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Abstract

A U(1) quantum rotor pairs a periodic angle with an integer-valued conjugate momentum, and occurs
in molecular rotation, superconducting phase–charge circuits, and compact gauge fields. Coupling such a
rotor coherently to qubits gives a hybrid register whose control structure is not inherited from either the
oscillator–qubit or the qudit case. We develop a Clifford theory, together with a universal-control result, for
registers of n qubits and r rotors. We classify all automorphisms of the hybrid phase space F2n

2 × Zr × Tr

that preserve the Weyl commutation relations, and give an explicit finite Clifford circuit for each one.
The classification is directional: rotor momentum parity may control qubit Pauli operations within the
Clifford group, while every nonzero qubit-controlled rotor momentum shift is non-Clifford. It also yields
normal forms for the mixed qubit–rotor couplings and the exact minimum number of elementary mixed
gates needed to synthesize them. Adding a rotor cosine potential and one fixed qubit–rotor conditional
phase to the local Clifford operations gives universal control on the full Hilbert space in the strong
operator topology. We then apply this structure in three settings: an exact controlled-shift realization
of gauge-covariant matter hopping, which is necessarily non-Clifford; rotor phase estimation with direct
angle readout and probe optimization under momentum-support and energy constraints; and finite Fourier
transforms on rotor momentum codes, where the one-rotor transform for d = 2s compiles into O(s)
momentum-selective and controlled-shift instructions and each cross-register Fourier factor is implemented
by one quadratic rotor Clifford gate.
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1 Introduction
Quantum rotors arise in molecular rotation, rotational motion of trapped particles, superconducting phase–
charge degrees of freedom, and compact U(1) gauge fields [1–7]. Their Hilbert spaces also support finite-
dimensional logical encodings [8, 9], while planar-rotor models can instead be digitized into qubit registers
[10]. Here we retain the rotor itself as a computational degree of freedom and allow it to interact coherently
with qubits.

Such hybrid qubit–rotor systems occur in several contexts. In compact U(1) gauge–matter theory, gauge
links carry integer electric flux while matter is represented by finite-dimensional degrees of freedom [11]. Recent
quantum-simulation proposals likewise combine finite-dimensional matter registers with infinite-dimensional
gauge degrees of freedom [7, 12, 13], and direct qubit–rotor couplings appear in hybrid quantum rotor devices
[14]. Rotor quantum phase estimation uses a rotor as the phase register for a qubit target [15], while hybrid
processor architectures require coherent interfaces between finite- and infinite-dimensional registers [16, 17].
In each case, control is required both within the individual registers and across the qubit–rotor interface.

These examples share a common control problem. The two registers have incompatible phase spaces,
and once they are coupled, the transformations preserving their joint commutation relations are no longer
determined by either one alone. Neither is the set of operations needed to go beyond them.

Much of hybrid quantum processing has been developed for oscillator modes [16, 18–21], and oscillator–
qudit systems admit a corresponding stabilizer and symplectic theory [22]. Unlike an oscillator, which
has two continuous phase-space directions, a U(1) rotor pairs a compact configuration variable with a
discrete momentum [23]: its angle θ ∈ T = R/2πZ and integer-valued angular momentum ℓ ∈ Z form the
Pontryagin-dual pair

Z←→ T.
For n qubits and r rotors, the Weyl operators are parametrized by the Abelian group

Kn,r = F2n
2 × Zr × Tr.

The first consequence is an asymmetry in the mixed Clifford action. Rotor momentum parity can control
a qubit Pauli operation, but no Clifford operation can make a qubit control a nonzero rotor momentum shift,
since every homomorphism from F2n

2 to Zr is trivial. This has no counterpart in oscillator–qubit systems,
where the mixed blocks vanish in both directions, or in finite qudit systems, where they can be nonzero in
both.

Normalizer circuits over Abelian groups provide the general setting for this structure. Ref. [24] develops
a generalized stabilizer formalism for such groups, including the configuration group Fn

2 × Zr underlying
Kn,r, and establishes the corresponding Gottesman–Knill simulation result, which the hybrid Clifford circuits
constructed below inherit. Ref. [25] gives a broader quadratic formulation of Clifford-type structures over
Abelian groups, and the pure-rotor Clifford structure is described in Ref. [26]. In these treatments group
automorphisms enter as normalizer-gate primitives, as the simulation theorem requires.

We work out the qubit–rotor case at the level of circuits and cost. Every automorphism preserving the
Weyl commutator has the unique block form of Theorem 2.3, and each one is realized by an explicit finite
circuit assembled from qubit Clifford gates, rotor Clifford gates, and elementary mixed gates (Theorem 2.4).
The qubit–rotor coupling is carried entirely by one binary matrix, the mixed block C, which determines
both the parity-controlled Pauli action and the antisymmetric part of the shear matrix Θ. Under Clifford
operations acting separately on the two registers, C is completely classified by the pair k = rankF2

C and
h = 1

2 rankF2

(
CTJnC

)
(Theorem 2.7). Here k counts the independent qubit Pauli directions controlled by

rotor momentum parity and equals the minimum number of elementary mixed gates in the cost model of
Corollary 2.8, while h counts the independent anticommuting pairs among those directions.

The same analysis applies directly to parameterized gates. Sec. 3 determines the Clifford parameter values
of the momentum- and angle-dependent operations that arise on rotor platforms: momentum-diagonal phases,
momentum-dependent qubit gates, periodic angle potentials, and qubit-controlled rotor displacements. In
particular, every nonzero qubit-controlled rotor momentum shift is non-Clifford. Beyond the Clifford group,
the local Clifford operations Cllocn,r, the cosine-potential family K1(t) on one rotor, and the fixed conditional
phase Cc1,1(π/4) generate a subgroup of U(Hn,r) that is dense in the strong operator topology for n, r ≥ 1.
The single-rotor step uses spectral controllability results for infinite-dimensional bilinear Schrödinger systems
[27, 28]. This is an existence result: it gives no bound on circuit length or control time.
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The first application is compact U(1) gauge–matter dynamics. Rotor links carry integer electric flux and
qubits encode matter occupations [11, 12]; related implementations use qubit–qumode or superconducting
phase–charge degrees of freedom [7, 13]. Gauge-covariant hopping transfers a matter excitation between
neighboring sites together with a unit change of the intervening link flux. We realize its time evolution
exactly on the full rotor Hilbert space by conjugating a qubit exchange with a qubit-controlled rotor shift.
The shift is non-Clifford, so gauge-covariant hopping lies outside the Clifford group: every hopping term in
a rotor-based compact U(1) simulation carries an irreducible non-Clifford cost. This construction is exact
only on the full rotor space; we therefore study hard-wall electric-flux truncation through ground-state and
real-time calculations on an open two-plaquette model.

A second application uses the rotor as the phase register in quantum phase estimation [15]. The momentum
label ℓ indexes the controlled powers U−ℓ of the target unitary. Phase kickback produces the character e−iℓφ
of Z, which translates the conjugate angle distribution under Z ←→ T. The eigenphase can therefore be
read directly from an angle measurement, without a coherent inverse QFT on the phase register. The initial
rotor probe determines both the estimation accuracy and the required range of controlled powers. At fixed
momentum support, the optimum is the cosine-window probe [29, 30]; at fixed mean kinetic energy, the
optimum is a Mathieu probe [31]. Under the circular-variance criterion, both optimized probes give O(E

−1/2
R )

angular-error scaling for ER = ⟨ℓ̂2⟩, compared with O(E
−1/4
R ) for the uniform finite-momentum probe.

The third application uses finite rotor codes for Fourier processing. We construct the same finite Fourier
matrix in two forms, related to hybrid state-transfer and oscillator-assisted Fourier methods [17, 32]. One
construction maps an angle code to a momentum code using local angle-to-momentum Fourier operations and
mixed code-space phases. The other remains within a rotor momentum code and compiles the transform using
the hybrid gate set developed earlier. Under the logical-instruction convention stated in Sec. 7.4, the one-rotor
compilation for d = 2s uses O(s) instructions. Each cross-register base-d Fourier phase is implemented by the
rotor–rotor quadratic Clifford gate

CPHSjk(α) := eiαℓ̂j ℓ̂k ,

while the corresponding factor in the binary decomposition contains s2 controlled-phase gates.
These constructions are formulated at the level of logical operations. Sec. 8 connects them to native-rotor

and finite-code implementations. Superconducting phase–charge circuits provide the quadratic momentum and
cosine terms used in the control construction [7, 33]. Finite-code implementations can instead use spectrally
selective qubit control, conditional displacements, and nonlinear interactions on a chosen subspace of another
infinite-dimensional system [21, 34–36]. For the compiled QFT, the main requirements are resolution of
individual binary digits of the momentum label and, for r ≥ 2, a cross-register interaction angle 2π/dr.
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2 Clifford structure of hybrid qubit–rotor systems
We begin by constructing the Weyl and Clifford structure of the hybrid qubit–rotor register. The commutator
pairing on Kn,r = F2n

2 × Zr × Tr fixes the allowed phase-space transformations. Their block form leads to
finite Clifford circuit realizations. Local changes of basis then reduce the mixed block to two rank invariants
and give the elementary mixed-gate cost.

2.1 Hybrid register and phase space
Throughout this paper, a rotor means a U(1) quantum rotor with configuration group T = R/2πZ ∼= S1 and
momentum group Z. Consider n qubits and r rotors,

Hn,r = (C2)⊗n ⊗ ℓ2(Zr) ≃ (C2)⊗n ⊗ L2(Tr). (2.1)

The rotor phase space pairs the discrete group Zr with the compact group Tr. We use the joint basis

|u, ℓ⟩, u ∈ Fn
2 , ℓ ∈ Zr. (2.2)

For one rotor, the generalized angle states are related to momentum states by the Fourier relation

|θ⟩ = 1√
2π

∑
ℓ∈Z

e−iℓθ|ℓ⟩. (2.3)

All angle-dependent operators below are defined through periodic functions, such as eimθ̂ and cos θ̂.
The joint qubit computational basis and rotor momentum basis are indexed by the Abelian group

An,r = Fn
2 × Zr. Its Pontryagin dual, Ân,r = Fn

2 × Tr, indexes the corresponding phase operators.
We define the hybrid qubit–rotor phase space by

Kn,r = An,r × Ân,r
∼= F2n

2 × Zr × Tr. (2.4)

The Weyl commutator pairing introduced below equips Kn,r with its symplectic structure.
Write

x = (q,m, ϕ), q =

Å
a
b

ã
∈ F2n

2 , m ∈ Zr, ϕ ∈ Tr, (2.5)

and define

Jn =

Å
0 In
In 0

ã
. (2.6)

An overbar on an integer vector or matrix denotes entrywise reduction modulo two. For a matrix M over
F2, πM denotes the corresponding matrix with entries in T, under the entrywise identification 0 7→ 0 and
1 7→ π.

2.2 Weyl multiplication and commutation relation
Define the qubit Weyl operators by

XQ(a)|u⟩ = |u+ a⟩, ZQ(b)|u⟩ = (−1)b
Tu|u⟩, (2.7)

and define the rotor momentum shift XR(m) and rotor phase operator ZR(ϕ) by

XR(m)|ℓ⟩ = |ℓ+m⟩, ZR(ϕ)|ℓ⟩ = eiϕ
Tℓ|ℓ⟩. (2.8)

We write the corresponding rotor Weyl displacement as

DR(m,ϕ) := XR(m)ZR(ϕ). (2.9)
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For x = (q,m, ϕ) ∈ Kn,r, define the associated hybrid Weyl operator by

W (x) =W (q,m, ϕ) := XQ(a)ZQ(b)⊗XR(m)ZR(ϕ). (2.10)

For y = (q′,m′, ϕ′) ∈ Kn,r, direct multiplication gives

W (x)W (y) = σ(x, y)W (x+ y), σ(x, y) = (−1)b
Ta′
eiϕ

Tm′
. (2.11)

Reversing the product order gives

W (x)W (y) = ω(x, y)W (y)W (x), (2.12)

where
ω(x, y) =

σ(x, y)

σ(y, x)
= (−1)q

TJnq
′
exp
Ä
i[ϕTm′ − ϕ′Tm]

ä
. (2.13)

The Weyl commutator pairing ω is continuous and multiplicative in each phase-space argument.

Lemma 2.1 (Perfectness of the commutator pairing). The map

Dω : Kn,r −→ “Kn,r, y 7−→ ω(y, · ), (2.14)

is an isomorphism. Thus every continuous character of Kn,r can be written uniquely in the form ω(y, · ) for
some y ∈ Kn,r.

Proof. Set A = An,r and write Kn,r = A× “A. For x = (u, χ) and y = (v, ψ), Eq. (2.13) becomes

ω(x, y) = χ(v)ψ(u)−1. (2.15)

Let ιA : A −→ ̂̂A be the evaluation map. Under the natural identification ‘Kn,r
∼= “A× ̂̂A, the map Dω is

Dω(u, χ) =
(
χ,−ιA(u)

)
. (2.16)

Pontryagin biduality identifies A with ̂̂A. Hence Dω is a topological group isomorphism, which proves the
claim [37, Example 1.1].

