dimensional logical register can be
represented either by states localized at d angles or by d classes of rotor momentum. We use these two
encodings to construct the same d"-point Fourier transform in two ways.

The first construction maps an angle-code input to a momentum-code output. It follows the standard
base-d Fourier factorization [41, 53], with one local angle-to-momentum transform on each rotor and mixed
angle-momentum phases between different registers. The second construction stays within a finite momentum
code and compiles the same Fourier matrix using the gates introduced earlier. In this construction, each
cross-register base-d phase is implemented by the quadratic rotor Clifford gate CPHS;; (o) = etelile

The two constructions therefore differ mainly in the local Fourier step: the first takes the angle-to-
momentum code map as a logical operation, while the second resolves the Fourier transform into momentum-
code gates.

When the input or output is stored in qubits, a qubit-rotor interface can be added before or after the
Fourier circuit. The construction in Sec. 7.1 adapts the displacement-and-reset state-transfer method of
Ref. [17], and related mixed analog—digital Fourier methods are developed in Ref. [32].

7.1 Rotor codes and qubit—rotor interfaces

The constructions use two complementary d-dimensional rotor codes. The angle code represents x &

{0,...,d—1} by a localized wavepacket centered at an angular grid point, and the momentum code represents

p € {0,...,d — 1} by a superposition over one residue class of the integer rotor momentum. The generalized

angle states introduced in Sec. 2.1 are not normalizable and therefore do not themselves define codewords.
For the angle code, set

GI:QTTQU, x=0,...,d—1. (7.1)
We begin with the von Mises packets
7T orcos(0-0,) 1
i) = N [ O, = s (72)

where > 0 controls the angular localization and I, is the modified Bessel function of the first kind. These
states are translations of a single packet,

|z; k) = Zr(—0,)]0; k), (7.3)
and have the momentum expansion
K 1
|z; k) = Zc e 0\ p c§ )= ﬂ. (7.4)
LeL

The von Mises packets are normalized and nonorthogonal. Let

Iy (2/-@ cos ng(;y )

G(H) N <£L’ H|y7 >_ 10(2‘%)

(7.5)

The Gram matrix G(*) is circulant and positive definite. We define the orthonormal angle-code states by

Z|y, (K) , z=0,...,d—1. (7.6)

They satisfy B
We write
Aq :=span{[T) : 0 <z < d}. (7.8)
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The off-diagonal overlaps obey ||G(") — I < (d — 1) max,, |G§fy)|
For the momentum code, choose a normalized sequence f = (f,)nez € £2(7Z),

nez
and define

p)=3 fulptndr,  p=0,...d-1 (7.10)
nez
Thus [p) is supported on the momentum values satisfying

¢=p (mod d). (7.11)
Different values of p correspond to disjoint residue classes, and hence
<ﬁ|q> = dpqg- (7~12)
The momentum-code space is
Ma(f) :=span{|p) : 0 < p < d}. (7.13)
The projector onto the momentum code is
d—1
My =Y |p) (Dl (7.14)
p=0
For the CPHS realization and gate-set compilation below, we choose
fn = dno, D) = |p) g, p=0,...,d—1. (7.15)
The corresponding code space is
MW = My(60) = span{|0), ..., |d — 1)} (7.16)
Set ‘
wg = ¥/, (7.17)

The angle-to-momentum Fourier operation F*7M is defined on the angle code by
F{=Mg) Zw P r=0,...,d—1. (7.18)

The states on each side form orthonormal bases, so FA”M is an active code-space unitary from 44 to M4(f);
the Fourier relation between the angle and momentum wavefunctions of a fixed rotor state is a change of
representation. The code-space map extends to a unitary on L?(T).

The momentum-code Fourier transform is defined by

Fy'lp) = Zw‘“’lq p=0,...,d=1 (7.19)

The two operations use the same d x d Fourier matrix. Their domains are
FPoMedg — Ma(f),  Fi': Ma(f) — Ma(f). (7.20)

The first operation is used in the angle-momentum construction. For the specialization f = dy, the second
operation is compiled from the hybrid gate set in Sec. 7.3.
For r rotors, the input and output code spaces are

AG" and  M(f)®". (7.21)

If the input amplitudes are initially stored in qubits, they may be transferred coherently to the rotor codes
before the Fourier operation. For the angle code, one may adapt the displacement-and-reset construction
of Ref. [17]: qubit-controlled angular translations write the binary input label into the center of a localized
rotor packet, and rotor-conditioned qubit operations return the source qubits to |0). The periodic rotor angle
removes the padding and anti-padding steps needed to isolate a finite cyclic region of a noncompact oscillator.

The inverse sequence transfers the rotor-code amplitudes back to qubits when a qubit output is required.
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7.2 Angle-momentum construction of the base-d QFT

The angle and momentum codes implement the base-d quantum Fourier transform across r rotor registers.
The construction treats the active code-space unitary F;‘HM and the mixed code-space phase as logical
operations. The explicit gate-set construction in Sec. 7.3 resolves the momentum-code Fourier transform into
the hybrid gates introduced earlier.

To define the mixed phase, introduce the finite-code digit operators

d—1

d—1
Da=Ya® @,  Du=Y )l (7.22)

x=0

The first operator is defined on the angle code A4, and the second is defined on the momentum code My(f).
These are finite-rank spectral operators on their respective code spaces, extended by zero on the orthogonal
complements.

For two distinct rotor registers R; and Ry, define the mixed angle-momentum phase

Ak (B) :=explif D,y @ Da gl (7.23)
Its action on the relevant code spaces is
Ak (B)P) R, [B) Ry = €77 D) R, |T) By 0<puz<d (7.24)

For a fixed j, the operations Aj;(3) with k£ > j commute.
Set N = d". Write an input integer in base d as

X(x):= Zw;ml”"ﬂ x = (ml, .. ,xr), 0<z, <d, (7.25)
k=1

with the most significant digit stored in R;. The corresponding angle-code basis state is

.
%) = Q) [Tr)r, € A" (7.26)
k=1
For the momentum-code output, write
P(p) = ijdrija pP= (pla"'apr)7 0 Spj <d, (727)
j=1

and define .

B) = @ ) r, € Ma(f)®" (7.28)
j=1

The angle-to-momentum N-point Fourier transform is defined by

d—1

ROV = X e TX00Pe) i) (7.29)

Its matrix from A?T to Mg(f)®" is the standard positive-exponent d"-point discrete Fourier matrix.
The circuit processes the rotor registers in the order

Ri,Rs,...,R,.

When register R; is processed, it still contains the angle-code state |z;). We first apply the local transform
F7 M, whose action is

2mi

d—1
1

Fé‘,‘fM TR, = —= Z eXP( pj%’) |P5) R, - (7.30)
\/&pjzo d
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The register R; is now in the momentum code, and each register R, with £ > j remains in the angle code.
For every k > j, we then apply

2m
Aji (7dk7j+1) . (7.31)
On the basis state [p;) g, |Tx) r,,, this operation contributes the phase
2mi

The total phase associated with p; after processing register R; is therefore

. (T T4 Ty
exp [271’ij (EJ + Zl;r +-+ W)} . (733)
Define the jth register step by
) - 2 A—M .

k=j+1

The product is the identity for j = r. For fixed j, all mixed angle-momentum phase operations in the product
commute.
The complete circuit is
UAM = Vr‘/;nfl te Vl, (735)

with V7 acting first.
The circuit produces the Fourier output digits in reverse register order. We therefore define the register-
reversal unitary REV,. by

REV, ([p1)r, ® -+~ ® |Pr)r,) = |[Pr)r, ® -+ @ |P1)R, - (7.36)

This operation only reverses the order of the rotor registers. It may be implemented physically by rotor
SWAP gates or absorbed into the output register convention.
With this output convention, the complete circuit acts on A?T as

Uam = REV, F{7M, (7.37)

Thus the circuit implements the standard positive-exponent d"-point Fourier transform, with the output rotor
registers appearing in reverse order. Appendix F.3 proves this factorization by matching the accumulated
digit phase to the base-d Fourier kernel.

The factorization contains r local angle-to-momentum transforms and (g) mixed code-space phases, up to
output-register relabeling.

We next relate the two logical operations to rotor-space operations. The local transform F f"M changes
the momentum envelope and therefore requires controls that modify momentum-amplitude magnitudes.

For the mixed phase Aj, a periodic multiplication operator provides an approximate realization on
localized angle codes, with the code-space error and leakage bounds of Appendix F.1.

For the specialization f, = d,0, the mixed phase also admits a reduction to CPHS. Define the label-

preserving code isometry Ty : Ag — ./\/ll(io) by
T = [t)r,  0<z<d (7.38)

and choose a unitary extension to L?(T), also denoted by Ty. Let T}, act as Ty on register R and as the

identity on the other registers. On the tensor product of /\/lfio)

in register R; and Ay in register Ry,
Ajr(B) = T} CPHS 4 (8) T (7.39)

The map Ty preserves the logical digit and changes its encoding. The map F f_)M applies the finite Fourier
matrix. For the momentum-code specialization in Eq. (7.15), Eq. (7.39) gives a CPHS realization of the
mixed logical phase.
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7.3 Gate-set compilation on rotor momentum codes

The angle-momentum construction treats the local angle-to-momentum Fourier operation and the mixed angle—
momentum phase as logical operations. The momentum-code construction uses MQR, CShift, conditional-
phase, CPHS, and Hadamard gates as logical instructions. We use the specialization Mgo) in Eq. (7.16), with
d = 2°. Throughout this subsection and Appendix G, the momentum code is M((io). When a qubit-rotor
interface is required, the binary label can be loaded by qubit-controlled shifts of distances 1,2,...,2°7!, after
which momentum-conditioned qubit rotations reset the source register. This gives the code-space action

d—1 d—1
> elp)al0)r — 0)5° " cplp)a-
p=0 p=0

For one s-qubit block, the transfer uses s CShift and s MQR, instructions. The inverse transfer has the same
count. For r registers, a one-way transfer therefore uses rs CShift and rs MQR. instructions.

7.3.1 Compiled QFT on one rotor momentum code

The positive-exponent d-point Fourier transform is compiled on the momentum code M&O). The qubit-rotor
interface described above is used only when the input amplitudes are initially stored in qubits or a qubit

output is required. The Fourier circuit acts entirely within Ml(jo).
Recall that

d—1
1
F'P)r=—F7> w¥r,  0<p<d, (7.40)
Vi =
with d = 2% and wy = 27/4,

Let a be a reusable ancilla qubit initialized in |0),. For j = 0,...,s—1, define the momentum-conditioned
ancilla rotation

d—1
Bj = Z (iYe)"™ @ |m)y(m| + I, ® (Ir — ), (7.41)
m=0
where m
mj = bﬂ mod 2 (7.42)

is the jth binary digit of the current rotor momentum. The gate B; is an MQR operation. In particular,
Bl|0)a|m) g = [m;)al) s- (7.43)

Define

Sj = CShiftaﬂR(—Qj), aj ol 27

= o (7.44)

The conditional phase C; is the gate introduced in Eq. (3.7), with the ancilla as the qubit register and
P., = Z,. Its action is _
Cile)alO)r = € ) a0, c€{0,1}. (7.45)

The jth Fourier stage is
Fj = B;SIC;(H, ® Ir)S; B]. (7.46)

The factors act from right to left in the order

BI, S;, H,®Ig, C;, Sl B;.

The stages are applied in the order j = s —1,s —2,...,0, with the rightmost factor acting first. Fig. 7
summarizes their action: stage j replaces the input bit p; by the Fourier-output bit ¢; and returns the ancilla
to |0),. The stages produce the output bits in reversed binary order.
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Fj = B;SIC;(Ha ® Ir)S; B!

Figure 7: One stage of the gate-set compilation of the rotor momentum-code QFT. The momentum-dependent
gate B} extracts the jth input bit p; into the ancilla. The controlled shift S; removes this bit from the rotor
momentum, the Hadamard introduces the output bit ¢;, and C; supplies the corresponding Fourier phase.
The inverse shift writes ¢; into the rotor momentum, and B, returns the ancilla to |0),.