2.3 Hybrid Clifford group and induced phase-space action
Adjoining scalar phases to the hybrid Weyl operators gives the hybrid Pauli group

Pn,r = {zW (x) : z ∈ U(1), x ∈ Kn,r}. (2.17)

Since the commutator pairing is nondegenerate, the center of Pn,r consists of the scalar phases: Z(Pn,r) = U(1).
Moreover, the map zW (x) 7→ x induces a group isomorphism Pn,r/U(1)I ∼= Kn,r.

The hybrid Clifford group is defined as the unitary normalizer of Pn,r:

Cln,r = NU(Hn,r)(Pn,r). (2.18)

Lemma 2.2 (Clifford action on phase space). For every U ∈ Cln,r, conjugation induces a unique group
automorphism SU : Kn,r → Kn,r. For the chosen Weyl representatives, there is a unique phase function
αU : Kn,r → U(1) such that

UW (x)U† = αU (x)W (SUx). (2.19)

Moreover, SU preserves the commutator pairing:

ω(SUx, SUy) = ω(x, y), x, y ∈ Kn,r. (2.20)

Proof. Conjugation by U induces an automorphism of Pn,r/U(1)I ∼= Kn,r, which defines SU . The remaining
scalar defines αU . Since conjugation preserves operator commutators, SU preserves ω.

Define
Sp(Kn,r, ω) = {S ∈ Aut(Kn,r) : ω(Sx, Sy) = ω(x, y) for all x, y ∈ Kn,r} . (2.21)

The preceding lemma therefore defines a homomorphism π : Cln,r −→ Sp(Kn,r, ω) by U 7−→ SU .
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2.4 Classification of hybrid phase-space transformations
Theorem 2.3 (Hybrid phase-space classification). Every group automorphism of Kn,r preserving ω is
automatically continuous and has the unique form

SM,A,C,Θ(q,m, ϕ) =
(
Mq + Cm̄,Am,A−T[ϕ+Θm+ πCTJnMq]

)
, (2.22)

where M ∈ Sp(2n,F2), A ∈ GL(r,Z), C ∈ Mat2n×r(F2),Θ ∈ Matr(T), and

Θ−ΘT = πCTJnC. (2.23)

Conversely, every such tuple defines an element of Sp(Kn,r, ω).

The matrix M is the qubit symplectic action familiar from the stabilizer formalism [38]. The matrix A
preserves the rotor momentum lattice, and Θ is the shear matrix. The binary matrix C records the mixed
qubit–rotor action q 7−→ q + Cm̄.

Writing cj for the jth column of C, each cj ∈ F2n
2 labels a qubit Pauli operator Pcj up to phase. We call

the nonzero columns the Pauli directions controlled by rotor momentum parity. Their pairwise commutation
relations are recorded by CTJnC: its (i, j) entry is zero when Pci and Pcj commute and one when they
anticommute. These mixed commutators leave the antisymmetric part of the shear no freedom. Eq. (2.23)
fixes it as Θ−ΘT = πCTJnC, so only the symmetric part of Θ remains an independent parameter.

q′=Mq + Cm̄,
m′= Am,
ϕ′= A−T

(
ϕ+Θm+ πCTJnMq

)
.

M
qubit sym-

plectic action

A
rotor lattice action

C
mixed block

Θ
shear matrix

symmetric ad-
ditions to Θ

rotor quadratic gates

Θ − ΘT = πCTJnC
fixed by the

mixed block C

Figure 1: Block structure of the hybrid symplectic map. The matrices M and A describe the qubit symplectic
and rotor lattice actions, and C is the mixed block. The difference Θ−ΘT = πCTJnC is fixed by the mixed
block; symmetric additions to Θ correspond to rotor quadratic gates.

Proof sketch. A homomorphism first has the block form q′ =Mq+Cm̄,m′ = Am,ϕ′ = α(ϕ)+Bm+πGq. The
vanishing homomorphism groups and the uniqueness of the remaining blocks are established in Appendix A.1.
The pure qubit commutators give MTJnM = Jn. The torus–integer commutators force α(ϕ) = A−Tϕ, which
also removes discontinuous torus automorphisms. The finite–integer and integer–integer commutators then
determine G and Eq. (2.23). Direct substitution proves the converse. The appendix also gives the composition
law and inverse.

As a first specialization of Theorem 2.3, set n = 0. Then q and M are absent, and the 0× r mixed matrix
C vanishes. Hence

SA,Θ(m,ϕ) =
(
Am,A−T[ϕ+Θm]

)
, Θ = ΘT. (2.24)
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Define the phase-space transformations LA(m,ϕ) = (Am,A−Tϕ), NΘ(m,ϕ) = (m,ϕ+Θm). Then SA,Θ =
LANΘ, and a direct conjugation gives

LANΘL
−1
A = NA−TΘA−1 . (2.25)

Hence the symmetric shear parameters form a normal subgroup on which GL(r,Z) acts by Θ 7→ A−TΘA−1.
Since a symmetric r× r matrix with entries in T has r(r+1)/2 independent entries, the pure-rotor symplectic
group is

Symr(T)⋊GL(r,Z) ≃ U(1)r(r+1)/2 ⋊GL(r,Z). (2.26)

This recovers the known phase-space action of the pure-rotor Clifford group. Representative rotor gates
are described in Ref. [26]. In the pure-qubit case, r = 0 removes A,C, and Θ, leaving the standard qubit
symplectic group Sp(2n,F2).

2.5 Unitary realization of hybrid symplectic maps

For c = (a, b) ∈ F2n
2 , define the Hermitian Pauli operator associated with c by Pc = ia

TbXQ(a)ZQ(b), Pc =
P †c , P

2
c = I. For rotor j, define

Γc,j =
∑
ℓ∈Zr

P ℓj mod 2
c ⊗ |ℓ⟩⟨ℓ|. (2.27)

This gate applies Pc when ℓj is odd and the identity when ℓj is even. Its induced mixed block is C = ceTj ,
which has rank one when c ̸= 0.

When n, r ≥ 1, take c = (0, e1), so that Pc = Z1, and set j = 1. Then

Γc,1 = Cπ = eiπ|1⟩⟨1|q1⊗ℓ̂1 . (2.28)

For M ∈ Sp(2n,F2), choose a qubit Clifford VM inducing q 7−→Mq. For A ∈ GL(r,Z), define the rotor
automorphism unitary by

UA|ℓ⟩ = |Aℓ⟩. (2.29)

For R = RT ∈ Matr(T), set

fR(ℓ) =

r∑
j=1

Rjj
ℓj(ℓj + 1)

2
+

∑
1≤i<j≤r

Rijℓiℓj , (2.30)

QR|ℓ⟩ = eifR(ℓ)|ℓ⟩. (2.31)

Their induced actions on rotor phase space are

UA : (m,ϕ) 7−→ (Am,A−Tϕ),

QR : (m,ϕ) 7−→ (m,ϕ+Rm).
(2.32)

Consequently, the combined unitary VM ⊗ (UAQR) induces

LM,A,R(q,m, ϕ) =
(
Mq, Am, A−T(ϕ+Rm)

)
. (2.33)

The next theorem realizes every symplectic automorphism in Theorem 2.3 by a finite circuit. The chosen
order of the mixed gates produces a triangular contribution to the shear Θ, and a quadratic gate acting only
on the rotor register supplies the remaining symmetric contribution.

Theorem 2.4 (Explicit hybrid Clifford realization). Let S = SM,A,C,Θ be a map classified in Theorem 2.3.
Set

D =M−1C = (d1, . . . , dr), ΓD := Γdr,r · · ·Γd1,1, (2.34)

so that the gates Γd1,1, . . . ,Γdr,r act in increasing order of the rotor index.
Define Θ△D ∈ Matr(T) by

(Θ△D)ji =

®
πdTj Jndi, i < j,

0, i ≥ j,
(2.35)
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and set Θloc := Θ−Θ△D . Then Θloc is symmetric, and

US :=
[
VM ⊗ (UAQΘloc

)
]
ΓD, (2.36)

USW (x)U†S ∝W (Sx), x ∈ Kn,r. (2.37)

Proof. First isolate the mixed part by setting M = A = I:

SI,I,D,Ξ(q,m, ϕ) =
(
q +Dm̄, m, ϕ+ Ξm+ πDTJnq

)
. (2.38)

The elementary mixed gate satisfies

Γc,j : (q,m, ϕ) 7−→
(
q + cm̄j , m, ϕ+ πejc

TJnq
)
. (2.39)

Applying the factors in ΓD = Γdr,r · · ·Γd1,1 in increasing rotor order and iterating Eq. (2.39) gives

ΓD : (q,m, ϕ) 7−→
Ä
q +Dm̄, m, ϕ+Θ△Dm+ πDTJnq

ä
. (2.40)

Thus ΓD implements SI,I,D,Θ△
D

. By construction,

Θ△D − (Θ△D)T = πDTJnD. (2.41)

Since D =M−1C and M is symplectic, DTJnD = CTJnC. Together with Eq. (2.23), this implies Θloc−ΘT
loc =

0. Hence Θloc is symmetric, and QΘloc
is a rotor quadratic gate. The unitary VM ⊗ (UAQΘloc

) implements
LM,A,Θloc

from Eq. (2.33).
Using D =M−1C, Θ△D +Θloc = Θ, and DTJn = CTJnM gives

SM,A,C,Θ = LM,A,Θloc
◦ SI,I,D,Θ△

D
, USW (x)U†S ∝W (Sx). (2.42)

This completes the construction of a unitary lift for every element of Sp(Kn,r, ω).

Corollary 2.5 (Clifford–symplectic exact sequence). Conjugation on Weyl operators induces a surjective
homomorphism πn,r : Cln,r −→ Sp(Kn,r, ω), by U 7−→ SU , with kernel Pn,r. Consequently,

1 −→ Pn,r −→ Cln,r
πn,r−−−→ Sp(Kn,r, ω) −→ 1 (2.43)

is a short exact sequence, and Cln,r /Pn,r ≃ Sp(Kn,r, ω).

Proof. The homomorphism property follows from composition of the induced phase-space actions, and
surjectivity follows from Theorem 2.4. It remains to identify the kernel. If SU = id, then UW (x)U† =
χ(x)W (x) for a phase function χ on Kn,r. Comparison with the Weyl multiplication law shows that χ is a
character.

Since W (x) depends continuously on x, the identity UW (x)U†W (x)† = χ(x)I shows that χ is continuous.
By Lemma 2.1, there exists y ∈ Kn,r such that χ(x) = ω(y, x) for all x ∈ Kn,r. Hence V := W (y)†U
commutes with every Weyl operator. Commutation with all qubit and rotor phase operators makes V
diagonal in the joint basis. Commutation with all qubit and rotor shifts makes its diagonal entries equal.
Thus V is a scalar and U ∈ Pn,r. The reverse inclusion follows directly from the Weyl commutation relations.
The quotient statement follows from the first isomorphism theorem.

Corollary 2.6 (Generators of the hybrid Clifford group). For n, r ≥ 1,

Cln,r = ⟨Pn,r,Cln,0,Cl0,r, Cπ⟩ . (2.44)

For n = 0 or r = 0, the mixed generator Cπ is omitted.
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Proof. Every operator on the right-hand side of Eq. (2.44) is a hybrid Clifford operator.
Conversely, let U ∈ Cln,r, and let SU be its induced phase-space action. By Theorem 2.4, there is an

explicitly constructed unitary USU
satisfying πn,r(USU

) = SU . The elementary mixed gates occurring in USU

are generated by Cπ, Clifford operators acting only on one register, and Weyl operators, while its remaining
factors belong to Cln,0 or Cl0,r. Hence USU

is generated by the operators in Eq. (2.44).
Since U and USU

induce the same phase-space action, UU†SU
∈ kerπn,r = Pn,r. Therefore U = (UU†SU

)USU

is also generated by the operators in Eq. (2.44).
Fix c ≠ 0 and choose a qubit Clifford Vc such that VcZ1V

†
c = εcPc with εc ∈ {±1}. Choose a rotor

permutation Uπj
that moves rotor 1 to rotor j. Then

(Vc ⊗ Uπj
)Cπ(Vc ⊗ Uπj

)† =

®
Γc,j , εc = +1,

ZR,j(π)Γc,j , εc = −1.
(2.45)

The extra factor in the second line is a rotor Weyl operator.

Example 2.1 (One qubit and one rotor). For the smallest nontrivial hybrid register,

Sp(K1,1, ω) ∼= T× S4 × Z2. (2.46)

Here the factor T is the one-rotor shear parameter, Z2 records momentum reversal, and S4
∼= AGL(2,F2) com-

bines the one-qubit symplectic action with the mixed parity-controlled Pauli action. The group identification
is proved in Appendix A.2.

Classical simulation. The generators in Corollary 2.6 are normalizer operations over the Abelian group
An,r = Fn

2 × Zr. Hybrid Clifford circuits with the stabilizer inputs and measurements are therefore covered
by the generalized Gottesman–Knill simulation result of Ref. [24].

2.6 Classification of mixed Clifford couplings
Let V = F2n

2 , βJ(u, v) = uTJnv, and regard C as a linear map from Fr
2 to V . Clifford operations acting

separately on the qubit and rotor registers transform C as

C 7−→MCR, M ∈ Sp(2n,F2), R ∈ GL(r,F2). (2.47)

Here R = A
−1

for a rotor basis change A ∈ GL(r,Z). Every R occurs because reduction modulo two maps
GL(r,Z) onto GL(r,F2). The right action changes the basis of the domain; the left action sends imC to
M(imC).

Under this action, the orbit of C is determined by the alternating space (imC, βJ |imC). Witt extension
lifts its normal form to the ambient symplectic space.

Theorem 2.7 (Classification of mixed blocks). The pair

(k, h) =

Å
rankF2

C,
1

2
rankF2

(CTJnC)

ã
(2.48)

is a complete invariant of the action in Eq. (2.47). Two mixed blocks are equivalent under separate qubit and
rotor Clifford operations if and only if they have the same pair (k, h).

Fix a symplectic basis e1, f1, . . . , en, fn of V . Every orbit contains a representative whose nonzero columns
are

e1, f1, . . . , eh, fh, eh+1, . . . , ek−h, (2.49)

followed by r − k zero columns. The admissible values are

0 ≤ k ≤ min(r, 2n), max(0, k − n) ≤ h ≤
õ
k

2

û
. (2.50)
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Proof. Invariance. Suppose that C ′ = MCR,M ∈ Sp(2n,F2), R ∈ GL(r,F2). Then rankC ′ = rankC and
(C ′)TJnC

′ = RT(CTJnC)R. Hence both k and h are invariant under this action.
The quotient isomorphism Fr

2/ kerC
∼= imC identifies the alternating form represented by CTJnC with

the restriction of βJ to imC. Consequently, k = dim(imC) and 2h = rank(βJ |imC) .
Completeness. Now suppose that C and C ′ have the same pair (k, h). The restricted alternating spaces

(imC, βJ |imC) and (imC ′, βJ |imC′) have the same dimension and rank, and are therefore isometric. By Witt
extension, this isometry extends to an element M ∈ Sp(2n,F2) satisfying M(imC) = imC ′ [39, Theorem 3.4].

The maps C and M−1C ′ are surjections Fr
2 −→ imC of the same rank. Choosing bases of Fr

2 adapted to
their kernels gives R ∈ GL(r,F2) such that CR =M−1C ′. Hence MCR = C ′, so the pair (k, h) completely
determines the orbit.

Normal form and admissible range. The space imC has a basis consisting of h symplectic pairs
and k − 2h vectors in the radical of βJ |imC . A symplectic transformation of V sends such a basis to
e1, f1, . . . , eh, fh, eh+1, . . . , ek−h. A change of basis in Fr

2 then places these vectors in the first k columns and
makes the remaining r − k columns zero.

This gives Eq. (2.49). The inequalities k ≤ r, k ≤ 2n, 2h ≤ k give the upper bounds in Eq. (2.50).
Moreover, the normal form contains an isotropic subspace of dimension k − h. Since an isotropic subspace of
V has dimension at most n, together with h ≥ 0, this gives the stated lower bound. Conversely, the columns
in Eq. (2.49) exist for every pair (k, h) in this range.

In this normal form, k counts the independent qubit Pauli directions controlled by rotor momentum
parity, and h counts the independent anticommuting pairs among them. The remaining k − 2h directions lie
in the radical of the restricted alternating form. Through Eq. (2.23), the binary matrix CTJnC also fixes
Θ−ΘT, and rank(CTJnC) = 2h.

Mixed-gate cost model. Qubit-only and rotor-only Clifford operations are free, and each elementary
mixed gate Γc,j counts once.

Corollary 2.8 (Minimum number of elementary mixed gates). In this model, the minimum number of
elementary mixed gates required to realize an admissible mixed block C is Nmin

Γ (C) = rankF2
C.

Proof. These free operations act on C by invertible left and right multiplication and therefore preserve its
rank. Under composition, Eq. (A.11) gives C12 = M1C2 + C1Ā2. Hence a circuit containing t elementary
mixed gates has a total mixed block that is a sum of at most t rank-one contributions, each multiplied on the
left and right by invertible matrices. Rank subadditivity therefore gives rankF2

C ≤ t. Thus at least rankF2
C

elementary mixed gates are required.
Conversely, the representative in Eq. (2.49) has k = rankC nonzero columns, and each column is realized

by one elementary mixed gate. The ordered product of these gates may also produce a rotor shear Θ∗. Since
both Θ and Θ∗ satisfy Θ − ΘT = Θ∗ − ΘT

∗ = πCTJnC, their difference Θ − Θ∗ is symmetric and can be
implemented by a Clifford operation acting only on the rotor register. Thus rankC elementary mixed gates
are sufficient.

3 Gate families
The applications below use gates whose parameters depend on rotor momentum or angle. This section
determines when those gates are Clifford. We also examine qubit-controlled rotor displacements, which
reverse the direction of control in the elementary mixed Clifford gate.

3.1 Pure-rotor and mixed Clifford gates
We regard the pure-qubit Clifford group as standard and recall only the rotor and mixed gates used below.
Up to a global phase, the pure-rotor Clifford group is generated by Weyl operators, momentum-lattice
automorphisms, and quadratic phase gates. These operations are implemented by DR(m,ϕ), UA, and QR,
respectively, as defined in Eqs. (2.9), (2.29), and (2.31) [26].
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The following gates give concrete instances of the latter two types. For i ̸= j and α ∈ T, we use

PARj |ℓj⟩= | − ℓj⟩,
SUMi→j |ℓi, ℓj⟩= |ℓi, ℓj + ℓi⟩,
QUADj(α)|ℓj⟩= eiαℓj(ℓj+1)/2|ℓj⟩,

CPHSij(α)|ℓi, ℓj⟩= eiαℓiℓj |ℓi, ℓj⟩.

(3.1)

PAR, SUM, and rotor SWAP implement elementary automorphisms of the momentum lattice Zr. QUAD
and CPHS implement the diagonal and off-diagonal entries of the symmetric shear matrix R.

In the hybrid system, the elementary mixed Clifford gate Γc,j in Eq. (2.27) acts as the identity for even
ℓj and as Pc for odd ℓj . For Pc = Z1 and j = 1, this family reduces to the one-qubit–one-rotor gate Cπ in
Eq. (2.28). For n, r ≥ 1, Eq. (2.44) shows that Cπ, together with Pn,r, Cln,0, and Cl0,r, generates Cln,r.

3.2 Momentum-dependent gates
Momentum-dependent gates fall into two classes: scalar phase gates diagonal in the momentum basis and qubit
gates selected by the rotor momentum. The phase in the first family must admit a quadratic representative on
Zr. In the second, apart from a scalar rotor phase, the qubit blocks can vary only through momentum-parity
powers of a fixed Pauli operator.

3.2.1 Momentum-diagonal phase gates

Let u : Zr → U(1) and define
Gu|ℓ⟩ = u(ℓ)|ℓ⟩. (3.2)

Proposition 3.1 (Clifford criterion for momentum-diagonal phase gates). The gate Gu belongs to Cl0,r if
and only if there are γ ∈ T, λ ∈ Tr, and R = RT ∈ Matr(T) such that

u(ℓ) = eiγ+iλTℓ+ifR(ℓ)for every ℓ ∈ Zr, (3.3)

where fR is defined in Eq. (2.30).

Proof sketch. Conjugating XR(ej) shows that, if Gu is Clifford, the factor u(ℓ+ej)u(ℓ)−1 must be a character
of Zr, up to a scalar. Compatibility of these finite differences gives a symmetric matrix R. Appendix B.1 solves
the resulting difference equations on Zr and obtains Eq. (3.3). Conversely, this form gives Gu = eiγZR(λ)QR,
which is a pure-rotor Clifford gate.

The degree of a polynomial expression for the phase does not by itself determine whether the gate is
Clifford, since different polynomials may agree on the integer momentum spectrum. For one rotor,

eiπℓ̂
3

= eiπℓ̂ = ZR(π), (3.4)

because ℓ3 − ℓ is even for every ℓ ∈ Z.

3.2.2 Momentum-dependent qubit gates

For one rotor, let {Vℓ}ℓ∈Z be a sequence of n-qubit unitaries and consider the gate

V =
∑
ℓ∈Z

Vℓ ⊗ |ℓ⟩⟨ℓ|. (3.5)

The qubit operation in each block depends on the rotor momentum ℓ.

Proposition 3.2 (Clifford criterion for momentum-dependent qubit gates). The gate V belongs to Cln,1 if
and only if there exist V0 ∈ Cln,0, c ∈ F2n

2 , α, λ ∈ T such that

Vℓ = ei[λℓ+αℓ(ℓ+1)/2]P ℓ
c V0 for all ℓ ∈ Z. (3.6)
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Proof sketch. Conjugating I ⊗XR(1) shows that Cliffordness forces Vℓ+1V
†
ℓ = ei(ρ+αℓ)Pc for a fixed Pauli

operator Pc. Appendix B.2 solves this recurrence for every ℓ ∈ Z and gives Eq. (3.6) with a fixed unitary V0.
Conjugating the qubit Weyl operators shows that V0 ∈ Cln,0. Conversely, writing V = (I ⊗Gu)Γc,1(V0 ⊗ I),
with u(ℓ) = ei[λℓ+αℓ(ℓ+1)/2], proves that V is Clifford.

A simple specialization is the conditional phase gate

Cc,j(φ) = exp

ï
iφ
I − Pc

2
⊗ ℓ̂j
ò
. (3.7)

Corollary 3.3 (Clifford criterion for the conditional-phase gate). For n, r ≥ 1, c ∈ F2n
2 \ {0}, 1 ≤ j ≤ r, and

φ ∈ T,
Cc,j(φ) ∈ Cln,r ⇐⇒ φ ≡ 0 or π (mod 2π). (3.8)

The case φ ≡ 0 gives the identity, while Cc,j(π) = Γc,j .

Proof. The relative unitary between adjacent momentum blocks is exp
[
iφ I−Pc

2

]
. Its eigenvalues are 1 and eiφ.

For this operator to be proportional to a Pauli operator, these eigenvalues must be either equal or opposite.
Hence eiφ = 1 or eiφ = −1, which gives φ ≡ 0 or π (mod 2π). For φ = π, the relative unitary is Pc, and the
gate is Γc,j .

A broader family is given by momentum-selective qubit rotations (MQRs). For one qubit, let X and Y
denote the Pauli matrices and define

MQR =
∑
ℓ∈Z

Rϕℓ
(θℓ)⊗ |ℓ⟩⟨ℓ|, (3.9)

Rϕ(θ) = exp

ï
− iθ

2
(cosϕX + sinϕY )

ò
, (3.10)

where ϕℓ ∈ T and θℓ ∈ R. By Proposition 3.2, such a gate is Clifford if and only if its blocks have the form

Rϕℓ
(θℓ) = ei[λℓ+αℓ(ℓ+1)/2]P ℓ

c V0 for all ℓ ∈ Z, (3.11)

for some fixed V0 ∈ Cl1,0, fixed Pauli operator Pc, and α, λ ∈ T. Thus, apart from a scalar phase depending
quadratically on ℓ, the qubit operation alternates with momentum parity between V0 and PcV0. An MQR
outside this form is non-Clifford. A simple Clifford example is R0(πℓ) = (−iX)ℓ = e−iπℓ/2Xℓ. This is of the
form in Eq. (3.11), with a linear scalar phase and momentum-parity-dependent powers of X.

3.3 Angle-dependent phase gates
Angle-dependent phase gates include pure-rotor multiplication operators and phases coupled to a qubit Pauli
operator.

3.3.1 Pure-rotor phase gates

Let g : Tr → U(1) be continuous, and define the multiplication operator

[Mgψ](θ) = g(θ)ψ(θ). (3.12)

The gate Mg commutes with every XR(m). Its conjugation of an angle translation is

MgZR(ϕ)M
†
g =M

g(θ)g(θ+ϕ)
ZR(ϕ). (3.13)

If Mg is Clifford, this factor must be proportional to a torus character for every ϕ ∈ Tr.

Proposition 3.4 (Clifford criterion for pure-rotor phase gates). The gate Mg belongs to Cl0,r if and only if
there exist γ ∈ T and s ∈ Zr such that

g(θ) = eiγ+isTθ for all θ ∈ Tr. (3.14)

Up to a global phase, Mg is the rotor Weyl operator XR(s).
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Proof. Suppose that Mg is Clifford. For each ϕ ∈ Tr, Eq. (3.13) implies

g(θ)g(θ + ϕ) = cϕe
isTϕθ (3.15)

for some cϕ ∈ U(1) and sϕ ∈ Zr.
Translation preserves the winding number of g in every angle variable; complex conjugation reverses it.

Hence the left-hand side of Eq. (3.15) has zero winding number in every angle variable. The winding numbers
of the character on the right-hand side are the components of sϕ, so sϕ = 0.

It follows that g(θ + ϕ) = χ(ϕ)g(θ) for some continuous function χ : Tr → U(1). Applying two successive
translations gives χ(ϕ+ ϕ′) = χ(ϕ)χ(ϕ′), so χ is a continuous character of Tr. Therefore χ(ϕ) = eis

Tϕ for
some s ∈ Zr. Taking θ = 0 gives g(θ) = eiγ+isTθ for some γ ∈ T.

Conversely, a function of this form gives Mg = eiγXR(s), which is a rotor Weyl operator and hence a
Clifford gate.

Let f ∈ C(Tr,R), and let Mf be the multiplication operator [Mfψ](θ) = f(θ)ψ(θ). Define

Vf (t) = e−itMf , t ∈ R. (3.16)

Corollary 3.5 (Clifford criterion for real angle potentials). The gate Vf (t) belongs to Cl0,r if and only if
t = 0 or f is constant.