Define the binary-reversal permutation on M&O) by

s—1 s—1
BREV, |Y 2i¢; ) =) 25-177¢; ) . (7.47)
7=0 R l3=0 R

BREV; reverses the s binary positions within one rotor code. The operation REV,. reverses the order of the
r rotor registers.
Let BREV denote the ancilla-assisted implementation satisfying

BREV,|0)|m)r = |0),BREV,[m)r, 0<m<d. (7.48)

Its construction from MQR and CShift operations is given in Appendix G.2.
Combining the s Fourier stages with the ancilla-assisted binary reversal, define

FM .= BREV,FyF, --- F,_;. (7.49)
Its action on the momentum code is
EM0)alp)r = 0)aF) PR,  0<p<d. (7.50)

The ancilla returns to |0), after every Fourier stage and after the binary-reversal circuit. Every rotor
momentum visited by the compiled circuit lies in {0,...,d —1}.
The Fourier-stage calculation and induction are given in Appendix G.1.

7.3.2 Base-d QFT compilation on rotor momentum codes

The one-rotor compilation extends to r rotor registers. This construction uses compiled one-rotor Fourier
transforms and rotor-rotor CPHS gates on (M&O))Qg’r, with both the input and the Fourier output encoded in
this momentum code.

Let N = d", and write the input integer in base d as
X =) ad ™", ape{0,...,d—1}. (7.51)
k=1

Here z;, denotes the input digit and p; the Fourier-output digit; both are encoded in the momentum code

MEZO). The digit z is encoded in register Ry as |Tx)g,,-
The registers are processed sequentially in the order R;, Rs,...,R,. On register R;, first apply the
compiled implementation of F% The resulting state is expanded in momentum-code output labels p;, while
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every unprocessed register Ry, with k£ > j, still carries its input label z). Immediately after processing R;,

apply
2 27Tiéj€k

for every k > j. For fixed j, these CPHS gates commute, so their order is immaterial. On a component
labeled by p; and zj, the gate contributes

2mip;ix

which is the corresponding cross-digit factor in the base-d Fourier kernel. Because CPHS () is a pure-rotor
quadratic Clifford gate, each cross-digit factor in Eq. (7.53) is realized by one rotor-rotor Clifford operation
26).
| ]Let F ]1\‘,4 denote the standard positive-exponent d"-point Fourier transform in the standard base-d basis of
(MPher.

Let Uqgrt denote the operation induced on the rotor registers by the circuit above, with the reusable
ancilla initialized in |0), and returned to |0), after each local transform. Its action on (Mfi()))®" is

Ugrr = REV,. Fal. (7.54)

Here the register-order reversal is defined by
REV, ® Pj)R; = ® |Pr—7+1)R,- (7.55)
j=1 j=1

Appendix G.3 proves Eq. (7.54) from the base-d phase relation in Eq. (F.9).

Interpreting the output registers in reversed order requires no physical permutation. Restoring the original
physical order requires |r/2| rotor SWAP gates.

The qubit-rotor interface described at the beginning of Sec. 7.3 may be applied separately to each rotor
register when qubit input or output is required.

7.4 Logical resource comparison

To compare the two rotor constructions with the standard qubit circuit, we specialize to
N=d" =2"% d=2°. (7.56)

All three constructions realize the same positive-exponent N-point Fourier matrix using different encodings
and logical operations. The standard binary construction acts on rs qubits, the angle-momentum construction
maps AY" to My(f)®", and the compiled momentum-code construction acts within (/\/lfio))‘g’".

Table 3 compares the operations internal to the three encoded Fourier transforms; the qubit—rotor interface
is counted separately in Table 7.

Table 3: Logical structure of three code-space constructions of the same N = d" = 2"° Fourier matrix. The
rows list the local and cross-block logical operations used by each construction.

Construction Encoding map Local transform on each Cross-block phase
block operations

Binary qubit ((CQ)@TS — ((C2)®TS r s-qubit QFTs s? (;) binary

construction controlled-phase gates

Angle-momentum AGT — Ma(f)®r r angle-to-momentum (5) mixed

construction Fourier operations angle-momentum phase

operations

Compiled (Mgo))@” — (./\/lgo))@” r compiled one-rotor d-point () CPHS gates

momentum-code QFTs

construction
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Each QFT on an s-qubit block contains s Hadamard gates and (;) controlled-phase gates. The standard
binary construction therefore uses rs Hadamard gates and

(6)0)-+0)

controlled-phase gates. The first term counts phases internal to the r blocks, and the second counts phases
coupling distinct blocks. Counting each Hadamard and controlled-phase gate once, the binary construction

has total instruction count
TS

Nyin =78+ <2> = 0((rs)?). (7.58)

The angle-momentum construction uses one local angle-to-momentum Fourier operation per rotor and
one mixed angle-momentum phase per pair of rotors. In the compiled momentum-code construction, the
cross-block Fourier factor that requires s? binary controlled-phase gates is implemented by one CPHS gate.

Each compiled one-rotor transform uses s sequential Fourier stages, the internal binary bit reversal
constructed in Appendix G.2, and one reusable ancilla qubit. The same ancilla may be reused for all r local
transforms. Detailed counts are collected in Table 7. Using the logical-instruction counting convention of
Appendix G.4, these counts give

Ny=6s+5 EJ 1, New—=rNi+ (;) — O(rs +12). (7.59)

For r > 2, the smallest cross-register phase angle in both rotor constructions is

2 2w

— = —. 7.60

dr N ( )
The binary QFT contains controlled-phase rotations at the same scale. Approximate QFT circuits can reduce
the binary count by truncating small-angle rotations [54]; the same truncation principle applies to the small
conditional-phase and CPHS angles in the rotor decomposition. Table 3 compares the transforms.
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8 Physical implementation considerations

The logical operations used above require different physical controls in native rotors and finite-code im-
plementations. A native rotor supplies the periodic angle and integer momentum directly. A finite-code
implementation reproduces selected rotor operations on a spectral subspace of another system.

8.1 Native-rotor and finite-code routes

Native-rotor route. Superconducting phase—charge degrees of freedom directly realize a periodic phase and
integer-valued conjugate charge. A flux-tunable Cooper-pair-box Hamiltonian Hepp = 4F¢ (ﬁ—ng)z—EJ cong)
contains the drift and cosine terms used in the universal-control construction [33]. After division by 4E¢x and
removal of an additive constant, its charging term has the form of Eq. (4.6), with /= and & = —2ng, while
tuning E; supplies the cosine control. A stable offset bias ng ¢ %Z realizes the nonresonance condition £ ¢ Z
used in Sec. 4. At a different operating point, n, = 0, the rescaled Hamiltonian is the Mathieu operator in
Eq. (6.31), with A = E;/(4E¢). The same phase—charge variables also appear in proposals for rotor codes
[9], and in recent superconducting implementations of compact U(1) gauge fields coupled to matter [7].

Trapped planar rotors provide a direct realization of the U(1) degree of freedom, with a periodic angle and
integer-valued angular momentum [3-5]. Molecular ions and ultracold molecules have larger rotational state
spaces, but resolved angular-momentum manifolds and coherent internal-state control allow selected levels to
be used as finite rotor codes [1, 55, 56]. Coherent translation on a momentum lattice, another operation used
in the constructions above, has also been demonstrated in atom-optics kicked rotors and momentum-space
quantum walks [57, 58].

Finite-code route. Oscillator platforms can reproduce selected rotor operations on finite codes. Dispersive
cavity and trapped-ion controls provide number-selective qubit operations, conditional displacements, and
nonlinear bosonic interactions [21, 34, 35]. Trapped-ion implementations of trigonometric continuous-variable
gates also include the periodic cosine control used in Sec. 4 [36]. In this setting, the rotor is represented only
on a chosen finite spectral subspace; the full oscillator need not reproduce the rotor algebra outside that code.
The additional requirements are preparation of the encoded states, spectrally selective control within the
code, and suppression of leakage outside it.

8.2 Physical requirements for the gate set

Table 4 summarizes the physical capabilities associated with the logical operations used throughout the paper.

Table 4: Physical requirements and main uses of the logical operations in the paper.

Logical operation

Required physical capability

Main use

Momentum shifts and
momentum-diagonal phase
gates

Periodic angle potentials

Momentum-lattice
automorphisms Ujgx
T'c,; and MQR
CShift and Oy
CPHS” (a)

Code preparation and
readout

Integer translations of rotor momentum and evolution
generated by £ or />

Evolution generated by V (6), including the cosine gate
used in the universal-control construction

Integer linear transformations of the rotor momentum
coordinates

Qubit operations conditioned on rotor parity or on
selected momentum values or residue classes

Qubit-conditioned momentum shift or target
operations conditioned on rotor momentum
Evolution generated by an interaction proportional to
isd;

Preparation of finite momentum superpositions and
measurement of rotor momentum or angle

Rotor Clifford circuits; gauge
dynamics

Universal control; gauge
dynamics
Multirotor Clifford synthesis

Mixed Clifford gates;
coherent transfer; QFT
compilation

Gauge hopping; phase
estimation; coherent transfer
Cross-register Fourier phases

Phase estimation; encoded
Fourier processing
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Momentum-resolved qubit control gives an oscillator analogue of MQR [20, 21, 34|, and conditional
displacements implement the qubit-to-mode control used by CShift [35]. The two-rotor interaction required
by CPHS is proportional to ¢;¢;; its oscillator analogue is a number-number or cross-Kerr interaction [59, 60].

8.3 Control scales and finite-window diagnostics

For the compiled QFT, the code size d = 2° fixes both the momentum range and the phase resolution. We
use the momentum code

MY = span{|0)g,...,|d—1)g},  d=2°

Every intermediate momentum reached by the circuit remains in {0,...,d — 1}. The Fourier stages use
qubit-controlled shifts with distances at most 25! and MQR operations that resolve individual binary digits
of the momentum label. The binary-reversal circuit also uses MQR operations conditioned on selected two-bit
patterns. The smallest local conditional phase used in the compilation is 27 /d. For r rotor registers, with
N = d", the smallest cross-register CPHS angle is

2T 2w

N d

Table 5 gives an illustrative example with r = 2, s =3, d = 8, and N = 64. The instruction counts follow
Eq. (7.59) and the convention of Appendix G.4.

Table 5: Illustrative control requirements and instruction counts for the compiled two-rotor N = 64 QFT
with r =2, s = 3, and d = 8. Counts follow the logical-instruction convention of Appendix G.4.

Requirement Target

Momentum range per rotor £=0,...,7

Maximum CShift distance 4

Momentum selectivity (MQR) Individual bits and selected two-bit
patterns of £ € {0,...,7}

Smallest local conditional phase used w/4

Cross-register CPHS phase /32

Compiled-QFT instruction count Ng4 = 22 per rotor; Nyot = 45 total

The phase-estimation protocol imposes a different finite-range requirement. For a probe with finite
momentum support, the largest occupied |/| fixes the largest controlled power U ¢ that must be implemented.
Increasing the support therefore increases the range of controlled powers required by the protocol.

For the angle-code QFT construction, the relevant finite-code errors are those associated with the
realization of the mixed angle-momentum phase. The code-space error and leakage are bounded by Egs. (F.3)
and (F.4), respectively. Both bounds are controlled by the weight of the angle-code wavefunctions outside
their assigned angular cores.

The gauge calculation uses the hard-wall electric-flux cutoff |E.| < L. The link-averaged boundary
occupation Py in Eq. (D.24) measures the weight on the flux states where the projected shift differs from
the full rotor shift. Its decrease with L therefore provides a direct diagnostic of the finite-flux truncation.