Proof. The case t = 0 gives the identity. Suppose that t ≠ 0 and that Vf (t) is Clifford. By Proposition 3.4,
there exist γ ∈ T and s ∈ Zr such that

e−itf(θ) = eiγ+isTθ. (3.17)

Because f is a continuous real-valued function on Tr, the left-hand side has zero winding number in every
angle variable. The winding numbers of the right-hand side are the components of s. Therefore s = 0, and
e−itf(θ) is constant.

It follows that t
[
f(θ) − f(0)

]
∈ 2πZ for all θ ∈ Tr. The left-hand side is continuous in θ, while 2πZ is

discrete. Since Tr is connected, it must vanish identically. Hence f is constant. The converse is immediate,
since a constant f gives only a global phase.

For one rotor, the cosine-potential gate is

K(t) = e−itMcos , [Mcosψ](θ) = cos θ ψ(θ). (3.18)

Since cos θ is nonconstant, Corollary 3.5 shows that K(t) is non-Clifford for every t ̸= 0.

3.3.2 Pauli-string–rotor phase gates

For n, r ≥ 1 and c ∈ F2n
2 \ {0}, let Pc be the corresponding Hermitian Pauli string. Given f ∈ C(Tr,R) and

τ ∈ R, define the Pauli-string–rotor phase gate (PSR gate)

PSRc,f (τ) = exp[−iτPc ⊗Mf ] . (3.19)

The gate restricts to Vf (τ) and Vf (−τ) on the +1 and −1 eigenspaces of Pc, respectively. All nonidentity
Pauli operators are Clifford-conjugate up to sign, so it suffices to analyze one representative.

When f(θ) = f0 is constant, the rotor dependence drops out and the gate reduces to the Pauli rotation
e−iτf0Pc .

Proposition 3.6 (Clifford criterion for PSR gates). For τ = 0, the gate PSRc,f (τ) is the identity. Suppose
that τ ̸= 0. Then PSRc,f (τ) is Clifford if and only if f is constant, say f(θ) = f0, and τf0 ∈ π

4Z.

Proof. The case τ = 0 is immediate. Assume that τ ̸= 0. Since Pc is nonidentity, choose a Hermitian Pauli
string Pd that anticommutes with Pc. By P 2

c = I, PcPd = −PdPc, we obtain

PSRc,f (τ)(Pd ⊗ IR)PSRc,f (τ)
† = Pd ⊗Mcos(2τf) − iPcPd ⊗Msin(2τf), (3.20)
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where Mcos(2τf) and Msin(2τf) denote multiplication by cos(2τf(θ)) and sin(2τf(θ)), respectively.
Suppose first that PSRc,f (τ) is Clifford. Then the operator in Eq. (3.20) must be proportional to a

single hybrid Weyl operator. The Pauli strings Pd and −iPcPd are linearly independent, but a hybrid Weyl
operator contains only one qubit Pauli component. Therefore one of the two coefficient functions must vanish
identically:

sin
(
2τf(θ)

)
= 0 for all θ ∈ Tr, (3.21)

or
cos
(
2τf(θ)

)
= 0 for all θ ∈ Tr. (3.22)

In the first case, 2τf(θ) ∈ πZ for all θ, while in the second case, 2τf(θ) ∈ π
2 + πZ for all θ.

In either case, the continuous function f takes values in a discrete subset of R. Since Tr is connected, f
must be constant. Write f(θ) = f0, a = τf0.

The PSR gate then reduces to
PSRc,f (τ) = e−iaPc ⊗ IR. (3.23)

For a Pauli string Pd anticommuting with Pc,

e−iaPcPde
iaPc = cos(2a)Pd − i sin(2a)PcPd. (3.24)

For this operator to be proportional to a single Pauli string, one of the two coefficients must vanish. Hence
sin(2a) = 0 or cos(2a) = 0. Thus the gate can be Clifford only if τf0 ∈ π

4Z.
Conversely, suppose that f(θ) = f0 and τf0 ∈ (π/4)Z. Any qubit Pauli string commuting with Pc is

unchanged under conjugation by e−iτf0Pc . If a qubit Pauli string instead anticommutes with Pc, Eq. (3.24)
shows that it is mapped, up to a scalar phase, to either itself or PcPd. Thus e−iτf0Pc normalizes the qubit
Pauli group. Since the gate acts trivially on the rotor subsystem, PSRc,f (τ) = e−iτf0Pc ⊗ IR ∈ Cln,r .

For 1 ≤ j ≤ n and 1 ≤ k ≤ r, choose Pc = Zj and f(θ) = cos θk. Then e−iτZj⊗cos θ̂k is non-Clifford
for every τ ≠ 0. On the Zj = +1 and Zj = −1 eigenspaces, its rotor factors are e−iτ cos θ̂k and eiτ cos θ̂k ,
respectively.

3.4 Qubit-controlled rotor displacements
The mixed Clifford gate Γc,j uses rotor momentum parity to control a qubit Pauli operation. We now consider
the opposite direction of control, in which the qubit controls a rotor displacement. The classification in
Sec. 2 already indicates an obstruction: every homomorphism F2n

2 −→ Zr is trivial. A Clifford transformation
therefore cannot contain a nonzero qubit-controlled rotor-momentum shift.

For one qubit and one rotor, define the conditional displacement

CD(m,λ) = |0⟩⟨0| ⊗DR(m,λ) + |1⟩⟨1| ⊗DR(−m,−λ), m ∈ Z, λ ∈ T. (3.25)

Proposition 3.7 (Clifford criterion for conditional rotor displacements). The gate CD(m,λ) is Clifford if
and only if m = 0 and λ ∈ π

2Z ⊂ T.

Proof. Conjugating the rotor phase operator gives

CD(m,λ)(IQ ⊗ ZR(ϕ))CD(m,λ)† = e−imϕZ ⊗ ZR(ϕ). (3.26)

If m ≠ 0, one can choose ϕ such that e−imϕZ is not proportional to a Pauli operator. The conjugated operator
is then not proportional to a hybrid Weyl operator. Hence m = 0 is necessary.

Let cZ denote the Pauli label for which PcZ = Z. When m = 0,

CD(0, λ) = [IQ ⊗ ZR(λ)]CcZ ,1(−2λ). (3.27)

The first factor is a rotor Weyl operator. By Corollary 3.3, the second factor is Clifford if and only if −2λ ≡ 0
or π (mod 2π). Thus λ ∈ π

2Z ⊂ T, which gives the stated condition.
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The following qubit-controlled rotor shift acts nontrivially only on the |1⟩ component:

CShiftq→R(m) = |0⟩⟨0|q ⊗ IR + |1⟩⟨1|q ⊗XR(m), m ∈ Z. (3.28)

Corollary 3.8 (Clifford criterion for qubit-controlled rotor shifts). The gate CShiftq→R(m) is Clifford if and
only if m = 0.

Proof. Conjugating the rotor phase operator gives

CShiftq→R(m)(IQ ⊗ ZR(ϕ))CShiftq→R(m)† =
(
|0⟩⟨0|+ e−imϕ|1⟩⟨1|

)
⊗ ZR(ϕ). (3.29)

If m ≠ 0, choose ϕ such that e−imϕ ̸= ±1. The qubit factor is then not proportional to a Pauli operator, so
the conjugated operator is not proportional to a hybrid Weyl operator. Hence the gate is non-Clifford. For
m = 0, it is the identity.

3.5 Summary of Clifford conditions
Table 1 summarizes the Clifford conditions for the parameterized gate families studied above. The standard
Clifford gates recalled in Sec. 3.1 are omitted.

Gate family Clifford condition

Gu u(ℓ) = eiγ+iλTℓ+ifR(ℓ) for some γ ∈ T, λ ∈ Tr, and R = RT ∈ Matr(T).
V (r = 1) Vℓ = ei[λℓ+αℓ(ℓ+1)/2]P ℓ

c V0 for some V0 ∈ Cln,0, c ∈ F2n
2 , and α, λ ∈ T.

Cc,j(φ) φ ≡ 0 or π (mod 2π).
Vf (t) t = 0 or f is constant.
PSRc,f (τ) τ = 0, or f(θ) = f0 and τf0 ∈ π

4
Z.

CD(m,λ) m = 0 and λ ∈ π
2
Z ⊂ T.

CShiftq→R(m) m = 0.

Table 1: Summary of the Clifford conditions for the parameterized gate families considered in this section.

4 Universal control from Clifford and non-Clifford gates
Sec. 3 shows that the cosine potential and the conditional phase at angle π/4 are non-Clifford. Together with
Clifford operations acting separately on the two registers, these two controls give universal control in the
strong operator topology.

Define the group of Clifford operations acting separately on the two registers by

Cllocn,r := {UQ ⊗ UR : UQ ∈ Cln,0, UR ∈ Cl0,r} . (4.1)

For n, r ≥ 1, let c1 be the Pauli label satisfying Pc1 = Z1, and let K1(t) denote the cosine-potential gate
in Eq. (3.18) acting on the first rotor. Let

Gn,r :=
¨
Cllocn,r,K1(t) : t ∈ R, Cc1,1(π/4)

∂
. (4.2)

By Corollary 3.3, Cc1,1(π/4) is non-Clifford. Since cos θ is nonconstant, Corollary 3.5 shows that K1(t) is
non-Clifford for every t ̸= 0.

The fixed conditional-phase gate satisfies[
Cc1,1(π/4)

]4
= Cc1,1(π) = Γc1,1. (4.3)

Since Cllocn,r contains the hybrid Weyl operators, Corollary 2.6 implies that Cllocn,r together with Cc1,1(π)
generates the full hybrid Clifford group. Lemma 4.4 further shows that Cc1,1(π/4) yields a qubit T gate.
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4.1 Strong operator topology and finite momentum windows
Throughout this section, G

s
denotes the closure of G in U(H) with respect to the strong operator topology.

Definition 4.1 (Universal control in the strong operator topology). A subgroup G ⊆ U(H) provides universal
control in the strong operator topology if G

s
= U(H). Thus, for every target unitary V ∈ U(H), every finite

set of vectors ψ1, . . . , ψs ∈ H, and every ϵ > 0, there exists U ∈ G such that

∥(U − V )ψj∥ < ϵ, j = 1, . . . , s. (4.4)

Lemma 4.2 reduces strong density on the full Hilbert space to approximate control on each finite momentum
window.

Lemma 4.2 (Finite-window criterion for strong density). Let H be separable, and let {PL} be an increasing
sequence of finite-rank orthogonal projections satisfying PL −→ I strongly. Set HL = PLH. Suppose that for
every L, every VL ∈ U(HL), and every η > 0, there exists W ∈ G s

such that W preserves HL and

∥W |HL
− VL∥ < η. (4.5)

Then G is strongly dense in U(H).

Appendix C proves Lemma 4.2 by interpolating a target unitary on a sufficiently large finite momentum
window and controlling the projected tails. Fig. 2 summarizes the proof strategy.

Cllocn,r, K1(t), Cπ/4

generating set Gn,r

rotor-local control
Hb = ℓ̂ 2 + ξℓ̂, ξ ∈ R \ Z

Mcos = cos θ̂, K(t) = e−itMcos

Mcos couples adjacent momentum states

|ℓ− 1⟩ |ℓ⟩ |ℓ+ 1⟩
nonresonant connected chain

GR
s
= U

(
L2(T)

)

qubit-local control
the commutator of Cπ/4 and XR(1)

yields T † ⊗ IR

single-qubit Clifford gates and T

are norm dense in U(C2)

⟨Cl1,0, T ⟩
∥·∥

= U(C2)

mixed Clifford gate Cπ

Cπ = (Cπ/4)
4

entangling on every
finite window

G1,1
s
= U

(
C2 ⊗ L2(T)

)
universal control of one qubit and one rotor

Gn,r
s
= U(Hn,r), n, r ≥ 1

universal control of n-qubit, r-rotor registers

permutations distribute local control
CPHS couples distinct rotor modes

finite-window norm density
=⇒ full-space strong density

Figure 2: Proof structure for universal control. A biased rotor drift and cosine control yield universal control
of a single rotor, while a commutator of Cπ/4 with XR(1) produces T † ⊗ IR and hence single-qubit control.
Combining these local controls with the hybrid entangler Cπ = (Cπ/4)

4 gives universal control of one qubit
and one rotor. Permutations and CPHS couplings extend the construction to general hybrid registers, while
finite-window norm density implies full-space strong density.
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4.2 Single-rotor universal control
Let K(t) be the cosine-potential gate defined in Eq. (3.18), and set

Hb = ℓ̂2 + ξℓ̂, ξ ∈ R \ Z. (4.6)

The drift evolution is a pure-rotor Clifford gate because

e−isHb = QUAD(−2s)ZR((1− ξ)s). (4.7)

In the momentum basis, Hb|ℓ⟩ = εℓ|ℓ⟩, εℓ = ℓ2 + ξℓ, and the nearest-neighbor transition gaps are

εℓ+1 − εℓ = 2ℓ+ 1 + ξ. (4.8)

Moreover, ⟨k| cos θ̂|ℓ⟩ = 1
2 (δk,ℓ+1 + δk,ℓ−1) , so the control couples only neighboring momentum levels. Since

ξ /∈ Z, the spectrum is nondegenerate and the corresponding transition frequencies |εℓ+1 − εℓ| are pairwise
distinct. The nearest-neighbor transitions connect the full momentum lattice and therefore form a nonresonant
connectedness chain. Theorem 2.11 of Ref. [28] consequently applies. A related earlier result on approximate
state controllability under a stronger spectral assumption is given in Ref. [27].

Theorem 4.3 (Single-rotor universal control). The group GR :=
〈
e−isHb ,K(t) : s, t ∈ R

〉
is strongly dense

in U(L2(T)).

Proof. Appendix C verifies the hypotheses of Theorem 2.11 in Ref. [28]. For a constant control amplitude u
applied for time τ , the Lie–Trotter formula gives

e−iτ(Hb+u cos θ̂) = s-limN→∞

[
e−iτHb/NK

(τu
N

)]N
. (4.9)

Hence every evolution generated by a piecewise-constant control belongs to GR
s
. The cited theorem states

that these evolutions can approximate any target unitary simultaneously on any finite set of states. By
Definition 4.1, this is precisely the strong density of GR in U(L2(T)).

4.3 One qubit and one rotor
In this subsection, write Cφ := Cc1,1(φ).

Lemma 4.4 (A qubit T gate from the conditional phase). The conditional-phase gate and the unit rotor
momentum shift satisfy

(IQ ⊗XR(1))Cφ(IQ ⊗XR(1)
†)C†φ = e−iφ|1⟩⟨1| ⊗ IR. (4.10)

For φ = π/4, the right-hand side is T † ⊗ IR, where T = diag(1, eiπ/4).

Proof. Since XR(1)ℓ̂XR(1)
† = ℓ̂ − IR, conjugation by the momentum shift gives (IQ ⊗ XR(1))Cφ(IQ ⊗

XR(1)
†) =

(
e−iφ|1⟩⟨1| ⊗ IR

)
Cφ. Multiplication by C†φ proves Eq. (4.10).

The single-qubit Clifford group together with T is dense, up to a global phase, in the single-qubit unitary
group [40, 41]. Since scalar phases are contained in Cl1,0, the gates available here generate a norm-dense
subgroup of U(C2).

Theorem 4.5 (One-qubit–one-rotor universal control). The group G1,1 defined in Eq. (4.2) is strongly dense
in U

(
C2 ⊗ L2(T)

)
.

Proof. The group G1,1 contains the single-rotor gates used in Theorem 4.3. Hence its strong closure contains
IQ ⊗ UR for every UR ∈ U(L2(T)). By Lemma 4.4 and the single-qubit Clifford gates, the same closure
contains UQ ⊗ IR for every UQ ∈ U(C2).

For L ≥ 1, let
WL = span {|ℓ⟩ : −L ≤ ℓ ≤ L} . (4.11)
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Every unitary on WL, extended by the identity on its orthogonal complement, is a rotor-local unitary and
therefore belongs to G1,1

s
. Such an extension preserves WL.

Moreover,
Cπ =

[
Cπ/4

]4
= |0⟩⟨0| ⊗ IR + |1⟩⟨1| ⊗ (−1)ℓ̂ (4.12)

also preserves every momentum window. It is entangling on C2 ⊗WL. Indeed, choose an even momentum
state |e⟩ and an odd momentum state |o⟩ in the window. Then

Cπ

ï
|+⟩ ⊗ |e⟩+ |o⟩√

2

ò
=

1

2
[|0⟩(|e⟩+ |o⟩) + |1⟩(|e⟩ − |o⟩)] , (4.13)

which is an entangled state.
Arbitrary local unitaries together with an entangling bipartite gate generate a norm-dense subgroup of

U
(
C2 ⊗WL

)
[42, Corollary 2]. Thus every unitary on C2 ⊗WL can be approximated by elements of G1,1

s

that preserve this finite window.
The projections onto C2 ⊗WL increase strongly to the identity. Therefore Lemma 4.2 implies that G1,1 is

strongly dense in U(C2 ⊗ L2(T)).

4.4 General hybrid universal control
Theorem 4.6 (General hybrid universal control). For every n, r ≥ 1, Gn,r

s
= U(Hn,r), where Gn,r is defined

in Eq. (4.2).

Proof. We first obtain arbitrary rotor operations on finite momentum windows. Rotor permutations conjugate
K1(t) to the corresponding cosine-potential gate Kj(t) on any rotor mode j. By Theorem 4.3, the strong
closure therefore contains every single-rotor unitary acting on any chosen mode.

For L ≥ 1, define the r-rotor momentum window

WL,r = span {|ℓ1, . . . , ℓr⟩ : −L ≤ ℓj ≤ L for all j} . (4.14)

Every single-mode unitary on span{|ℓj⟩ : −L ≤ ℓj ≤ L} can be extended by the identity outside that window.
Hence the restriction of Gn,r

s
to WL,r contains arbitrary unitaries on each individual rotor mode.

The pure-rotor Clifford group contains the gates CPHSij(α). For α ̸≡ 0 (mod 2π), such a gate is
entangling on the finite window. Indeed, on the subspace spanned by |0⟩ and |1⟩ of each of the two modes, it

maps |0⟩+|1⟩√
2
⊗ |0⟩+|1⟩√

2
to a state whose coefficient matrix is

Å
1 1
1 eiα

ã
. Its determinant is eiα − 1 ̸= 0, so the

resulting state is entangled. Choose CPHS couplings between neighboring rotor modes. These couplings form
a connected interaction graph. Applying the bipartite universality criterion of Ref. [42, Corollary 2] iteratively
along a spanning tree of this graph, together with arbitrary single-mode unitaries, gives a norm-dense subgroup
of U(WL,r). All these gates preserve the finite momentum window.

We next consider the qubit register. By Lemma 4.4, the available gates produce a T gate on the first
qubit. Qubit Clifford operations include qubit permutations, so a T gate is available on every qubit. The
n-qubit Clifford group together with these T gates generates a norm-dense subgroup of U

(
(C2)⊗n

)
.

It remains to couple the two registers. Since Cc1,1(π) =
[
Cc1,1(π/4)

]4
, the group Gn,r contains the mixed

Clifford gate Cc1,1(π). This gate preserves every finite momentum window and is entangling across the
partition (C2)⊗n ⊗WL,r.

For example, fix all qubits except the first and all rotors except the first, and choose one even and one odd
momentum state of the first rotor. The restriction then contains the entangling action exhibited in Eq. (4.13).

We have therefore obtained arbitrary unitaries on the qubit register, arbitrary unitaries on the finite
rotor window, and an entangling gate between the two registers. The finite-dimensional bipartite universality
criterion consequently gives a norm-dense subgroup of U

(
(C2)⊗n ⊗WL,r

)
for every L. These operations

preserve the finite-dimensional subspace (C2)⊗n ⊗WL,r.
The projections onto (C2)⊗n ⊗ WL,r increase strongly to the identity. Lemma 4.2 therefore implies

Gn,r
s
= U(Hn,r).

Remark 4.7 (Boundary cases). If r = 0 and n ≥ 1, the n-qubit Clifford group together with a single-qubit T
gate generates a norm-dense subgroup of U((C2)⊗n). If n = 0 and r ≥ 1, the argument above restricted to
the rotor register gives ⟨Cl0,r,K1(t) : t ∈ R⟩

s
= U(L2(Tr)). The case n = r = 0 is one-dimensional.
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Logical operations in the applications. Secs. 5–7 also use CShift and OU as logical operations.
Theorem 4.6 places these operations in the strong closure of Gn,r.

5 Gate realization of a compact U(1) gauge–matter model
In compact U(1) gauge–matter theory, each oriented link carries a compact gauge angle and an integer-valued
electric flux, and each matter site carries a binary occupation. Links are therefore represented by rotors and
matter sites by qubits. For a lattice with Ns matter sites and Nℓ oriented links, the corresponding hybrid
register is

HGM =
(
C2
)⊗Ns ⊗ L2(T)⊗Nℓ . (5.1)

Gauss’s law couples the two registers at the level of the physical state space. The four Hamiltonian terms fall
into the gate families introduced in Sec. 3: the electric term is generated by rotor momentum quadratics, the
magnetic term by a periodic angle potential, and the mass term by qubit-local operations. The gauge-covariant
hopping term changes matter occupation together with an integer shift of the link flux, placing it in the
qubit-to-rotor control direction studied in Sec. 3.4.

We use the standard Hamiltonian formulation of compact U(1) lattice gauge theory introduced by Kogut
and Susskind [11]. Its separation into matter degrees of freedom and integer-flux gauge links is also the
starting point of recent hybrid quantum simulation proposals, including oscillator–qubit, qubit–qumode, and
superconducting phase–charge implementations [7, 12, 13]. Broader reviews of quantum simulation methods
for lattice gauge theories can be found in Refs. [43, 44].

5.1 Rotor links, matter qubits, and Gauss’s law
Let e = (a, b) denote a link oriented from site a to site b. Its gauge field is a rotor with

Ue = eiθ̂e = XR(1), Ee = ℓ̂e, [Ee, Ue′ ] = δee′Ue′ . (5.2)

Thus Ue|ℓe⟩ = |ℓe+1⟩. For the oriented plaquettes, let B = (Bpe) be the boundary matrix, with Bpe ∈ {0,±1},
and set

Up =
∏
e

UBpe
e = eiΦp , Φp =

∑
e

Bpeθ̂e. (5.3)

One qubit at site n stores the occupation

n̂n =
I + Zn

2
. (5.4)

With this Pauli convention, |0⟩ is occupied and |1⟩ is empty. On a two-dimensional square lattice, let
ηn = (−1)nx+ny , bn = 1−ηn

2 and
ρn = n̂n − bn + qextn , qextn ∈ Z. (5.5)

Here qextn is a fixed external charge.
Let D ∈ ZNs×Nℓ be the oriented site–link incidence matrix, with

Dne =


+1, if site n is the tail of e,
−1, if site n is the head of e,
0, otherwise.

(5.6)

The Gauss-law generators are

Gn =
∑
e

DneEe − ρn, Hphys =
⋂
n

kerGn. (5.7)

Because each oriented link has one tail and one head, 1TD = 0. Every physical state therefore satisfies
the global Gauss constraint ∑

n

(
n̂n − bn + qextn

)
|ψ⟩ = 0, |ψ⟩ ∈ Hphys. (5.8)
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The Gauss-law constraint couples the flux divergence on the rotor links incident on site n to the matter-
qubit charge ρn. The physical subspace consists of matter occupations and link-flux configurations satisfying
Gn = 0 at every site.

Let g > 0 denote the gauge coupling, alat > 0 the lattice spacing, m0 ∈ R the staggered mass parameter,
and κ ∈ R the hopping amplitude. The gauge–matter Hamiltonian is

H = HE +HB +HM +HK , (5.9)

where
HE=

g2

2

∑
eE

2
e , HB=

1
g2a2

lat

∑
p(1− cosΦp), (5.10)

HM= m0

∑
n ηnn̂n, HK=

∑
e=(a,b)HK,ab. (5.11)

Let Ψn and Ψ†n denote the fermionic annihilation and creation operators at site n. For a link e = (a, b)
oriented from site a to site b, let ζab = eiδab denote the fixed hopping phase. The gauge-covariant hopping
term is

HK,ab =
κ

2

Ä
ζabΨ

†
aUabΨb + ζ∗abΨ

†
bU
†
abΨa

ä
. (5.12)

The direction-dependent phases in a Kogut–Susskind discretization are particular choices of ζab [45, 46].
Choose a snake ordering s(n) of the matter sites. The Jordan–Wigner transformation [47] introduces

ΠJW
m = (−1)n̂m = −Zm, Sab =

∏
m: min(s(a),s(b))<s(m)<max(s(a),s(b))

ΠJW
m , (5.13)

and gives
HK,ab =

κ

2

Ä
ζabσ

+
a SabUabσ

−
b + ζ∗abσ

+
b SabU

†
abσ
−
a

ä
. (5.14)

For adjacent sites in the chosen ordering, Sab = I, so Eq. (5.14) reduces to a two-qubit exchange coupled to
the link momentum shift Uab. Expanding the ladder operators gives the form used below:

HK,ab =
κ

4

[
cos(θ̂ab + δab)(XaSabXb + YaSabYb) + sin(θ̂ab + δab)(XaSabYb − YaSabXb)

]
. (5.15)

Appendix D.1 verifies that each of HE , HB , HM , and HK commutes with every Gn and derives the Pauli
decomposition in Eq. (5.15). For each hopping term, the changes in matter charge and electric flux cancel in
the Gauss-law generators at both endpoints.

5.2 Gate realization of the Hamiltonian
Electric term. The electric evolution on one link is a pure-rotor Clifford gate:

e−i∆t g2ℓ̂2e/2 = ZR,e(g
2∆t/2)QUADe(−g2∆t). (5.16)

The Weyl phase ZR,e(g
2∆t/2) compensates for the ℓe(ℓe + 1)/2 convention in the definition of QUAD.