9 Conclusion and outlook

This paper has treated the U(1) rotor as a computational register in its own right, coupled directly to qubits.
The Clifford theory that results is directional but constructive: rotor momentum parity may control qubit
Pauli operations while the reverse is forbidden, every commutation-preserving phase-space action has an
explicit finite circuit realization, and the mixed part of that circuit has an exact minimal gate count. The
same analysis gives complete Clifford criteria for the momentum- and angle-dependent gate families used
throughout the paper. Adding two non-Clifford controls promotes the local Clifford operations to universal
control on the full Hilbert space in the strong operator topology.
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The applications use this structure in different ways. For compact U(1) gauge-matter dynamics, we
constructed an exact full-space realization of gauge-covariant hopping and studied the effect of a hard-wall
electric-flux cutoff on ground-state and real-time observables. For rotor phase estimation, we used the duality
Z <— T to convert phase kickback into a translation of the measured angle distribution; this removes the
need for a coherent inverse QFT on the phase register and turns probe preparation into an optimization
problem under momentum-support or mean-energy constraints. For Fourier processing, we gave both an
angle-to-momentum code construction and an explicit gate-set compilation within a finite momentum code,
in which quadratic rotor interactions implement the cross-register Fourier phases.

We also identified the physical capabilities these logical constructions require. A native phase—charge
rotor supplies the integer momentum, periodic angle, quadratic drift, and cosine potential directly. A
finite-code implementation can reproduce the same logical operations through momentum-selective qubit
control, conditional displacements, and nonlinear interactions on a chosen spectral subspace. In both routes
the rotor enters through its full phase-space structure, not only as a large code space.

Two limitations remain. Strong-operator density is an existence statement and yields no bound on circuit
length or control time. The Fourier resource counts are logical instruction counts, not physical gate counts;
they assign unit cost to MQR, CShift, conditional-phase, CPHS, and Hadamard operations, and they exclude
state preparation, spectral selectivity, interaction time, phase resolution, readout, and leakage. Sec. 8 identifies
where these requirements enter the two implementation routes, but does not fix their quantitative cost.

The main remaining problem is therefore quantitative compilation. Finite-window synthesis bounds for
CShift, MQR, and Oy would connect the strong-density result to circuit length and control time, and would
determine whether the logical compression of the cross-register Fourier phases survives once spectral selectivity
and small interaction angles are assigned physical costs. A second problem is algebraic: hard-wall projection
makes the rotor shift nonunitary while preserving the finite Gauss-law basis, while cyclic completion restores
unitarity at the price of changing the shift relation at the boundary, so the Clifford and normalizer structures
of these finite models need not coincide with those of the full rotor. Understanding that change bears directly
on gate synthesis and on the boundary between classically simulable hybrid normalizer circuits and circuits
containing additional non-Clifford operations. Beyond U (1), compact Abelian groups are the next setting
for the structural theory, followed by non-Abelian compact groups, where continuous group variables are
accompanied by discrete representation data.
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A Proofs for the hybrid Clifford classification

This appendix gives the block calculation underlying the hybrid phase-space classification in Theorem 2.3 and
computes the one-qubit—one-rotor symplectic group and Clifford quotient. The explicit unitary realization,
the kernel of the induced Clifford action, and the classification of mixed blocks under separate qubit and
rotor Clifford operations are proved in the main text.

A.1 Block classification of hybrid phase-space transformations

Set V = F%”, and let ps : Z" — I} denote reduction modulo two. Let S : K,,, — K, , be a group
automorphism preserving w. With respect to the decomposition K, , = V@ Z" §T", write S in block form as

q Svv  Svz Svr q
m’ = SZV SZZ SZ’]I‘ m . (Al)
¢ Stv Stz Srr o

Each row specifies a target component, and each column specifies a source component. We first use the group
structures of V', Z", and T" to determine the possible nonzero blocks, and then impose preservation of w.

The group T" is divisible. The groups V and Z" contain no nonzero divisible subgroups. In addition, V is
torsion and Z" is torsion-free. Hence

Hom(T",V) =0, Hom(T",Z") = 0, Hom(V,Z") = 0. (A.2)

Every homomorphism Z" — V factors through ps; every homomorphism V' — T" has image in {0,7}". The
remaining blocks therefore have the form

q M Cpy O q
m | = 0 A 0 m |, (A.3)
& G B o) \ 6
or, in component form,
¢ = Mq+Cm,
m' = Am, (A.4)

¢ = a(¢) + Bm + nGq.

Here M, C, and G are matrices over Fy, A is an integer matrix, and B has entries in T.

The subgroup T" is the unique maximal divisible subgroup of K, , and is therefore preserved by S. In
the quotient K, ,/T", the subgroup V is precisely the torsion subgroup and is also preserved. It follows that
S induces automorphisms on the three diagonal components, so

M € GL(2n,Fs), A € GL(r,Z), a € Aut(T"). (A.5)

We now impose preservation of w on four types of inputs.

Qubit—qubit inputs. For ¢,p € V, preservation of w on (g,0,0) and (p,0,0) gives
MY J,M = J,. (A.6)

Thus M € Sp(2n,F»).

Torus—integer inputs. For ¢ € T" and k € Z", preservation of w on (0,0,¢) and (0,k,0) gives
exp (ia(QS)TAk) = exp (ingTk) for all k € Z". Taking k to be the standard basis vectors of Z" gives ATa(¢) = ¢
in T". Therefore

a(g) =A""¢. (A7)
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Qubit—integer inputs. Forg €V andk € Z", w((q, 0,0), (0, k, O)) = 1. Preservation of w therefore requires
MT7J,C + GTA =0. Since A is invertible over F, this gives

G=A"TC"J,M. (A.8)

Integer—integer inputs. For m,k € Z", preservation of w on (0,m,0) and (0, k,0) gives
A"B-B"A=xC"J,C. (A.9)

Define © = ATB. Then B = A~TO and Eq. (A.9) becomes Eq. (2.23).

For every v € F5, A~T(7v) = 1A~ Tv in T". Substitution of Eqgs. (A.7), (A.8), and (A.9) into Eq. (A.4)
gives Eq. (2.22).

The pairing is already trivial on V x T" and T" x T", both before and after applying S. Reversing the
order of the two inputs only inverts the resulting phase. The four cases above therefore cover all pairs
of components. Conversely, direct substitution shows that M preserves the qubit—qubit term, @ = A~7T
preserves the torus—integer term, the block G cancels the qubit—integer terms, and Eq. (2.23) cancels the
extra integer—integer term. Hence every map in Eq. (2.22) satisfying Eq. (2.23) preserves w.

Such a map is invertible. From (¢’,m’, ¢'), the input is recovered successively as

m=A"tm/, q=M"Yq - Cm), ¢p=A"¢ —Om —xCTJ,Mq. (A.10)
All maps whose domains are V or Z" are continuous because these groups are discrete. The formula @ = A~
and the inverse above show that S and S~! are continuous.

Finally, the action of S on inputs supported in each of the three components determines M, C, A, B, G,
and o uniquely, and © = ATB. This proves Theorem 2.3.

Composition and inverse. With the convention 515y = 57 o S, direct substitution gives, for §; =

SM;,A:,C5,045
Mio= My M, B Ajp= A1 Ay, B (A.11)
Cra= M1Cy + C1/As, O12= Oy + A0 Ay + TAJCT J, M Cs. '
The inverse has parameters
AV — Af—1 A A—1
M=M=, = A=4", (A.12)
O= M-1CA-, 6= —-A"TOA 4+ 70TJ,C.

A.2 The one-qubit—one-rotor quotient
Proposition A.1 (One-qubit—one-rotor symplectic group). For one qubit and one rotor,

Sp(K1,1,w) 2T X Sy X Zs. (A.13)
Consequently, Cly 1 /P11 2 T x Sy X Zs.

Proof. For n = r = 1, the parameters in Theorem 2.3 reduce to M € Sp(2,Fs) = GL(2,F3),c € F3,¢ €
{£1},0 € T. Since the form defined by J; is alternating, c¢'Jic = 0. The constraint on @ is therefore
automatically satisfied for every 6 € T. Using the convention S159 = S7 0 S5, the composition law is

(M,c,€,0)(N,d,8,n) = (MN,c+ Md,es,0 +n+mc' J1Md) . (A.14)

Define v : F3 — F3 by v(0) = 0,v(c) = 1(c # 0). Every M € GL(2,F2) permutes the three nonzero vectors,
and direct calculation gives

v(Me) = v(c), v(c) +v(d) +v(c+d) =c"Jid inFy. (A.15)

Define the shifted torus coordinate 6 = 6 + 7v(c). With this redefined parameter, the final phase term in
Eq. (A.14) is absorbed, and the product becomes

(M, c,e,0)(N,d,8,7) = (MN,c+ Md,e5,0 +7) . (A.16)

The pair (M, c) has the product law of AGL(2,F3). Its action on the four points of F3 is faithful, and
|AGL(2,F3)| = 4| GL(2,F2)| = 24. Hence AGL(2,F3) = S;. Equation (A.16) proves Eq. (A.13), and
Corollary 2.5 gives the Clifford quotient. O
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B Proofs of the gate-family criteria

This appendix proves the classification results for momentum-diagonal phase gates and momentum-dependent
qubit gates. Both proofs use conjugation of the elementary momentum shift. In the first case, this gives a
scalar finite-difference equation; in the second, it gives an operator-valued finite-difference equation. The
remaining Clifford criteria in Sec. 3 are proved directly in the main text.

B.1 Momentum-diagonal phase gates

Proof of Proposition 3.1. Let e; be the jth standard basis vector of Z". Conjugating the corresponding

momentum shift gives

u(l +¢;)
u(l)

If G, is Clifford, the coefficient multiplying the shift must, up to a constant phase, be a character of Z".

Hence there exist p; € T and r; € T" such that

GuXr(e))Gh0) = 0+ e;). (B.1)

u(l +e;)

= eirtinjt, B.2
w0 € (B.2)

We now compare the value of u(¢ + e; + e;) obtained by applying Eq. (B.2) first in the e;-direction and
then in the ej-direction with the value obtained in the reverse order. This gives (r;); = (r;); in T. Thus the
matrix R = (r1,...,r,) is symmetric.

From the definition of fr in Eq. (2.30),
Tr(C+ej) = fr(0) = rjL+ Ry;. (B.3)
Set /\j =pPj— Rjj and define
h(€) = u()e= N =ilr() (B.4)

Egs. (B.2) and (B.3) imply h(¢ + ¢;) = h({) for every ¢ € Z" and every j. Replacing ¢ by ¢ — e; gives the
same equality for a shift by —e;. Since any two points of Z" are connected by such unit shifts, h is constant
on Z". Writing h(0) = e gives

u(f) — ei'y+i/\TZ+ifR(é)_ (B.5)
Conversely, if u has the form in Eq. (B.5), then G, = €Y Zr(A\)Qgr. The gates Zr(\) and Qg are pure-rotor
Clifford gates by Sec. 3.1. Therefore G, € Cly,. O

B.2 Momentum-dependent qubit gates
Proof of Proposition 3.2. For brevity, write U = V. Conjugating the elementary rotor shift gives

U@ Xp)U' =3 Ven Vi @ €+ 1)(¢). (B.6)
LEZ

If U is Clifford, the right-hand side must be proportional to a hybrid Weyl operator with momentum shift 1.
Its qubit part must therefore be a fixed Pauli operator. Its scalar dependence on ¢ must be a character of Z.
Hence there exist ¢ € F5" and p, « € T such that

Vi1V, = eintiatp, (B.7)
Applying Eq. (B.7) successively gives
Vi = ei““m““lefVo. (B.8)

For negative ¢, the same formula follows by solving Eq. (B.7) for V; in terms of V1.
Set A = pu — a. Then
Vp = elMtellttn)/2 p by, (B.9)
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It remains to show that 1} is a qubit Clifford operator.
For every qubit Pauli operator Py,

U(Py @ Ip)UT =Y ViRV @ [0)(]. (B.10)
LEL

Since U is Clifford, this operator must be proportional to a hybrid Weyl operator. It preserves each momentum
subspace, so its rotor-shift component must be zero. Evaluating the qubit block at ¢ = 0 shows that VonVOT
is proportional to a Pauli operator. This holds for every P,, and hence V) normalizes the qubit Pauli group.
Therefore Vj € Cl,, 0.