Magnetic term. For a plaquette p, the boundary vector bp = (Bpe)e is a primitive integer vector. Choose
Ap ∈ GL(Nℓ,Z) such that Apbp = e1. Here K1(t) denotes the cosine-potential gate in Eq. (3.18) acting on
the first rotor mode. The plaquette evolution is

e−i∆t(1−cosΦp)/(g
2a2

lat) = e−i∆t/(g2a2
lat)U†Ap

K1

Å
− ∆t

g2a2lat

ã
UAp

. (5.17)

Indeed, U†Ap
XR(e1)UAp

= XR(bp), so conjugation maps the cosine acting on the first rotor mode to cosΦp.
This realizes the plaquette evolution using a rotor automorphism and the cosine-potential gate. The plaquette
boundary vector satisfies Dbp = 0, the lattice identity that the boundary of a boundary vanishes, so the
evolution preserves every Gauss-law constraint.
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Mass term. Using n̂n = (I + Zn)/2, the mass evolution is

e−i∆tHM = exp

(
− i∆tm0

2

∑
n

ηn

)∏
n

e−i∆tm0ηnZn/2. (5.18)

Apart from the displayed global phase, this term requires only qubit-local rotations.

Hopping term: controlled-shift realization. On the full rotor Hilbert space, define

H
(q)
ab (δab) =

κ

2

(
eiδabσ+

a Sabσ
−
b + e−iδabσ+

b Sabσ
−
a

)
. (5.19)

Consider either of the following controlled shifts:

V
(a)
ab = CShifta→e(−1), V

(b)
ab = CShiftb→e(1). (5.20)

Let Vab denote either V (a)
ab or V (b)

ab . Then HK,ab = VabH
(q)
ab (δab)V

†
ab, and therefore

e−iτHK,ab = Vabe
−iτH(q)

ab (δab)V †ab. (5.21)

For δab = 0, define P1 = XaSabXb, P2 = YaSabYb. These Pauli strings commute, and H
(q)
ab (0) =

κ
4 (P1 + P2). Moreover, with Ra(δ) = eiδZa/2, we have H(q)

ab (δ) = Ra(δ)H
(q)
ab (0)Ra(δ)

†. Consequently,

e−iτH
(q)
ab (δab) = Ra(δab)e

−iτκP1/4e−iτκP2/4Ra(δab)
†. (5.22)

Together, Eqs. (5.21) and (5.22) implement the gauge-invariant hopping evolution. Appendix D.2 derives the
controlled-shift conjugation identities and the commuting-Pauli decomposition underlying this realization.

Hopping term: PSR realization. Eq. (5.15) writes HK,ab as a sum of four Pauli-string–rotor angle-
potential terms. The exponential of each term is a PSR gate of the form defined in Eq. (3.19). The sine
potentials can be obtained from the cosine potential by a rotor phase translation.

The controlled-shift realization preserves the Gauss-law subspace. Finite-order product formulas built
from the four PSR factors in Eq. (5.15) do not generally share this invariance [48].

5.3 Finite-flux truncation
Numerical calculations replace each link Hilbert space by

He,L = span{|ℓ⟩ : −L ≤ ℓ ≤ L}, ΠL =

L∑
ℓ=−L

|ℓ⟩⟨ℓ|. (5.23)

The projected shift
Ue,L := ΠLUeΠL

acts as the ordinary link shift on every nonboundary momentum state but annihilates the upper-boundary
state:

Ue,L|ℓ⟩ =
®
|ℓ+ 1⟩, −L ≤ ℓ < L,

0, ℓ = L.

Consequently,
U†e,LUe,L = Ie,L − |L⟩⟨L|, Ue,LU

†
e,L = Ie,L − | − L⟩⟨−L|. (5.24)

Thus Ue,L is a nonunitary hard-wall truncation in which transitions leaving the selected electric-flux window
are omitted.
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The discrepancy from the full rotor shift is supported entirely at the cutoff boundary. For a normalized
state |ψ⟩ ∈ He,L,

∥(Ue − Ue,L)|ψ⟩∥2 = |⟨L|ψ⟩|2,∥∥∥(U†e − U†e,L)|ψ⟩∥∥∥2 = |⟨−L|ψ⟩|2.
(5.25)

Eq. (5.25) identifies the occupations of |L⟩ and | − L⟩ with the squared norm errors of the projected forward
and backward shifts, respectively.

Adding the boundary transition |L⟩ 7→ | − L⟩ restores unitarity. Define‹Ue,L =

L−1∑
ℓ=−L

|ℓ+ 1⟩⟨ℓ|+ | − L⟩⟨L|, d = 2L+ 1. (5.26)

The operator ‹Ue,L cyclically permutes the d = 2L+ 1 momentum states and is therefore unitary. For

Ee,L = ΠLEeΠL,

direct action on the momentum basis gives

[Ee,L,‹Ue,L] = ‹Ue,L − d| − L⟩⟨L|. (5.27)

The operators Ue,L and ‹Ue,L agree on every transition with ℓ < L. Their only difference is the added
wraparound transition |L⟩ 7→ | − L⟩, which produces the rank-one correction in Eq. (5.27).

The projected shift preserves the ordinary integer-flux translation away from the boundary and is
nonunitary; the cyclic completion is unitary. In the full hopping term, a unit change of the endpoint matter
charges is accompanied by a unit change of the link flux. The cyclic wraparound changes the link flux by
−2L while the endpoint matter charges still change by one unit, so it violates the original integer-valued
Gauss’s law at the cutoff boundary.

In the cutoff calculation below, we use the hard-wall projected Hamiltonian: hopping and plaquette
transitions whose final flux lies outside the window are omitted. The resulting Hamiltonian remains Hermitian
and preserves the finite Gauss-law basis. Its agreement with the full rotor model is controlled by the weight
on |Ee| = L, as quantified by Eq. (5.25). Appendix D.3 derives this boundary-supported shift error and
compares the projected shift with its cyclic completion. We monitor this boundary occupation together with
the physical observables in Sec. 5.4.

5.4 Finite-flux benchmarks
Flux-cutoff dependence is computed by diagonalizing the Hamiltonian in the joint kernel of the Gauss-law
generators for an open 2× 1 plaquette strip with six sites, seven links, and two plaquettes. The 2× 1 strip is
the smallest open geometry containing two plaquettes and therefore supports the connected correlator C12.
At L = 6, the corresponding physical basis has dimension 2350.
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Figure 3: Open 2× 1 gauge–matter strip used in the finite-flux benchmarks. Matter qubits occupy the six
sites, U(1) rotors occupy the seven oriented links, and p1 and p2 denote the two plaquettes. Horizontal links
are oriented to the right and vertical links upward, with the site and link ordering used in the calculation
listed in Appendix D.4.

We set qextn = 0, alat = 1, κ = 1, m0 = 1.5, and ζab = 1. The flux cutoffs are L = 1, 2, 3, 4, 6, and the scan
uses 55 logarithmically spaced values of g−2 from 10−2 to 10. Here

∑
n bn = 3, so Eq. (5.8) fixes the total

matter occupation to
∑

n n̂n = 3. Using the finite basis, matrix elements, and sparse diagonalization specified
in Appendix D.4, we evaluate

W =
1

Np

∑
p

⟨cosΦp⟩, ∆ = E1 − E0, ⟨E2⟩link =
1

Nℓ

∑
e

⟨E2
e ⟩. (5.28)
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Figure 4: Ground-state results for the open 2× 1 gauge–matter model. (a) Average plaquette cosine W . (b)
Spectral gap ∆ = E1 − E0. (c) Link-averaged squared electric flux ⟨E2⟩link. The curves correspond to flux
cutoffs L = 1, 2, 3, 4, 6. The vertical dotted line marks g−2 = 1.
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At small g−2, the electric term suppresses nonzero link flux, and W remains close to zero. As g−2
increases, the plaquette term becomes more important and the ground-state flux distribution broadens. The
spectral gap ∆ develops a minimum near g−2 ∼ 2, in the same crossover region where W rises rapidly and
the link-flux distribution broadens. Over the sampled interval g−2 ≤ 1, the maximum absolute L = 4 versus
L = 6 differences in W , ∆, and ⟨E2⟩link are 1.34× 10−8, 4.69× 10−10, and 7.23× 10−9, respectively. The
separation between the L = 4 and L = 6 curves increases toward g−2 = 10 as more weight approaches the
cutoff boundary.

To probe the coupled qubit–rotor dynamics, we evolve the zero-flux strong-coupling state

|Ωsc⟩ = |o = b;E = 0⟩, |ψL(t)⟩ = e−itHL |Ωsc⟩. (5.29)

This state satisfies DE = o− b = 0. We take g−2 = 1, m0 = 1.5, κ = 1, 0 ≤ t ≤ 8, and L = 1, 2, 3, 4.
We monitor

W (t) =
1

Np

∑
p

⟨cosΦp⟩t,

C12(t) = ⟨cosΦ1 cosΦ2⟩t − ⟨cosΦ1⟩t⟨cosΦ2⟩t,

IM (t) = −
∑
n

ηn⟨n̂n⟩t,

p∂L(t) =
1

Nℓ

∑
e

〈
1{|Ee|=L}

〉
t
.

(5.30)

0 1 2 3 4 5 6 7 8
time t

0.0

0.1

0.2

0.3

0.4

0.5

0.6

W
(t

)

(a)

0 1 2 3 4 5 6 7 8
time t

0.15

0.10

0.05

0.00

0.05

0.10

C
12

(t
)

(b)

0 1 2 3 4 5 6 7 8
time t

2.2

2.4

2.6

2.8

3.0

I M
(t

)

(c)

0 1 2 3 4 5 6 7 8
time t

10 14

10 11

10 8

10 5

10 2

p
L
(t

)

(d)

L= 1 L= 2 L= 3 L= 4

Figure 5: Gauge-invariant real-time dynamics of the open 2× 1 gauge–matter model following evolution from
the zero-flux strong-coupling reference state. The parameters are g−2 = 1, m0 = 1.5, and κ = 1. (a) Average
plaquette cosine W (t). (b) Connected two-plaquette correlation C12(t). (c) Staggered matter imbalance
IM (t). (d) Link-averaged cutoff-boundary occupation p∂L(t). The first two panels probe the rotor gauge
observables, panel (c) probes the matter-qubit dynamics, and panel (d) diagnoses the finite-flux truncation.

26



Starting from the zero-flux state, the plaquette expectation W (t) develops an oscillatory response, while
the connected correlation C12(t) becomes nonzero. The evolution therefore generates both local magnetic
coherence and correlations between the two rotor plaquettes. At the same time, the matter imbalance IM (t)
departs from its initial value and undergoes oscillations. Since the electric and magnetic terms act only on the
rotor register and the mass term is diagonal in the occupation basis, this redistribution of matter occupation
is generated by the gauge-covariant hopping term HK .

On the 241 sampled times, the maximum L = 3 versus L = 4 differences in W (t), C12(t), and IM (t) are
9.99× 10−5, 2.28× 10−4, and 3.54× 10−5, respectively. The maximum p∂L(t) decreases from 7.60× 10−5 at
L = 3 to 2.84× 10−7 at L = 4.
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6 Rotor quantum phase estimation and probe-state design
In rotor quantum phase estimation, a single rotor serves as the phase register for an n-qubit target. Let
U ∈ U(Hn,0) have an eigenstate satisfying

U |ψφ⟩ = eiφ|ψφ⟩, |ψφ⟩ ∈ Hn,0. (6.1)

Standard QPE stores the phase in a finite register and applies an inverse quantum Fourier transform before
measurement [41, 49, 50]. With a rotor phase register and direct angle measurement, the inverse transform
can be omitted. The rotor momentum label ℓ ∈ Z indexes the controlled powers U−ℓ, and phase kickback
produces the character e−iℓφ. Under Z←→ T, this character translates the conjugate angle distribution by
φ, so the eigenphase can be read directly from an angle measurement.

Bosonic modes have previously been used as phase registers [51, 52], and the rotor version with momentum-
controlled powers and direct angle readout was proposed in Ref. [15]. Here we take this rotor protocol as the
starting point and allow an arbitrary initial probe state. Its momentum amplitudes determine the shape of
the translated angle distribution, and therefore control both the estimation error and the range of powers
U−ℓ required by the protocol.

This makes probe preparation the main resource question. At fixed momentum support, the optimum is
the cosine-window probe used below [29, 30]. At fixed mean kinetic energy, the optimum is a Mathieu probe
[31]. Sec. 6.2 compares these probes with the uniform finite-momentum state and relates their estimation
error directly to the corresponding rotor resources.

6.1 Phase kickback and direct-angle readout
For a normalized rotor probe

|η⟩R =
∑
ℓ∈Z

aℓ|ℓ⟩R,
∑
ℓ∈Z
|aℓ|2 = 1, (6.2)

define the momentum-controlled power operation

OU :=
∑
ℓ∈Z

U−ℓ ⊗ |ℓ⟩⟨ℓ|. (6.3)

The sign convention is chosen so that, with the angle-state convention of Sec. 2.1, the measured angle
distribution is centered at θ = φ.

Phase kickback gives

OU

(
|ψφ⟩ ⊗ |η⟩R

)
= |ψφ⟩ ⊗ |ηφ⟩R, |ηφ⟩R =

∑
ℓ∈Z

aℓe
−iℓφ|ℓ⟩R. (6.4)

The generalized angle states define the periodic angle measurement

Eθ(dθ) = |θ⟩⟨θ| dθ,
∫ 2π

0

Eθ(dθ) = IR. (6.5)

Its probability density after phase kickback is

pη(θ | φ) =
1

2π

∣∣∣∣∣∑
ℓ∈Z

aℓe
iℓ(θ−φ)

∣∣∣∣∣
2

= pη(θ − φ | 0). (6.6)

Eq. (6.6) shows that phase kickback translates the angle profile without changing its shape. The amplitudes
aℓ determine the localization and tails of the direct-angle distribution, and the largest occupied |ℓ| determines
the required range of controlled powers.

The uniform momentum superposition provides the baseline. Set d = 2s and use the finite rotor momentum
code

M(0)
d = span{|0⟩R, . . . , |d− 1⟩R}. (6.7)
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Finite rotor momentum encodings have also been considered in Ref. [8].
The rotor analogue of the uniform qubit phase-register state is

|+d⟩R =
1√
d

d−1∑
ℓ=0

|ℓ⟩R. (6.8)

Applying Eq. (6.3) gives
OU

(
|ψφ⟩ ⊗ |+d⟩R

)
= |ψφ⟩ ⊗ |χd(φ)⟩R, (6.9)

where

|χd(φ)⟩R =
1√
d

d−1∑
ℓ=0

e−iℓφ|ℓ⟩R. (6.10)

Indeed, the momentum component |ℓ⟩R applies U−ℓ to the target eigenstate and therefore acquires the phase
e−iℓφ.

Using the angle–momentum Fourier relation in Eq. (2.3), the angle-space amplitude after phase kickback
is

⟨θ|χd(φ)⟩R =
1√
2πd

d−1∑
ℓ=0

eiℓ(θ−φ). (6.11)

The corresponding direct-angle probability density is

pd(θ | φ) =
1

2πd

∣∣∣∣∣
d−1∑
ℓ=0

eiℓ(θ−φ)

∣∣∣∣∣
2

=
1

2πd

sin2[d(θ − φ)/2]
sin2[(θ − φ)/2]

. (6.12)

Eq. (6.12) is a shifted periodic Fejér kernel. Its maximum is centered at θ = φ, and its first zeros occur
at circular distance 2π/d. As d → ∞, the probability measures pd(θ | φ)dθ converge weakly to the Dirac
measure at φ. Appendix E.1 gives the calculation.

The eigenphase can therefore be recovered by measuring the rotor angle directly, without applying a
coherent Fourier transform to the phase register. The corresponding rotor protocol is shown in Fig. 6.

|+d⟩R
OU

|ψφ⟩

Figure 6: Rotor quantum phase estimation with direct angle readout. The momentum-controlled power
operation translates the angle distribution of the rotor phase register by the target eigenphase φ, which is
then read out by an angle measurement.

For the uniform probe above, Fourier processing followed by momentum measurement recovers the
standard discrete QPE distribution. Direct angle measurement requires no such coherent Fourier stage.

6.2 Probe optimization under momentum and energy constraints
Two resource constraints determine the probe optimization: finite momentum support and fixed mean rotor
energy.

For the general probe in Eq. (6.2), define its mean resultant length by

R(η) := |⟨η|XR(1)|η⟩| =
∣∣∣∣∣∑
ℓ∈Z

aℓa
∗
ℓ+1

∣∣∣∣∣ , (6.13)

and use the circular variance
V (η) := 1−R(η). (6.14)
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The modulus makes R(η) independent of the angular origin. After centering the probe at θ = 0, V (η) =∫ 2π

0
[1− cos(θ − φ)]pη(θ | φ) dθ. For a narrowly localized distribution,

1− cos(θ − φ) ≃ 1

2
(θ − φ)2, (6.15)

so the angular error scale is
∆ϕ ≃

√
2V . (6.16)

The Holevo variance R(η)−2 − 1 and V (η) = 1−R(η) are both strictly decreasing functions of R(η), so they
select the same optimal probe states.

We also use the dimensionless rotor kinetic energy

ER(η) := ⟨η|ℓ̂2|η⟩ =
∑
ℓ∈Z

ℓ2|aℓ|2. (6.17)

For probes with finite momentum support, the largest occupied |ℓ| determines the required range of controlled
powers; ER measures the rotor kinetic-energy resource.

Uniform momentum superposition. For comparison, consider the centered uniform state

|η(L)
unif⟩R =

1√
2L+ 1

L∑
ℓ=−L

|ℓ⟩R. (6.18)

For Eq. (6.18),

Runif =
2L

2L+ 1
, Vunif =

1

2L+ 1
. (6.19)

The corresponding energy is

Eunif =
1

2L+ 1

L∑
ℓ=−L

ℓ2 =
L(L+ 1)

3
. (6.20)

Since
2L+ 1 =

√
12Eunif + 1, (6.21)

the circular variance obeys

Vunif =
1√

12Eunif + 1
= O(E

−1/2
unif ). (6.22)

The corresponding error scale is therefore ∆unif = O(E
−1/4
unif ).

This scaling reflects the slowly decaying sidelobes of the uniform finite-momentum profile. Its central
lobe still has angular width O(1/L) = O(E

−1/2
unif ). The weaker scaling in Eq. (6.22) arises because the circular

variance is sensitive to probability away from the central peak.

Finite-support optimum. Among all normalized rotor states supported on {−L, . . . , L}, the cosine-
window probe is optimal. This is the standard finite-support sine-state optimizer of Refs. [29, 30], written in
centered momentum coordinates:

|η(L)
cos ⟩R =

1√
L+ 1

L∑
ℓ=−L

cos

Å
πℓ

2(L+ 1)

ã
|ℓ⟩R. (6.23)

With n = ℓ+L, the cosine coefficient becomes sin[π(n+1)/(2L+2)]. Appendix E.2 recovers its finite-support
optimality from the numerical radius of the compressed rotor shift.

In particular,

Rcos = cos

Å
π

2(L+ 1)

ã
. (6.24)
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Its circular variance is therefore

Vcos = 1− cos

Å
π

2(L+ 1)

ã
=

π2

8(L+ 1)2
+O(L−4). (6.25)

The corresponding error scale is
∆cos ∼

π

2(L+ 1)
. (6.26)

The kinetic energy of this state is

Ecos =
2L2 + 4L+ 3

6
− 1

2
csc2
Å

π

2(L+ 1)

ã
, (6.27)

with the large-L behavior

Ecos =

Å
1

3
− 2

π2

ã
(L+ 1)2 +O(L−2). (6.28)

Combining Eqs. (6.25) and (6.28) gives

Vcos ∼
π2 − 6

24Ecos
, ∆cos ∼

 
π2 − 6

12Ecos
. (6.29)

The cosine taper suppresses the angular tails responsible for the larger circular variance of the uniform
probe. It achieves the E−1/2cos error scaling while retaining strictly finite momentum support.

Fixed-energy Mathieu optimum. The cosine-window probe is optimal when the momentum support is
fixed. A second optimization removes the support restriction and fixes the mean rotor energy ER = ⟨ℓ̂2⟩.
Under this constraint, the minimum-circular-variance probe is a Mathieu state [31].

For a prescribed energy ER, consider

V⋆(ER) := min
⟨η|η⟩=1

⟨η|ℓ̂2|η⟩=ER

[1− |⟨η|XR(1)|η⟩|] . (6.30)

After centering the angular distribution at θ = 0, the minimizing state can be chosen even, and minimizing V
reduces to maximizing ⟨cos θ̂⟩ at fixed ⟨ℓ̂2⟩.

Introducing a Lagrange multiplier λ > 0 for the energy constraint leads to Hλ := ℓ̂2 − λ cos θ̂. Its ground
state minimizes the corresponding variational functional and satisfiesÄ

ℓ̂2 − λ cos θ̂
ä
|ηλ⟩ = ελ|ηλ⟩. (6.31)

Choosing λ so that ⟨ηλ|ℓ̂2|ηλ⟩ = ER gives the constrained optimum in Eq. (6.30).
In the angle representation, ℓ̂ = −i d/dθ. With z = θ/2, Eq. (6.31) takes the standard Mathieu form

d2ηλ
dz2

+ (aλ − 2qλ cos 2z) ηλ = 0, aλ = 4ελ, qλ = −2λ.

The normalized even ground-state wavefunction is therefore

ηλ(θ) = ⟨θ|ηλ⟩ = Nλ ce0

Å
θ

2
,−2λ

ã
. (6.32)

For large ER, the optimal circular variance satisfies

V⋆(ER) ∼
1

8ER
, (6.33)

so the corresponding error scale obeys

∆⋆ ∼
1

2
√
ER

. (6.34)

The Mathieu probe therefore achieves the same E−1/2R error scaling as the cosine-window probe, with the
optimal prefactor under the fixed-energy constraint. Appendix E.3 derives Eqs. (6.33) and (6.34) from the
local quadratic approximation to the Mathieu ground state.

The Hamiltonian in Eq. (6.31) contains the same cosine potential used in the universal-control construction
of Sec. 4.
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Asymptotic comparison. Table 2 collects the three direct-angle probe families and their resource
constraints.

Probe Constraint V Error scale ∆ϕ

Uniform momentum |ℓ| ≤ L ∼ 1√
12ER

O(E
−1/4
R )

Cosine-window |ℓ| ≤ L ∼ π2 − 6

24ER
∼
 
π2 − 6

12ER

Mathieu ER fixed ∼ 1

8ER
∼ 1

2
√
ER

Table 2: Asymptotic comparison of direct-angle rotor probes. The cosine-window probe minimizes V at fixed
momentum support. The Mathieu probe minimizes V at fixed mean rotor energy.

Both optimized probes have E−1/2R error scaling under the circular variance V , compared with E−1/4R for
the uniform momentum profile. The Mathieu probe has the smaller leading variance prefactor at fixed energy,
1/8 < (π2 − 6)/24, and the cosine-window probe has strictly finite momentum support.
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7 Quantum Fourier transforms with rotor registers
A finite rotor code can itself serve as a computational register. A d-dimensional logical register can be
represented either by states localized at d angles or by d classes of rotor momentum. We use these two
encodings to construct the same dr-point Fourier transform in two ways.

The first construction maps an angle-code input to a momentum-code output. It follows the standard
base-d Fourier factorization [41, 53], with one local angle-to-momentum transform on each rotor and mixed
angle–momentum phases between different registers. The second construction stays within a finite momentum
code and compiles the same Fourier matrix using the gates introduced earlier. In this construction, each
cross-register base-d phase is implemented by the quadratic rotor Clifford gate CPHSjk(α) = eiαℓ̂j ℓ̂k .

The two constructions therefore differ mainly in the local Fourier step: the first takes the angle-to-
momentum code map as a logical operation, while the second resolves the Fourier transform into momentum-
code gates.

When the input or output is stored in qubits, a qubit–rotor interface can be added before or after the
Fourier circuit. The construction in Sec. 7.1 adapts the displacement-and-reset state-transfer method of
Ref. [17], and related mixed analog–digital Fourier methods are developed in Ref. [32].

7.1 Rotor codes and qubit–rotor interfaces
The constructions use two complementary d-dimensional rotor codes. The angle code represents x ∈
{0, . . . , d−1} by a localized wavepacket centered at an angular grid point, and the momentum code represents
p ∈ {0, . . . , d− 1} by a superposition over one residue class of the integer rotor momentum. The generalized
angle states introduced in Sec. 2.1 are not normalizable and therefore do not themselves define codewords.

For the angle code, set

θx :=
2πx

d
, x = 0, . . . , d− 1. (7.1)

We begin with the von Mises packets

|x;κ⟩ := Nκ

∫ 2π

0

eκ cos(θ−θx)|θ⟩R dθ, Nκ :=
1√

2πI0(2κ)
, (7.2)

where κ > 0 controls the angular localization and Iℓ is the modified Bessel function of the first kind. These
states are translations of a single packet,

|x;κ⟩ = ZR(−θx)|0;κ⟩, (7.3)

and have the momentum expansion

|x;κ⟩ =
∑
ℓ∈Z

c
(κ)
ℓ e−iℓθx |ℓ⟩R, c

(κ)
ℓ :=

Iℓ(κ)√
I0(2κ)

. (7.4)

The von Mises packets are normalized and nonorthogonal. Let

G(κ)
xy := ⟨x;κ|y;κ⟩ =

I0
Ä
2κ cos

θx−θy
2

ä
I0(2κ)

. (7.5)

The Gram matrix G(κ) is circulant and positive definite. We define the orthonormal angle-code states by

|x⟩ :=
d−1∑
y=0

|y;κ⟩
(
G(κ)

)−1/2
yx

, x = 0, . . . , d− 1. (7.6)

They satisfy
⟨x|y⟩ = δxy, |x⟩ = ZR(−θx)|0⟩. (7.7)

We write
Ad := span

{
|x⟩ : 0 ≤ x < d

}
. (7.8)
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The off-diagonal overlaps obey ∥G(κ) − I∥2 ≤ (d− 1)maxx̸=y |G(κ)
xy |.

For the momentum code, choose a normalized sequence f = (fn)n∈Z ∈ ℓ2(Z),∑
n∈Z
|fn|2 = 1, (7.9)

and define
|p⟩ :=

∑
n∈Z

fn |p+ nd⟩R, p = 0, . . . , d− 1. (7.10)

Thus |p⟩ is supported on the momentum values satisfying

ℓ ≡ p (mod d). (7.11)

Different values of p correspond to disjoint residue classes, and hence

⟨p|q⟩ = δpq. (7.12)

The momentum-code space is
Md(f) := span

{
|p⟩ : 0 ≤ p < d

}
. (7.13)

The projector onto the momentum code is

ΠM :=

d−1∑
p=0

|p⟩⟨p|. (7.14)

For the CPHS realization and gate-set compilation below, we choose

fn = δn0, |p⟩ = |p⟩R, p = 0, . . . , d− 1. (7.15)

The corresponding code space is

M(0)
d :=Md(δ0) = span{|0⟩R, . . . , |d− 1⟩R}. (7.16)

Set
ωd := e2πi/d. (7.17)

The angle-to-momentum Fourier operation FA→M
d is defined on the angle code by

FA→M
d |x⟩ = 1√

d

d−1∑
p=0

ωpx
d |p⟩, x = 0, . . . , d− 1. (7.18)

The states on each side form orthonormal bases, so FA→M
d is an active code-space unitary from Ad toMd(f);

the Fourier relation between the angle and momentum wavefunctions of a fixed rotor state is a change of
representation. The code-space map extends to a unitary on L2(T).