Conversely, suppose that Eq. (B.9) holds with ¥y € Cl,o. Let Q) be the one-rotor quadratic gate
corresponding to the 1 x 1 matrix R = («). Acting on each momentum subspace gives

V= [Ig ® Zr(\)Qa)|Ten (Vo @ Ir). (B.11)

Here Zr(\)Q(q) is a pure-rotor Clifford gate, I'c 1 is a mixed Clifford gate, and Vp is a qubit Clifford gate.
Therefore V € Cl,, ;. O]

C Proofs for universal control

As in Sec. 4.1, all strong closures below are taken in U(H). Multiplication and inversion are continuous in
the strong operator topology on U(H), so the strong closure of a unitary subgroup is again a subgroup.

C.1 Finite-window approximation and strong density

Let Pr, and Hp be as in Lemma 4.2.

Lemma C.1 (Finite-window unitary approximation). For every V € U(H), every finite set of vectors
Pi,...,0s € H, and every § > 0, there exist L and Vi, € U(Hy) such that

HVLPL'LZ}]' - PLV'(/JJH < 61 J = ]-7 D (Cl)

and

(I = P)ysll <6, (I = PL)Vips| <6 (C.2)

Proof. Let S = span{t1,...,%s}. Since S and V'S are finite-dimensional and P, — I strongly, the convergence
is uniform on the unit spheres of both subspaces. Hence, for sufficiently large L, the restrictions of Pr, to S
and V§ are injective.
Define
TL : PLS — PLVS, TL(PLI‘) = PLVJC. (03)

This map is well defined because the restriction of Py, to S is injective. The uniform convergence on S and
V'S implies
|Ti T = In,s

‘ 0. (C.4)

Let Ty, = Qr|TL| be the polar decomposition of T},. Since T7, is an invertible map from PrS onto PpV'S,
the operator )y, is unitary between these two subspaces. Moreover,

1Qr — Tr|| = |||Te| = Ip,s| — 0. (C.5)

The subspaces Pr,S and P,V S have the same dimension. Their orthogonal complements in Hj, therefore
also have the same dimension, so @, extends to a unitary V;, € U(#Hy). For each j, VL Pry; — PLV,|| =
(Qr — Tr)Pr,l|, which is smaller than ¢ for sufficiently large L. Increasing L further if necessary also gives
Eq. (C.2). O
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Proof of Lemma 4.2. Fix V € U(H), vectors 91,...,1s € H, and € > 0. Set

_ €
T 8M

Choose L and Vi, € U(Hy) from Lemma C.1. By the hypothesis of Lemma 4.2, there exists W € G°
preserving H;, and satisfying ||[W |y, — Vi|| < 6. Since W and V' are unitary,

(W = V)|l < ([(I = Pr)y;ll + W PLy; — VL Pry;|| + (VL Prypy — PLV || + (I — Pr) V||
< 36+ 0|l < 46M = g

M = max{1, [, [¥all}, 6 (C.6)

Because W € G, there exists g € G such that ||(g — W);|| < €/2 for every j. Therefore ||(g — V)¢, < e
for every j, proving that G is strongly dense in U(H). O

C.2 Spectral conditions for single-rotor universal control

For Hy in Eq. (4.6), the domain in the momentum basis is

D(Hy) = {zpzzzpm D+ P b <oo}. (C.8)

LEL LET

The control operator cos 6 is bounded and self-adjoint, with matrix elements
. 1
<k| cos 9‘@ = 5 (5k,g+1 + 5k7g_1) . (09)

Thus the momentum states form a complete eigenbasis of the drift, and the control couples only neighboring
momentum states.

To match the notation of Ref. [28], set A. = —iHy, B, = —icos é, and take the control values in a fixed
interval [0, 6]. Since cos f is bounded and self-adjoint, Hy, + u cos 0 is self-adjoint on D(Hy) for every u € [0, d].
Its restriction to finite linear combinations of momentum states has this operator as its self-adjoint closure.
These facts verify the basis and domain assumptions of the cited controllability theorem [28, 61].

The drift eigenvalues are e, = £2 4 &0. If &y = ¢y, then (£ — k)(£ + k + &) = 0. For distinct integers £ and k,
the second factor cannot vanish because £ ¢ Z. Hence the spectrum is nondegenerate.

The control couples the transitions |£) «— |[¢+1), whose transition frequencies are |e,11 —&g| = |20+ 14&].
Suppose that two such frequencies are equal: |20+ 1+¢| = |2k + 1+ ¢&|. Either 20+ 1+ ¢ = 2k + 1 + ¢, which
gives { =k, or 20+ 1+ & = —(2k + 1 4 &), which requires £ + k + 1 + £ = 0. The latter is impossible because
& ¢ Z. Therefore the nearest-neighbor transition frequencies are pairwise distinct.

These nearest-neighbor transitions connect all momentum states |£), ¢ € Z, and hence form a nonresonant
connectedness chain in the sense of Ref. [28, Definition 2.5]. The nondegenerate spectrum also makes
the condition on degenerate energy levels automatic. Thus the hypotheses of Theorem 2.11 in Ref. [28§]
are satisfied. The conclusion of that theorem is approximate simultaneous controllability in the sense of
Ref. [28, Definition 2.10], namely approximation of a prescribed unitary on any finite set of states. The
phase-adjustment argument uses the unbounded-spectrum case of Ref. [28, Lemma 6.3], and the present drift
spectrum &, = £2 + £/ is unbounded.

D Gauge-model calculations

D.1 Gauge invariance and the Pauli form of hopping

Gauge invariance. For the oriented link e = (a,b), temporarily omit the factor {,; and define the forward
hopping operator
Tab = CTtJ{SabUabUb_. (Dl)

The required commutators are

+] = O'Jr, [ﬁb,ab_] = —('J'b_7 [Eaba Ua ] = Uab- (D2)

[ﬁa J Ga a
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By construction, the Jordan—Wigner string S,; contains neither endpoint and therefore commutes with 7,
and 7. The background charge b,, and external charge ¢°** are scalar terms and do not contribute to the
commutators.

The link e = (a,b) enters the Gauss-law generator with sign +1 at a and sign —1 at b. Hence

[Gau Tab] = [Eab - ﬁayTa ] = Tab - Tab = 07

D.3
[GbaTab] = [_Eab - ﬁvaa ] = —dap + Tab =0. ( )

Every other Gauss-law generator commutes with T,;, and the same calculation applies to ij. Therefore
[Grn, Hi ap] = 0 for every n.

The electric and mass terms are functions of the mutually commuting operators E. and 7., and hence
commute with every GG,,. For the magnetic term, a plaquette operator changes the link fluxes by the oriented
boundary of the plaquette. The incidence and boundary matrices satisfy DBT = 0, so the plaquette operators
also commute with every Gauss-law generator. Consequently, [G,,, H] = 0 for every n.

Pauli form of the hopping term. With the occupation convention in Eq. (5.4), o7 = #, oT = %

Substituting these expressions together with (o = €%+ and Uy, = ¢i0ab gives
1 R .
CabTab + C():bT(;rb = 5 COS(@ab + 5ab)(XaSabXb + YaSabYE)) + Sin(aab + 5ab)(XaSabY;) - YaSabXb)] . (D4)

Multiplying by /2 gives Eq. (5.15).

D.2 Full-space hopping realization

Consider first the controlled shift using the qubit at site a as the control: Va(lf) =0)(0]q ® I + |1)(1], ® U}.
With the occupation convention used here, o = |0)(1|,, 0, = |1)(0|,. Direct multiplication gives

ViWetvi — st gu, v v =6 UL (D.5)

Alternatively, using the qubit at site b as the control gives Va(,f) =10)(0lp ® I + |1){1|p ® Ue, and

Ve v — 6o,  VOetvOT st guUl. (D.6)

The Jordan—Wigner string S,; acts only on the sites between a and b in the chosen ordering. It therefore
commutes with both Va(g ) and Va(f). Substitution into Eq. (5.19) gives Eq. (5.21) for either choice of control
qubit.

For 0., = 0, define P; = XS, Xy and Py, = Y, S,,Y,. At sites a and b, the Pauli operators X and Y
anticommute. The two minus signs cancel, and the Pauli factors on all other sites are identical. Hence
[P1, P2] = 0. The qubit exchange Hamiltonian therefore becomes H C(lz)(O) = 4(P1 + Py).

Let R,(0) = e¥%+/2, Tts action on the qubit raising and lowering operators is

Ra(é)ajRa((;)T = ei‘sar;r, Ra((;)U;Ra((S)T = 67i50;. (D.7)

Consequently, H(EZ) (6) = Ra(é)H(EZ)(O)Ra (6)t. Since P, and P, commute,

q)

e—iTH (Bab) _ Ro(64)e TP /AcmiTaP2 /AR (5 31, (D.8)

which proves Eq. (5.22).

D.3 Projected and cyclic shifts
For the projector IT;, in Eq. (5.23), the projected shift acts as

[0+1), —L<{<L,

U, pl0) =
2 {0, (=1L
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Its adjoint acts as

(—1), -L<(<L
Ut e = | ’ = D.10
e,L|> {0’ (= L. ( )

Computing U;LUe,L and U67LUJ7L gives Eq. (5.24).
The operator ’UVQ 1, in Eq. (5.26) cyclically permutes the 2L 4+ 1 momentum states and is therefore unitary.
For every nonboundary momentum state,

[Ber,Uet)|t) = Uepll), —L<(<L. (D.11)

For the boundary state |L),
[Ee,, Ue r]|L) = =2L| = L). (D.12)

Since (,UVQL —(2L+1)| - L)(L\) |L) = —2L| — L), these relations give Eq. (5.27).

A finite-dimensional controlled shift defined using /(767 1, agrees with the full rotor shift for —L < /¢ < L,
but maps the boundary state according to |L) — | — L).

D.4 Finite Gauss-law basis and numerical details

For the geometry in Fig. 3, the sites are numbered as 1 = (0,0), 2 = (1,0), 3 = (2,0), 4 = (0,1), 5 = (1, 1),
and 6 = (2,1). The oriented links, listed from tail to head, are e; = (1,2), ea = (2,3), e3 = (4,5), eq = (5,6),
es = (1,4), e = (2,5), and e7 = (3,6). The Jordan—-Wigner snake order is 1 < 2 < 3 < 6 < 5 < 4. With sites
and links in these orders, the incidence matrix is

1 0O 0 O 1 0 0
-1 1 0o 0 O 1 0
o -1 0 0 0 O 1
b= 0 0 1 0O -1 0 O (D-13)
o 0 -1 1 0 -1 0
o o0 0 -1 0 0 -1

Ordering the plaquettes as (p1,p2) gives

_107107110_bT) T
B_<01 0o -1 0 -1 1)_<b,p§:’ bE==0. (D-14)

Set ¢&** = 0. For occupation eigenvalues o = (0,,)n, defined by 7,|0; E) = 0, |0; E), the finite physical
basis is
Br, ={|o;E):0, €{0,1}, |E.] <L, DE=o0-Db}. (D.15)

For each allowed o, choose one integer solution FEy(0) of DEy = o —b. On the open 2 x 1 strip, every solution

can be written as
E=Eyo)+B"h, heZ? |E.| < L. (D.16)

The two integer components of h are enumerated subject to the final flux bounds.
The diagonal terms act by

2
Hglo; E) = % (Z EZ) lo; B), (D.17)
Hpyrlo; E) = mg <Z nn0n> |o; E). (D.18)
Let b, = (Bpe). denote the oriented flux vector around plaquette p. The magnetic term acts as
N, 1
Hplo; E) = 5510 E) = 555> ([0; B +by) +[0:E ~by)), (D.19)
97 Aat 29 At p
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where a state is omitted when any final flux lies outside the window.
For e = (a,b), let I, be the sites strictly between the two endpoints in the Jordan-Wigner ordering and
set
Sap(0) = (—1)Zmeras O (D.20)

When o, = 0 and o, = 1, the forward hopping rule at (,;, =1 is
H ap|o; E) O gsab(O)IO“H’;E + ). (D.21)

Here 8, is the unit flux vector on link e, and 0%?

op = 0, the reverse rule is

moves one matter occupation from b to a. For o, =1 and

Hr.aplo; E) O gsab(onobﬂ; E—6,). (D.22)

Terms whose final flux leaves the window are omitted. The two rules are adjoints and preserve the finite
Gauss-law basis.

The finite-flux cutoff calculation uses the parameters and cutoffs listed in Sec. 5.4. For L =1,2,3,4,6,
the dimensions of the physical basis are 90, 302,634, 1086, and 2350. The L = 1 matrix was diagonalized with
scipy.linalg.eigh; for L > 2 we used the shift-invert solver scipy.sparse.linalg.eigsh with tolerance
2 x 107!, Over the full scan, the largest residual of the two computed eigenpairs satisfies

mngHm — &2 < 6.51 x 10710, (D.23)

The numerical environment used Python 3.11.4, NumPy 2.4.6, SciPy 1.17.1, and Matplotlib 3.10.9.
The processed data also record the link-averaged boundary occupation

-~ 1
Dor = N, Ze: (1. )=L}) - (D.24)

Its maximum over the scan decreases from 1.05 x 1072 at L =4 t0 6.72 x 10™* at L = 6. Taking L = 6 as
the largest available cutoff, the maximum absolute differences between L = 4 and L = 6 are 2.25 x 1072 for
W, 1.57 x 107! for A, and 5.79 x 107! for (E?)}i,; all three maxima occur at g=2 = 10. On the sampled
interval g=2 < 1, the corresponding maxima are 1.34 x 1078, 4.69 x 1071°, and 7.23 x 10~°.

The plaquette expectation values use the same projected shifts as Eq. (D.19); the remaining observables
are diagonal in the flux basis. These data give the three panels in Fig. 4.

For Fig. 5, the initial state is [o = b; E = 0). The projected Hamiltonian was exponentiated on the finite
Gauss-law basis for L =1,2,3,4, g2 =1, and 0 < ¢t < 8 using 241 equally spaced time points. Across all
reported calculations, the maximum norm error was 5.67 x 107!3 and the maximum total-matter-number
error was 1.70 x 10712,

Table 6: Real-time cutoff comparison on the 241 equally spaced sample times in 0 < ¢t < 8. The first six
rows compare the successive cutoffs L = 2, 3, 4; the final two rows report the largest link-averaged boundary
occupation at L = 3 and L = 4.

Diagnostic Maximum over the sampled times
[Wa(t) — Ws(t)] 1.33 x 1072
|Cl2,2(t) — Ci2,3(t)] 1.18 x 1072
[Tar,2(t) — Ing,3(t)] 4.72 x 1073
[Ws(t) — Wa(t)| 9.99 x 107°
|012’3(t) — 01274(t)| 2.28 x 1074
|IM,3(t) — I]\/]74(t)| 3.54 x 10~°
Dar(t) at L =3 7.60 x 107°
Por(t) at L =4 2.84 x 1077
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E Calculations for rotor quantum phase estimation

E.1 Fejér kernel and weak convergence for direct-angle readout

For A ¢ 277, the finite geometric series satisfies

d—1
oA _ —ild— 1)A/251n(dA/2) (E.1)
—~ sin(A/2)
The angle-state convention in Sec. 2.1 gives
=
(Olxa(p))r = 09, (E.2)
2rd =5

Taking the squared modulus and using Eq. (E.1) gives Eq. (6.12).
The density is normalized because

2
/ R0 40 = 278y, (E.3)
0
Therefore
27
/ pa(0 | ¢)d Z oo = 1. (E.4)
0 e k=0
The numerator of Eq. (6.12) vanishes when 6 — ¢ = 2% (mod 27),m € Z. The closest nonzero choices
are m = %1, so the first zeros occur at circular distance 2” from the central maximum at 6 =
Moreover
2mpa(0 | ) = Ka-1(0 — ), (E.5)

where K;_1 is the periodic Fejér kernel of order d — 1. A standard property of the Fejér kernels gives, for
every continuous 2m-periodic function f,

2
lim F(0)pa(0 | ) db = f(p)- (E.6)

d—oo J

Thus the probability distribution becomes concentrated at # = ¢ as d increases.

E.2 Finite-support probe optimization

Let ;
= Z 1) (¢l Xpp =T Xpr(1)IIL. (E.7)
=—1L
Conjugation by Zr(¢) gives ‘
Zr(0) XrrZr(¢) = e X 1. (E.8)

The phase of (7| X g 1|n) can therefore be removed without changing the momentum support. With both
maxima taken over normalized states in II;H 1,
77> . (E.9)

In the ordered basis | — L), ..., |L), the Hermitian operator on the right is the path matrix with 1/2 on its
first off-diagonals. Its largest eigenvalue and a normalized eigenvector are

XR,L"'X;;’L

max |(n] X1} = mas <n .

lImll=1 lInll= i

L

COS(Z(LZI)) , L1+ - e;L COS(Z(IjTj_l)) 1€). (E.10)
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This proves the fixed-support optimality of Eq. (6.23) and the value of R..s used in Eq. (6.25).
Set a = 7/[2(L + 1)]. The energy of the cosine-window probe is

L
1
Eops = —— § 2 cos?(ad). E.11
11 [:_LE cos”(al) ( )

Using cos?t = (1 + cos2t)/2 and differentiating the Dirichlet kernel gives

L L
L(L+1)(2L+1
g 2= (L+ )3( + ), g ?cos(2al) = (L+1)[L+ 1 —csc® . (E.12)
f=—1L (=—1L
Substitution gives Eq. (6.27). The expansion
2 5 1, a 4
cscia =« +§+E+O(a> (E.13)

then gives Eq. (6.28), and combining this result with Eq. (6.25) proves Eq. (6.29).

E.3 Fixed-energy probe asymptotics
For large A, the ground state of Eq. (6.31) is localized near § = 0. Expanding the potential gives

—Acosf = -\ + %92 +0(N\?), (E.14)

so the leading local Hamiltonian is
oA
Hy + X~ 02+ 592. (E.15)

The ground-state variances in this local quadratic approximation satisfy

() ~ \/g (6%) ~ \/% (E.16)

Writing Er = (£2) gives A ~ 8E% and (#2) ~ 1/(4Eg). Since 1 — cosf ~ 62 /2 on the localized ground state,

1 A 1
8FEgR’ * 2J/ER

The localization width tends to zero as A grows, so periodic-boundary corrections do not change the leading
terms.

Vi(En) ~ (EA7)
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F Angle-momentum construction of the rotor QFT

F.1 Code-space realization of the mixed angle-momentum phase

Let 1,(0) := (0]7) and 14 := ZI 017)(Z|]. Choose pairwise disjoint measurable angular cores C, and a
bounded real periodic function g satisfying g(f) = = on C,. Write M, for multiplication by g and define

nei= [ OPd, A, esssuplg(0) ol (F.1)
T\C. 0¢C,

The xth column of (M, — D4)l4 is (g — )1,. The operator norm is bounded by the Hilbert-Schmidt norm,
and hence

d—1 1/2
= |[(My — DA)TLA| < (Z Amnz> : (F.2)

=0

Thus the error is controlled by the weight of the orthonormalized codewords outside their assigned cores. If
0<g<d—1,then s, < (d—1)(>,n)"?
Let IT := Iy j ® 114 . The Duhamel formula and ||[Dy|| = d — 1 give

[P Mo — A (]| < |BI(d — 1)3,. (£.3)
Since the logical operation preserves the code space, the same estimate bounds leakage:
[|(1 = In)ePPrs@MarTT|| < |8](d — 1)6,. (F.4)
For the CPHS realization in Eq. (7.39), take f,, = d,0. Then
CPHS;(8) P}, 7, = €77Ip) ) 1, - (F.5)
Conjugating by T}, proves Eq. (7.39). For the general residue-class code,

CPHSk(B)P)r, BV R = D FufmeP@mDEEm Dy 4nd) g |2+ md) g, - (F.6)

n,mez

The n, m-dependent phases generally prevent the codeword from acquiring a uniform logical phase e*?P®,

F.2 Base-d Fourier phase identity
For digits x,p; € {0,...,d — 1}, write x = (21,...,2,) and p = (p1,...,p,), and define

X) = ixkd“k, Prev( Zp it (F.7)
k=1

Expanding the product in Eq. (F.7) gives

X (x)Preyv iT g
X () Prev(p) )dr (p) _ dfj—jf-l = ijxkdi k=1 e 7. (F.8)
1<j<k<r J>k
Consequently,
27X (X) Prov(P) . DTk
exp{# = exp 27ml<l<k< pr=rsu i (F.9)
<j<k<r

If y; = pr—j+1, then Prev(p) = Z;:l yjdrij, and

® |1Tj>Rj = REV, ® ‘E>RJ (FIO)
=1 =1
Hence REV,. relates the physical and standard digit orders.
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F.3 Proof of the angle-momentum factorization

Consider the angle-code basis state
®) =QFR) .  x=(z1,...,2). (F.11)
k=1

Write X (x) for the associated input integer in Eq. (F.7).
When processing register I;, the local angle-to-momentum transform gives

d—1 .
1 2mi
AsMi—\  _ —
Fag U we = ﬁpz—o exp(jpjl’j) 1P3) Ry (F.12)
=
For each k > j, the operation Aj;(27/d*~9+1) contributes
2mi
The total contribution associated with p; is therefore
. - Tk
exp | 2mip; Z pro I (F.14)
k=j

Multiplying the contributions from all r register steps gives

d—1 -
- 1 , DTk .
Uam|X) = = E exp | 2mi g dk]_j'*‘l X ® D7) R, - (F.15)
P1,---pr=0 1<j<k<r j=1

The local transforms give the terms j = k in the exponent of Eq. (F.15), and the mixed angle-momentum
phases give the terms j < k. Eq. (F.9) identifies their product with the standard d"-point Fourier phase and
gives the register-order reversal. Comparing Eq. (F.15) with the definition of F{~* now gives

Uam|X) = REV, F{7 M%), (F.16)

Since the states |X) form a basis of A", Eq. (F.16) proves Eq. (7.37).
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G Gate-set compilation of rotor QFTs

G.1 Verification of the one-rotor momentum-code QFT

To verify Eq. (7.50), write p = ZZ;(I) 2k py, with py, € {0,1}, and consider the jth stage F; = BjS]T-C’j(Ha ®

I R)SjBJT. Immediately before this stage, the downward-induction invariant is

l; —Z2’€ K+ Z 2k ¢y, (G.1)

k=j+1
The positions 0,. .., 7 retain the corresponding input bits, while the higher positions contain the output bits
already generated. Removing bit p; gives u; = ¢; — 2/p;, whose jth binary digit is zero.
The gates BJT and S; extract p; into the ancilla and remove that bit from the rotor momentum. The

Hadamard and the conditional phase produce the superposition over c;, after which SJT writes ¢; into the
vacant position and Bj resets the ancilla. Their combined action is

Fj(10)a @ [€5)R) —1)Pie" N uy + 20c)) . (G.2)

cj —0

For j = 0, the integer ug is even and oy = 7, so C acts trivially on every state reached in that stage and
may be omitted.

The invariant holds initially because £,_1 = p. Equation (G.2) replaces p; by ¢; and leaves all other
binary positions unchanged, producing the invariant for stage j — 1. Moreover,

J

S . Pk

(~1)oPseies = exp lzmcj M] , (@3)
k=0

because the terms containing previously generated bits are integer multiples of 27 in the exponent. Downward

induction therefore gives

1 s—1 7
_ [0)q )
EyFy - .-stl(|0>a ® ‘P>R) = 7 ® E 0exp 27m]§ Ocj 2 57 k+1 E 2i¢; . (G.4)
COy--e3Cs—1= = R

After the internal binary reversal, set y = Z;;é 2517J¢;. Expanding py/d shows that the omitted terms
are integers and hence

627ripy/d = exp 27‘(2'8250]' j % . (G5)
j=0 k=0
The map from (co,...,cs—1) to y is a bijection, so
d—1
BREV.FyF -+ Fuy (|0)0 © [P)r) = '% © 3" 2 g = 10), © FM[p) . (G.6)
y=0

This proves Eq. (7.50).
The Fourier-stage sequence remains inside M((io). Each S; removes one occupied binary digit and each S;
writes into the vacant position, so no borrow or carry occurs.

G.2 Binary bit reversal within one rotor momentum code

For0<pu<wv<s,let

Py =S Br@Er PY= Y DBr@k (G.7)
0<p<d 0<p<d
p“:L pr=0 p“:O, pr=1

56



Define the momentum-dependent ancilla rotations
Ry = (—iY,) @ Py + 1, ® (Ir — PLy), RE = (iY,) @ Py + I, @ (Ir — PY). (G.8)
These are MQR operations used in the gate-set compilation. With A, =2 —2#, set
S, = RY; CShift_, p(—A, ) Ryy CShift, r (A, ) RY - (G.9)

A direct check of the four patterns 00,01, 10, 11 shows that S, exchanges bits y and v, returns the ancilla to
|0)a, and never leaves the code.
The complete binary reversal exchanges the disjoint pairs (0,s — 1), (1,s — 2),.... Define

- ls/2]—-1
BREV, = [[ Sus-1-u- (G.10)
pn=0

If 2 = ZZ;E 21z, then revy(z) = Zf;%) 25171z, and

BREV.(|0)a ® [2)5) = [0)a ® [fov,(2)) & = [0)0 © BREV,[2) 5. (G.11)
For s = 1, the product is empty and acts as the identity on |0), ® Mgo). The operation count is recorded in
Appendix G.4.

G.3 Verification of the compiled base-d QFT

We suppress the reusable ancilla from the notation, since it is initialized in |0), and returned to |0}, after
each compiled one-rotor transform.
Forx:(xl,...,xr), p:(pl,...,pr),write

%= TR P)r =), (G.12)
k=1 j=1

When register R; is processed, the local transform F, (%- contributes the phase exp(%) . At that point,

2Tip; T

every register Iy, with k > j still carries its input digit z;. Hence CPHS (d,f%) contributes exp( I ) .
Multiplying all local and cross-register phases gives

- 1 . p;T —
Ugrr|X)R = T Z exp | 2mi Z dk]_j_]f_l P)r- (G.13)
pe{0,...,d—1}" 1<j<k<r

The terms with j = k are generated by the local transforms F %, and the terms with j < k are generated by
the CPHS gates.
By Eq. (F.9), the phase in Eq. (G.13) is

) DjTh 27X (X) Prev(P)
exp | 2mi Z dkj—j+1 =exp|l———— |- (G.14)
1<j<k<r

The same derivation shows that the physical ordering of the digits py, ..., p, differs from the standard base-d
output ordering by REV,.. Since p — Py (p) is a bijection from {0,...,d—1}" to {0,...,d" — 1}, it follows
that

Uqrr|X)r = REV, FM[X)g. (G.15)

The states |X) g form a basis of (Mfio))®". Linearity therefore gives Eq. (7.54).
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G.4 Logical instruction counts

Each CShift by an arbitrary integer amount, MQR, conditional-phase, CPHS, and Hadamard gate is counted
as one logical instruction. Set fs = [s/2].

At stage j = 0, the reduced momentum is even and ag = w. The gate Cy = C,, 1(m) therefore acts
trivially on every state reached in that stage, leaving s — 1 nontrivial conditional-phase gates.

Table 7: Logical instruction counts for the explicit momentum-code QFT compilation. Each CShift of
arbitrary size, MQR, conditional-phase, CPHS, and Hadamard gate counts as one instruction.

Operation Logical instruction count

One compiled d-point rotor QFT FM (25 4+ 3fs) MQR +(2s + 2f,) CShift +s Hadamard gates +(s — 1)
conditional-phase gates C}

Compiled base-d QFT on r rotor r applications of F} —1—(;) CPHS
momentum codes
Qubit—-momentum-code transfer, one rs MQR +rs CShift

direction, r registers

References

[I] Chin-wen Chou et al. “Preparation and Coherent Manipulation of Pure Quantum States of a Single Molecular
Ton”. In: Nature 545.7653 (2017), pp. 203-207. DOI: 10.1038/nature22338. URL: https://doi.org/10.1038/
nature22338.

[2] Christiane P. Koch, Mikhail Lemeshko, and Dominique Sugny. “Quantum control of molecular rotation”.
In: Rev. Mod. Phys. 91 (3 Sept. 2019), p. 035005. poOI: 10 . 1103 /RevModPhys . 91 . 035005. URL: https :
//link.aps.org/doi/10.1103/RevModPhys.91.035005.

[3] Erik Urban et al. “Coherent Control of the Rotational Degree of Freedom of a Two-Ion Coulomb Crystal”. In:
Phys. Rev. Lett. 123.13 (2019), p. 133202. por: 10.1103/PhysRevLett.123.133202. URL: https://doi.org/10.
1103/PhysRevlett.123.133202.

[4] Neil Glikin et al. “Probing Rotational Decoherence with a Trapped-Ion Planar Rotor”. In: Phys. Rev. Lett. 134
(3 Jan. 2025), p. 033601. pDOI: 10.1103/PhysRevLett.134.033601. URL: https://link.aps.org/doi/10.1103/
PhysRevLett.134.033601.

[6] Monika Leibscher, Ferdinand Schmidt-Kaler, and Christiane P. Koch. A Planar Rotor Trapped and Coupled
to the Vibrational Modes of an Ion Crystal. 2025. DOI: 10 .48550/arXiv . 2504 .00590. arXiv: 2504 . 00590
[quant-ph]. URL: https://arxiv.org/abs/2504.00590.

[6] Lukas Martinetz et al. “Quantum Electromechanics with Levitated Nanoparticles”. In: npj Quantum Information
6 (2020), p. 101. por: 10.1038/s41534-020-00333-7.

[7] J. M. Alcaine-Cuervo et al. Compact U(1) Lattice Gauge Theory in Superconducting Circuits with Infinite-
Dimensional Local Hilbert Spaces. 2026. DOI: 10.48550/arXiv.2601.23150. arXiv: 2601.23150 [quant-ph].
URL: https://arxiv.org/abs/2601.23150.

[8] Philippe Raynal et al. “Encoding many qubits in a rotor”. In: Phys. Rev. A 81 (5 May 2010), p. 052327. DOI:
10.1103/PhysRevA.81.052327. URL: https://link.aps.org/doi/10.1103/PhysRevA.81.052327.

9] Christophe Vuillot, Alessandro Ciani, and Barbara M. Terhal. “Homological Quantum Rotor Codes: Logical
g g
Qubits from Torsion”. In: Communications in Mathematical Physics 405, 53 (2024). po1: 10.1007/s00220-023-
04905-4. URL: https: //doi. org/lO .1007/s00220-023-04905-4.

[10] Muhammad Shaeer Moeed et al. “Qubit encodings for lattices of dipolar planar rotors”. In: The Journal of
Chemical Physics 163.17 (2025), p. 174103. po1: 10.1063/5.0292230.

[11] John Kogut and Leonard Susskind. “Hamiltonian formulation of Wilson’s lattice gauge theories”. In: Phys. Rev.
D 11 (2 Jan. 1975), pp. 395-408. poI: 10.1103/PhysRevD.11.395. URL: https://link.aps.org/doi/10.1103/
PhysRevD.11.395.

58


https://doi.org/10.1038/nature22338
https://doi.org/10.1038/nature22338
https://doi.org/10.1038/nature22338
https://doi.org/10.1103/RevModPhys.91.035005
https://link.aps.org/doi/10.1103/RevModPhys.91.035005
https://link.aps.org/doi/10.1103/RevModPhys.91.035005
https://doi.org/10.1103/PhysRevLett.123.133202
https://doi.org/10.1103/PhysRevLett.123.133202
https://doi.org/10.1103/PhysRevLett.123.133202
https://doi.org/10.1103/PhysRevLett.134.033601
https://link.aps.org/doi/10.1103/PhysRevLett.134.033601
https://link.aps.org/doi/10.1103/PhysRevLett.134.033601
https://doi.org/10.48550/arXiv.2504.00590
https://arxiv.org/abs/2504.00590
https://arxiv.org/abs/2504.00590
https://arxiv.org/abs/2504.00590
https://doi.org/10.1038/s41534-020-00333-7
https://doi.org/10.48550/arXiv.2601.23150
https://arxiv.org/abs/2601.23150
https://arxiv.org/abs/2601.23150
https://doi.org/10.1103/PhysRevA.81.052327
https://link.aps.org/doi/10.1103/PhysRevA.81.052327
https://doi.org/10.1007/s00220-023-04905-4
https://doi.org/10.1007/s00220-023-04905-4
https://doi.org/10.1007/s00220-023-04905-4
https://doi.org/10.1063/5.0292230
https://doi.org/10.1103/PhysRevD.11.395
https://link.aps.org/doi/10.1103/PhysRevD.11.395
https://link.aps.org/doi/10.1103/PhysRevD.11.395

[12]

[13]

[14]

[15]

[16]

[17]

18]
[19]

[20]

[21]

22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

Eleanor Crane et al. “Hybrid Oscillator-Qubit Quantum Processors: Simulating Fermions, Bosons, and Gauge
Fields”. In: Physical Review X (2026). Accepted 23 July 2026. poI: 10.1103/s5bn-z4jq. arXiv: 2409.03747
[quant-ph]. URL: https://doi.org/10.1103/s5bn-z4jq.

Victor Ale et al. “Simulating quantum electrodynamics in 2+1 dimensions with qubits and qumodes”. In: Journal
of High Energy Physics 2026.4 (2026), p. 122. por: 10.1007/JHEP04(2026) 122. URL: https://doi.org/10.
1007/JHEP04 (2026) 122.

Heather Leitch, Kenza Hammam, and Gabriele De Chiara. “Thermodynamics of hybrid quantum rotor devices”.
In: Phys. Rev. E 109 (2 Feb. 2024), p. 024108. po1: 10.1103/PhysRevE.109.024108. URL: https://link.aps.
org/doi/10.1103/PhysRevE. 109.024108.

A. F. Kemper et al. Hybrid continuous-discrete-variable quantum computing: a guide to utility. 2025. DOI:
10.48550/arXiv.2511.13882. arXiv: 2511.13882 [quant-ph]. URL: https://arxiv.org/abs/2511.13882.

Yuan Liu et al. “Hybrid Oscillator-Qubit Quantum Processors: Instruction Set Architectures, Abstract Machine
Models, and Applications”. In: PRX Quantum 7 (1 Jan. 2026), p. 010201. po1: 10.1103/4rf7-9tfx. URL:
https://link.aps.org/doi/10.1103/4rf7-9tfx.

Joel Bierman et al. Scalable Qumode-Qubit State Transfer and Fast-forward Quantum Fourier Transform
using Oscillators. 2026. DOI: 10 . 48550/ arXiv . 2604 .12157. arXiv: 2604 . 12157 [quant-ph]. URL: https:
//arxiv.org/abs/2604.12157.

Peter van Loock et al. “Hybrid Quantum Computation in Quantum Optics”. In: Physical Review A 78 (2008),
p- 022303. poI: 10.1103/PhysRevA.78.022303.

Ulrik L. Andersen et al. “Hybrid discrete- and continuous-variable quantum information”. In: Nature Physics 11.9
(2015), pp. 713-719. 1SsN: 1745-2481. DOI: 10.1038/nphys3410. URL: https://doi.org/10.1038/nphys3410.

Stefan Krastanov et al. “Universal Control of an Oscillator with Dispersive Coupling to a Qubit”. In: Phys. Rev.
A 92.4 (2015), p. 040303. po1: 10.1103/PhysRevA.92.040303. URL: https://doi.org/10.1103/PhysRevA.92.
040303.

Alec Eickbusch et al. “Fast Universal Control of an Oscillator with Weak Dispersive Coupling to a Qubit”. In:
Nature Physics 18.12 (2022), pp. 1464-1469. po1: 10.1038/s41567-022-01776-9. URL: https://doi.org/10.
1038/s41567-022-01776-9.

Sayan Chakraborty and Victor V. Albert. “Hybrid Oscillator—-Qudit Quantum Processors: Stabilizer States,
Stabilizer Codes, Symplectic Operations, and Noncommutative Geometry”. In: PRX Quantum 7.2 (May 2026),
p- 020320. por: 10.1103/yr64-ypxt. arXiv: 2508.04819 [quant-ph]. URL: https://doi.org/10.1103/yr64-
ypxt.

Victor V. Albert, Saverio Pascazio, and Michel H. Devoret. “General phase spaces: from discrete variables to
rotor and continuum limits”. In: Journal of Physics A: Mathematical and Theoretical 50.50 (2017), p. 504002.
DOI: 10.1088/1751-8121/aa9314. URL: https://doi.org/10.1088/1751-8121/aa9314.

Juan Bermejo-Vega, Cedric Yen-Yu Lin, and Maarten Van den Nest. “Normalizer Circuits and a Gottesman—
Knill Theorem for Infinite-Dimensional Systems”. In: Quantum Information and Computation 16.5-6 (2016),
pp. 361-422. por: 10.26421/QIC16.5-6-1. arXiv: 1409.3208 [quant-ph].

Andreas Bauer and Seth Lloyd. Quadratic Tensors as a Unification of Clifford, Gaussian, and Free-Fermion
Physics. 2026. DOI: 10.48550/arXiv.2601.15396. arXiv: 2601.15396 [quant-ph]. URL: https://arxiv.org/
abs/2601.15396.

Yijia Xu, Yixu Wang, and Victor V. Albert. “Multimode rotation-symmetric bosonic codes from homological
rotor codes”. In: Phys. Rev. A 110 (2 Aug. 2024), p. 022402. po1: 10.1103/PhysRevA . 110 .022402. URL:
https://link.aps.org/doi/10.1103/PhysRevA.110.022402.

Thomas Chambrion et al. “Controllability of the Discrete-Spectrum Schrédinger Equation Driven by an
External Field”. In: Annales de 'Institut Henri Poincaré C, Analyse non linéaire 26.1 (2009), pp. 329-349. por:
10.1016/j.anihpc.2008.05.001. arXiv: 0801.4893 [math.0C].

Ugo Boscain et al. “A Weak Spectral Condition for the Controllability of the Bilinear Schrédinger Equation
with Application to the Control of a Rotating Planar Molecule”. In: Communications in Mathematical Physics
311.2 (2012), pp. 423-455. po1: 10.1007/s00220-012-1441-2z. arXiv: 1101.4313 [math.0C].

Vladimir Buzek, Radoslav Derka, and Serge Massar. “Optimal Quantum Clocks”. In: Physical Review Letters
82.10 (1999), pp. 2207-2210. pOI: 10.1103/PhysRevLett.82.2207. arXiv: quant-ph/9808042 [quant-ph].

59


https://doi.org/10.1103/s5bn-z4jq
https://arxiv.org/abs/2409.03747
https://arxiv.org/abs/2409.03747
https://doi.org/10.1103/s5bn-z4jq
https://doi.org/10.1007/JHEP04(2026)122
https://doi.org/10.1007/JHEP04(2026)122
https://doi.org/10.1007/JHEP04(2026)122
https://doi.org/10.1103/PhysRevE.109.024108
https://link.aps.org/doi/10.1103/PhysRevE.109.024108
https://link.aps.org/doi/10.1103/PhysRevE.109.024108
https://doi.org/10.48550/arXiv.2511.13882
https://arxiv.org/abs/2511.13882
https://arxiv.org/abs/2511.13882
https://doi.org/10.1103/4rf7-9tfx
https://link.aps.org/doi/10.1103/4rf7-9tfx
https://doi.org/10.48550/arXiv.2604.12157
https://arxiv.org/abs/2604.12157
https://arxiv.org/abs/2604.12157
https://arxiv.org/abs/2604.12157
https://doi.org/10.1103/PhysRevA.78.022303
https://doi.org/10.1038/nphys3410
https://doi.org/10.1038/nphys3410
https://doi.org/10.1103/PhysRevA.92.040303
https://doi.org/10.1103/PhysRevA.92.040303
https://doi.org/10.1103/PhysRevA.92.040303
https://doi.org/10.1038/s41567-022-01776-9
https://doi.org/10.1038/s41567-022-01776-9
https://doi.org/10.1038/s41567-022-01776-9
https://doi.org/10.1103/yr64-ypxt
https://arxiv.org/abs/2508.04819
https://doi.org/10.1103/yr64-ypxt
https://doi.org/10.1103/yr64-ypxt
https://doi.org/10.1088/1751-8121/aa9314
https://doi.org/10.1088/1751-8121/aa9314
https://doi.org/10.26421/QIC16.5-6-1
https://arxiv.org/abs/1409.3208
https://doi.org/10.48550/arXiv.2601.15396
https://arxiv.org/abs/2601.15396
https://arxiv.org/abs/2601.15396
https://arxiv.org/abs/2601.15396
https://doi.org/10.1103/PhysRevA.110.022402
https://link.aps.org/doi/10.1103/PhysRevA.110.022402
https://doi.org/10.1016/j.anihpc.2008.05.001
https://arxiv.org/abs/0801.4893
https://doi.org/10.1007/s00220-012-1441-z
https://arxiv.org/abs/1101.4313
https://doi.org/10.1103/PhysRevLett.82.2207
https://arxiv.org/abs/quant-ph/9808042

[30]

[31]

[32]

[33]

[34]

[35]

[36]

37]

[38]

[39]

[40]

[41]
[42]

[43]

[44]

[45]

[46]

[47]

Hiroshi Imai and Masahito Hayashi. “Fourier Analytic Approach to Phase Estimation in Quantum Systems”.
In: New Journal of Physics 11.4 (2009), p. 043034. po1: 10.1088/1367-2630/11/4/043034. URL: https:
//doi.org/10.1088/1367-2630/11/4/043034.

Masahito Hayashi. “Special Functions in Quantum Phase Estimation”. In: Proceedings of the 16th International
Symposium on Orthogonal Polynomials, Special Functions and Applications (OPSFA-16). Ed. by Howard S. Cohl
et al. Cham: Springer Nature Switzerland, 2025, pp. 81-92. 1sBN: 978-3-031-90135-5. por: 10.1007/978-3-031-
90135-5_5. arXiv: 2302.06899 [quant-ph]. URL: https://doi.org/10.1007/978-3-031-90135-5_5.

Yuan Liu et al. “Toward Mixed Analog-Digital Quantum Signal Processing: Quantum AD/DA Conversion and
the Fourier Transform”. In: IEEE Transactions on Signal Processing 73 (2025), pp. 3641-3655. po1: 10.1109/
TSP.2025.3599462. arXiv: 2408.14729 [eess.SP]. URL: https://doi.org/10.1109/TSP.2025.3599462.

Jens Koch et al. “Charge-insensitive qubit design derived from the Cooper pair box”. In: Phys. Rev. A 76 (4 Oct.
2007), p. 042319. DoI: 10.1103/PhysRevA.76.042319. URL: https://link.aps.org/doi/10.1103/PhysRevA.
76.042319.

Reinier W. Heeres et al. “Cavity State Manipulation Using Photon-Number Selective Phase Gates”. In: Phys.
Rev. Lett. 115.13 (2015), p. 137002. pol: 10.1103/PhysRevLett.115.137002. URL: https://doi.org/10.1103/
PhysRevLett.115.137002.

Asaf A. Diringer et al. “Conditional-Not Displacement: Fast Multioscillator Control with a Single Qubit”. In:
Phys. Rev. X 14.1 (2024), p. 011055. po1: 10.1103/PhysRevX.14.011055. URL: https://doi.org/10.1103/
PhysRevX.14.011055.

Tommaso Rainaldi et al. Benchmarking Trigonometric Continuous-Variable Gate Primitives with Trapped Ions.
2026. DOI: 10.48550/arXiv.2607.14085. arXiv: 2607.14085 [quant-ph]. URL: https://arxiv.org/abs/2607.
14085.

Amritanshu Prasad, Ilya Shapiro, and M. K. Vemuri. “Locally Compact Abelian Groups with Symplectic
Self-Duality”. In: Advances in Mathematics 225.5 (2010), pp. 2429-2454. por: 10.1016/j.aim.2010.04.023.
arXiv: 0906.4397 [math.GR].

Daniel Gottesman. “The Heisenberg Representation of Quantum Computers”. In: Group22: Proceedings of the
XXII International Colloguium on Group Theoretical Methods in Physics. Ed. by S. P. Corney, R. Delbourgo,
and P. D. Jarvis. Cambridge, MA: International Press, 1999, pp. 32-43. arXiv: quant-ph/9807006 [quant-ph].

David Sprehn and Nathalie Wahl. “Forms over Fields and Witt’s Lemma”. In: Mathematica Scandinavica
126.3 (2020), pp. 401-423. DOI: 10.7146/math.scand.a-120488. arXiv: 1811.12219 [math.KT]. URL: https:
//doi.org/10.7146/math.scand.a-120488.

P. Oscar Boykin et al. “On Universal and Fault-Tolerant Quantum Computing: A Novel Basis and a New
Constructive Proof of Universality for Shor’s Basis”. In: 40th Annual Symposium on Foundations of Computer
Science. IEEE, 1999, pp. 486-494. po1: 10.1109/SFFCS.1999.814621. arXiv: quant-ph/9906054 [quant-ph].

Michael A. Nielsen and Isaac L. Chuang. Quantum Computation and Quantum Information. Cambridge
University Press, 2000.

Aram W. Harrow. “Exact Universality from Any Entangling Gate without Inverses”. In: Quantum Information
and Computation 9.9-10 (2009), pp. 773-777. DOI: 10.26421/QIC9.9-10-4. arXiv: 0806.0631 [quant-ph].

Erez Zohar, J. Ignacio Cirac, and Benni Reznik. “Quantum simulations of lattice gauge theories using ultracold
atoms in optical lattices”. In: Reports on Progress in Physics 79.1 (2016), p. 014401. por: 10.1088/0034 -
4885/79/1/014401. URL: https://doi.org/10.1088/0034-4885/79/1/014401.

Mari Carmen Banuls and Krzysztof Cichy. “Review on novel methods for lattice gauge theories”. In: Reports on
Progress in Physics 83.2 (2020), p. 024401. po1: 10.1088/1361-6633/ab6311. URL: https://doi.org/10.1088/
1361-6633/ab6311.

Leonard Susskind. “Lattice fermions”. In: Physical Review D 16.10 (1977), pp. 3031-3039. por: 10.1103/
PhysRevD.16.3031. URL: https://link.aps.org/doi/10.1103/PhysRevD.16.3031.

Arianna Crippa, Karl Jansen, and Enrico Rinaldi. “Analysis of the confinement string in (2+1)-dimensional
quantum electrodynamics with a trapped-ion quantum computer”. In: Communications Physics 9.1 (2026),
p- 46. DOI: 10.1038/s42005-025-02465-8. URL: https://doi.org/10.1038/s42005-025-02465-8.

Pascual Jordan and Eugene Wigner. “Uber das Paulische Aquivalenzverbot”. In: Zeitschrift fiir Physik 47 (1928),
pp. 631-651. DOI: 10.1007/BF01331938. URL: https://doi.org/10.1007/BF01331938.

60


https://doi.org/10.1088/1367-2630/11/4/043034
https://doi.org/10.1088/1367-2630/11/4/043034
https://doi.org/10.1088/1367-2630/11/4/043034
https://doi.org/10.1007/978-3-031-90135-5_5
https://doi.org/10.1007/978-3-031-90135-5_5
https://arxiv.org/abs/2302.06899
https://doi.org/10.1007/978-3-031-90135-5_5
https://doi.org/10.1109/TSP.2025.3599462
https://doi.org/10.1109/TSP.2025.3599462
https://arxiv.org/abs/2408.14729
https://doi.org/10.1109/TSP.2025.3599462
https://doi.org/10.1103/PhysRevA.76.042319
https://link.aps.org/doi/10.1103/PhysRevA.76.042319
https://link.aps.org/doi/10.1103/PhysRevA.76.042319
https://doi.org/10.1103/PhysRevLett.115.137002
https://doi.org/10.1103/PhysRevLett.115.137002
https://doi.org/10.1103/PhysRevLett.115.137002
https://doi.org/10.1103/PhysRevX.14.011055
https://doi.org/10.1103/PhysRevX.14.011055
https://doi.org/10.1103/PhysRevX.14.011055
https://doi.org/10.48550/arXiv.2607.14085
https://arxiv.org/abs/2607.14085
https://arxiv.org/abs/2607.14085
https://arxiv.org/abs/2607.14085
https://doi.org/10.1016/j.aim.2010.04.023
https://arxiv.org/abs/0906.4397
https://arxiv.org/abs/quant-ph/9807006
https://doi.org/10.7146/math.scand.a-120488
https://arxiv.org/abs/1811.12219
https://doi.org/10.7146/math.scand.a-120488
https://doi.org/10.7146/math.scand.a-120488
https://doi.org/10.1109/SFFCS.1999.814621
https://arxiv.org/abs/quant-ph/9906054
https://doi.org/10.26421/QIC9.9-10-4
https://arxiv.org/abs/0806.0631
https://doi.org/10.1088/0034-4885/79/1/014401
https://doi.org/10.1088/0034-4885/79/1/014401
https://doi.org/10.1088/0034-4885/79/1/014401
https://doi.org/10.1088/1361-6633/ab6311
https://doi.org/10.1088/1361-6633/ab6311
https://doi.org/10.1088/1361-6633/ab6311
https://doi.org/10.1103/PhysRevD.16.3031
https://doi.org/10.1103/PhysRevD.16.3031
https://link.aps.org/doi/10.1103/PhysRevD.16.3031
https://doi.org/10.1038/s42005-025-02465-8
https://doi.org/10.1038/s42005-025-02465-8
https://doi.org/10.1007/BF01331938
https://doi.org/10.1007/BF01331938

(48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

Masuo Suzuki. “Fractal decomposition of exponential operators with applications to many-body theories and
Monte Carlo simulations”. In: Physics Letters A 146.6 (1990), pp. 319-323. Do1: 10.1016/0375-9601(90)90962-N.
URL: https://doi.org/10.1016/0375-9601(90)90962-N.

Alexei Y. Kitaev. Quantum Measurements and the Abelian Stabilizer Problem. Electronic Colloquium on
Computational Complexity, Report TR96-003. 1996. arXiv: quant-ph/9511026 [quant-ph]. URL: https:
//eccc.weizmann.ac.il/eccc-reports/1996/TR96-003/.

Richard Cleve et al. “Quantum Algorithms Revisited”. In: Proceedings of the Royal Society of London. Series A:
Mathematical, Physical and Engineering Sciences 454.1969 (1998), pp. 339-354. por: 10.1098/rspa.1998.0164.
URL: https://doi.org/10.1098/rspa.1998.0164.

Ben C. Travaglione, Gerard J. Milburn, and Timothy C. Ralph. Phase Estimation as a Quantum Nondemolition
Measurement. 2002. DOI: 10.48550/arXiv. quant-ph/0203130. arXiv: quant-ph/0203130 [quant-ph]. URL:
https://arxiv.org/abs/quant-ph/0203130.

Nana Liu et al. “Power of One Qumode for Quantum Computation”. In: Phys. Rev. A 93.5 (2016), p. 052304.
DOI: 10.1103/PhysRevA.93.052304. URL: https://doi.org/10.1103/PhysRevA.93.052304.

Archimedes Pavlidis and Emmanuel Floratos. “Quantum-Fourier-transform-based quantum arithmetic with
qudits”. In: Physical Review A 103.3 (2021), p. 032417. pol: 10.1103/PhysRevA.103.032417. URL: https:
//doi.org/10.1103/PhysRevA.103.032417.

Don Coppersmith. An Approximate Fourier Transform Useful in Quantum Factoring. IBM Research Report
RC 19642. IBM Research Division, T. J. Watson Research Center, 1994. arXiv: quant-ph/0201067 [quant-ph].
URL: https://arxiv.org/abs/quant-ph/0201067. arXiv posting, 2002.

Yiheng Lin et al. “Quantum Entanglement between an Atom and a Molecule”. In: Nature 581.7808 (2020),
pp. 273-277. DOI: 10.1038/s41586-020-2257-1. URL: https://doi.org/10.1038/s41586-020-2257-1.

Tom R. Hepworth et al. “Long-Lived Multilevel Coherences and Spin-1 Dynamics Encoded in the Rotational
States of Ultracold Molecules”. In: Nature Communications 16.1 (2025), p. 7131. poI: 10.1038/s41467-025-
62275-y. URL: https://doi.org/10.1038/s41467-025-62275-y.

F. L. Moore et al. “Atom Optics Realization of the Quantum J-Kicked Rotor”. In: Phys. Rev. Lett. 75 (25
Dec. 1995), pp. 4598-4601. pOI: 10.1103/PhysRevLett.75.4598. URL: https://link.aps.org/doi/10.1103/
PhysRevLett.75.4598.

Siamak Dadras et al. “Experimental realization of a momentum-space quantum walk”. In: Phys. Rev. A 99.4
(2019), p. 043617. DOI: 10.1103/PhysRevA.99.043617. URL: https://doi.org/10.1103/PhysRevA.99.043617.

M. Kounalakis et al. “Tuneable Hopping and Nonlinear Cross-Kerr Interactions in a High-Coherence Super-
conducting Circuit”. In: npj Quantum Information 4 (2018), p. 38. DOI: 10.1038/s41534-018-0088-9. URL:
https://doi.org/10.1038/s41534-018-0088-9.

E. T. Holland et al. “Single-Photon-Resolved Cross-Kerr Interaction for Autonomous Stabilization of Photon-
Number States”. In: Phys. Rev. Lett. 115 (18 Oct. 2015), p. 180501. por: 10.1103/PhysRevLett.115.180501.
URL: https://link.aps.org/doi/10.1103/PhysRevLett.115.180501.

Michael Reed and Barry Simon. Methods of Modern Mathematical Physics, Vol. I: Functional Analysis. Revised
and Enlarged. New York: Academic Press, 1980. 1SBN: 978-0-12-585050-6.

61


https://doi.org/10.1016/0375-9601(90)90962-N
https://doi.org/10.1016/0375-9601(90)90962-N
https://arxiv.org/abs/quant-ph/9511026
https://eccc.weizmann.ac.il/eccc-reports/1996/TR96-003/
https://eccc.weizmann.ac.il/eccc-reports/1996/TR96-003/
https://doi.org/10.1098/rspa.1998.0164
https://doi.org/10.1098/rspa.1998.0164
https://doi.org/10.48550/arXiv.quant-ph/0203130
https://arxiv.org/abs/quant-ph/0203130
https://arxiv.org/abs/quant-ph/0203130
https://doi.org/10.1103/PhysRevA.93.052304
https://doi.org/10.1103/PhysRevA.93.052304
https://doi.org/10.1103/PhysRevA.103.032417
https://doi.org/10.1103/PhysRevA.103.032417
https://doi.org/10.1103/PhysRevA.103.032417
https://arxiv.org/abs/quant-ph/0201067
https://arxiv.org/abs/quant-ph/0201067
https://doi.org/10.1038/s41586-020-2257-1
https://doi.org/10.1038/s41586-020-2257-1
https://doi.org/10.1038/s41467-025-62275-y
https://doi.org/10.1038/s41467-025-62275-y
https://doi.org/10.1038/s41467-025-62275-y
https://doi.org/10.1103/PhysRevLett.75.4598
https://link.aps.org/doi/10.1103/PhysRevLett.75.4598
https://link.aps.org/doi/10.1103/PhysRevLett.75.4598
https://doi.org/10.1103/PhysRevA.99.043617
https://doi.org/10.1103/PhysRevA.99.043617
https://doi.org/10.1038/s41534-018-0088-9
https://doi.org/10.1038/s41534-018-0088-9
https://doi.org/10.1103/PhysRevLett.115.180501
https://link.aps.org/doi/10.1103/PhysRevLett.115.180501

	Introduction
	Clifford structure of hybrid qubit–rotor systems
	Hybrid register and phase space
	Weyl multiplication and commutation relation
	Hybrid Clifford group and induced phase-space action
	Classification of hybrid phase-space transformations
	Unitary realization of hybrid symplectic maps
	Classification of mixed Clifford couplings

	Gate families
	Pure-rotor and mixed Clifford gates
	Momentum-dependent gates
	Momentum-diagonal phase gates
	Momentum-dependent qubit gates

	Angle-dependent phase gates
	Pure-rotor phase gates
	Pauli-string–rotor phase gates

	Qubit-controlled rotor displacements
	Summary of Clifford conditions

	Universal control from Clifford and non-Clifford gates
	Strong operator topology and finite momentum windows
	Single-rotor universal control
	One qubit and one rotor
	General hybrid universal control

	Gate realization of a compact U(1) gauge–matter model
	Rotor links, matter qubits, and Gauss's law
	Gate realization of the Hamiltonian
	Finite-flux truncation
	Finite-flux benchmarks

	Rotor quantum phase estimation and probe-state design
	Phase kickback and direct-angle readout
	Probe optimization under momentum and energy constraints

	Quantum Fourier transforms with rotor registers
	Rotor codes and qubit–rotor interfaces
	Angle–momentum construction of the base-d QFT
	Gate-set compilation on rotor momentum codes
	Compiled QFT on one rotor momentum code
	Base-d QFT compilation on rotor momentum codes

	Logical resource comparison

	Physical implementation considerations
	Native-rotor and finite-code routes
	Physical requirements for the gate set
	Control scales and finite-window diagnostics

	Conclusion and outlook
	Proofs for the hybrid Clifford classification
	Block classification of hybrid phase-space transformations
	The one-qubit–one-rotor quotient

	Proofs of the gate-family criteria
	Momentum-diagonal phase gates
	Momentum-dependent qubit gates

	Proofs for universal control
	Finite-window approximation and strong density
	Spectral conditions for single-rotor universal control

	Gauge-model calculations
	Gauge invariance and the Pauli form of hopping
	Full-space hopping realization
	Projected and cyclic shifts
	Finite Gauss-law basis and numerical details

	Calculations for rotor quantum phase estimation
	Fejér kernel and weak convergence for direct-angle readout
	Finite-support probe optimization
	Fixed-energy probe asymptotics

	Angle–momentum construction of the rotor QFT
	Code-space realization of the mixed angle–momentum phase
	Base-d Fourier phase identity
	Proof of the angle–momentum factorization

	Gate-set compilation of rotor QFTs
	Verification of the one-rotor momentum-code QFT
	Binary bit reversal within one rotor momentum code
	Verification of the compiled base-d QFT
	Logical instruction counts

	References