The momentum-code Fourier transform is defined by

FM
d |p⟩ =

1√
d

d−1∑
q=0

ωqp
d |q⟩, p = 0, . . . , d− 1. (7.19)

The two operations use the same d× d Fourier matrix. Their domains are

FA→M
d : Ad −→Md(f), FM

d :Md(f) −→Md(f). (7.20)

The first operation is used in the angle–momentum construction. For the specialization f = δ0, the second
operation is compiled from the hybrid gate set in Sec. 7.3.

For r rotors, the input and output code spaces are

A⊗rd and Md(f)
⊗r. (7.21)

If the input amplitudes are initially stored in qubits, they may be transferred coherently to the rotor codes
before the Fourier operation. For the angle code, one may adapt the displacement-and-reset construction
of Ref. [17]: qubit-controlled angular translations write the binary input label into the center of a localized
rotor packet, and rotor-conditioned qubit operations return the source qubits to |0⟩. The periodic rotor angle
removes the padding and anti-padding steps needed to isolate a finite cyclic region of a noncompact oscillator.

The inverse sequence transfers the rotor-code amplitudes back to qubits when a qubit output is required.
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7.2 Angle–momentum construction of the base-d QFT
The angle and momentum codes implement the base-d quantum Fourier transform across r rotor registers.
The construction treats the active code-space unitary FA→M

d and the mixed code-space phase as logical
operations. The explicit gate-set construction in Sec. 7.3 resolves the momentum-code Fourier transform into
the hybrid gates introduced earlier.

To define the mixed phase, introduce the finite-code digit operators

DA :=

d−1∑
x=0

x|x⟩⟨x|, DM :=

d−1∑
p=0

p|p⟩⟨p|. (7.22)

The first operator is defined on the angle code Ad, and the second is defined on the momentum code Md(f).
These are finite-rank spectral operators on their respective code spaces, extended by zero on the orthogonal
complements.

For two distinct rotor registers Rj and Rk, define the mixed angle–momentum phase

Λjk(β) := exp[iβ DM,j ⊗DA,k] . (7.23)

Its action on the relevant code spaces is

Λjk(β)|p⟩Rj
|x⟩Rk

= eiβpx|p⟩Rj
|x⟩Rk

, 0 ≤ p, x < d. (7.24)

For a fixed j, the operations Λjk(β) with k > j commute.
Set N = dr. Write an input integer in base d as

X(x) :=

r∑
k=1

xkd
r−k, x =

(
x1, . . . , xr

)
, 0 ≤ xk < d, (7.25)

with the most significant digit stored in R1. The corresponding angle-code basis state is

|x⟩ :=
r⊗

k=1

|xk⟩Rk
∈ A⊗rd . (7.26)

For the momentum-code output, write

P (p) :=

r∑
j=1

pjd
r−j , p =

(
p1, . . . , pr

)
, 0 ≤ pj < d, (7.27)

and define

|p⟩ :=
r⊗

j=1

|pj⟩Rj
∈Md(f)

⊗r. (7.28)

The angle-to-momentum N -point Fourier transform is defined by

FA→M
N |x⟩ = 1√

dr

d−1∑
p1,...,pr=0

exp

ï
2πi

dr
X(x)P (p)

ò
|p⟩. (7.29)

Its matrix from A⊗rd toMd(f)
⊗r is the standard positive-exponent dr-point discrete Fourier matrix.

The circuit processes the rotor registers in the order

R1, R2, . . . , Rr.

When register Rj is processed, it still contains the angle-code state |xj⟩. We first apply the local transform
FA→M
d,j , whose action is

FA→M
d,j |xj⟩Rj

=
1√
d

d−1∑
pj=0

exp

Å
2πi

d
pjxj

ã
|pj⟩Rj

. (7.30)
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The register Rj is now in the momentum code, and each register Rk with k > j remains in the angle code.
For every k > j, we then apply

Λjk

Å
2π

dk−j+1

ã
. (7.31)

On the basis state |pj⟩Rj |xk⟩Rk
, this operation contributes the phase

exp

Å
2πi

dk−j+1
pjxk

ã
. (7.32)

The total phase associated with pj after processing register Rj is therefore

exp
[
2πipj

(xj
d

+
xj+1

d2
+ · · ·+ xr

dr−j+1

)]
. (7.33)

Define the jth register step by

Vj :=

 r∏
k=j+1

Λjk

Å
2π

dk−j+1

ãFA→M
d,j , 1 ≤ j ≤ r. (7.34)

The product is the identity for j = r. For fixed j, all mixed angle–momentum phase operations in the product
commute.

The complete circuit is
UAM := VrVr−1 · · ·V1, (7.35)

with V1 acting first.
The circuit produces the Fourier output digits in reverse register order. We therefore define the register-

reversal unitary REVr by

REVr (|p1⟩R1
⊗ · · · ⊗ |pr⟩Rr

) := |pr⟩R1
⊗ · · · ⊗ |p1⟩Rr

. (7.36)

This operation only reverses the order of the rotor registers. It may be implemented physically by rotor
SWAP gates or absorbed into the output register convention.

With this output convention, the complete circuit acts on A⊗rd as

UAM = REVrF
A→M
N . (7.37)

Thus the circuit implements the standard positive-exponent dr-point Fourier transform, with the output rotor
registers appearing in reverse order. Appendix F.3 proves this factorization by matching the accumulated
digit phase to the base-d Fourier kernel.

The factorization contains r local angle-to-momentum transforms and
(
r
2

)
mixed code-space phases, up to

output-register relabeling.
We next relate the two logical operations to rotor-space operations. The local transform FA→M

d changes
the momentum envelope and therefore requires controls that modify momentum-amplitude magnitudes.

For the mixed phase Λjk, a periodic multiplication operator provides an approximate realization on
localized angle codes, with the code-space error and leakage bounds of Appendix F.1.

For the specialization fn = δn0, the mixed phase also admits a reduction to CPHS. Define the label-
preserving code isometry Td : Ad →M(0)

d by

Td|x⟩ = |x⟩R, 0 ≤ x < d, (7.38)

and choose a unitary extension to L2(T), also denoted by Td. Let Tk act as Td on register Rk and as the
identity on the other registers. On the tensor product ofM(0)

d in register Rj and Ad in register Rk,

Λjk(β) = T †k CPHSjk(β)Tk. (7.39)

The map Td preserves the logical digit and changes its encoding. The map FA→M
d applies the finite Fourier

matrix. For the momentum-code specialization in Eq. (7.15), Eq. (7.39) gives a CPHS realization of the
mixed logical phase.
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7.3 Gate-set compilation on rotor momentum codes
The angle–momentum construction treats the local angle-to-momentum Fourier operation and the mixed angle–
momentum phase as logical operations. The momentum-code construction uses MQR, CShift, conditional-
phase, CPHS, and Hadamard gates as logical instructions. We use the specializationM(0)

d in Eq. (7.16), with
d = 2s. Throughout this subsection and Appendix G, the momentum code is M(0)

d . When a qubit–rotor
interface is required, the binary label can be loaded by qubit-controlled shifts of distances 1, 2, . . . , 2s−1, after
which momentum-conditioned qubit rotations reset the source register. This gives the code-space action

d−1∑
p=0

cp|p⟩Q|0⟩R 7−→ |0⟩⊗sQ

d−1∑
p=0

cp|p⟩R.

For one s-qubit block, the transfer uses s CShift and s MQR instructions. The inverse transfer has the same
count. For r registers, a one-way transfer therefore uses rs CShift and rs MQR instructions.

7.3.1 Compiled QFT on one rotor momentum code

The positive-exponent d-point Fourier transform is compiled on the momentum code M(0)
d . The qubit–rotor

interface described above is used only when the input amplitudes are initially stored in qubits or a qubit
output is required. The Fourier circuit acts entirely withinM(0)

d .
Recall that

FM
d |p⟩R =

1√
d

d−1∑
q=0

ωqp
d |q⟩R, 0 ≤ p < d, (7.40)

with d = 2s and ωd = e2πi/d.
Let a be a reusable ancilla qubit initialized in |0⟩a. For j = 0, . . . , s− 1, define the momentum-conditioned

ancilla rotation

Bj :=

d−1∑
m=0

(iYa)
mj ⊗ |m⟩⟨m|+ Ia ⊗

(
IR −ΠM

)
, (7.41)

where
mj :=

⌊m
2j

⌋
mod 2 (7.42)

is the jth binary digit of the current rotor momentum. The gate Bj is an MQR operation. In particular,

B†j |0⟩a|m⟩R = |mj⟩a|m⟩R. (7.43)

Define
Sj := CShifta→R(−2j), αj :=

2π

2j+1
. (7.44)

The conditional phase Cj is the gate introduced in Eq. (3.7), with the ancilla as the qubit register and
Pca = Za. Its action is

Cj |c⟩a|ℓ⟩R = eiαjcℓ|c⟩a|ℓ⟩R, c ∈ {0, 1}. (7.45)

The jth Fourier stage is
Fj := BjS

†
jCj(Ha ⊗ IR)SjB

†
j . (7.46)

The factors act from right to left in the order

B†j , Sj , Ha ⊗ IR, Cj , S†j , Bj .

The stages are applied in the order j = s− 1, s− 2, . . . , 0, with the rightmost factor acting first. Fig. 7
summarizes their action: stage j replaces the input bit pj by the Fourier-output bit cj and returns the ancilla
to |0⟩a. The stages produce the output bits in reversed binary order.
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B†
j

extract
pj

XR(−2j)

Sj

H

create
cj

ZR(αj)

Cj

XR(2j)

S†
j

Bj

uncompute
ancilla

|0⟩a

|ℓ⟩R

|0⟩a

|ψj(ℓ)⟩R

Fj = BjS
†
jCj(Ha ⊗ IR)SjB

†
j

Figure 7: One stage of the gate-set compilation of the rotor momentum-code QFT. The momentum-dependent
gate B†j extracts the jth input bit pj into the ancilla. The controlled shift Sj removes this bit from the rotor
momentum, the Hadamard introduces the output bit cj , and Cj supplies the corresponding Fourier phase.
The inverse shift writes cj into the rotor momentum, and Bj returns the ancilla to |0⟩a.

Define the binary-reversal permutation on M(0)
d by

BREVs

∣∣∣∣∣∣
s−1∑
j=0

2jcj

∫
R

:=

∣∣∣∣∣∣
s−1∑
j=0

2s−1−jcj

∫
R

. (7.47)

BREVs reverses the s binary positions within one rotor code. The operation REVr reverses the order of the
r rotor registers.

Let ‡BREVs denote the ancilla-assisted implementation satisfying‡BREVs|0⟩a|m⟩R = |0⟩aBREVs|m⟩R, 0 ≤ m < d. (7.48)

Its construction from MQR and CShift operations is given in Appendix G.2.
Combining the s Fourier stages with the ancilla-assisted binary reversal, define‹FM

d := ‡BREVsF0F1 · · ·Fs−1. (7.49)

Its action on the momentum code is‹FM
d |0⟩a|p⟩R = |0⟩aFM

d |p⟩R, 0 ≤ p < d. (7.50)

The ancilla returns to |0⟩a after every Fourier stage and after the binary-reversal circuit. Every rotor
momentum visited by the compiled circuit lies in {0, . . . , d− 1}.

The Fourier-stage calculation and induction are given in Appendix G.1.

7.3.2 Base-d QFT compilation on rotor momentum codes

The one-rotor compilation extends to r rotor registers. This construction uses compiled one-rotor Fourier
transforms and rotor–rotor CPHS gates on (M(0)

d )⊗r, with both the input and the Fourier output encoded in
this momentum code.

Let N = dr, and write the input integer in base d as

X =

r∑
k=1

xkd
r−k, xk ∈ {0, . . . , d− 1}. (7.51)

Here xk denotes the input digit and pj the Fourier-output digit; both are encoded in the momentum code
M(0)

d . The digit xk is encoded in register Rk as |xk⟩Rk
.

The registers are processed sequentially in the order R1, R2, . . . , Rr. On register Rj , first apply the
compiled implementation of FM

d,j . The resulting state is expanded in momentum-code output labels pj , while
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every unprocessed register Rk, with k > j, still carries its input label xk. Immediately after processing Rj ,
apply

CPHSjk

Å
2π

dk−j+1

ã
|ℓj , ℓk⟩ = exp

Å
2πiℓjℓk
dk−j+1

ã
|ℓj , ℓk⟩ (7.52)

for every k > j. For fixed j, these CPHS gates commute, so their order is immaterial. On a component
labeled by pj and xk, the gate contributes

exp

Å
2πipjxk
dk−j+1

ã
, (7.53)

which is the corresponding cross-digit factor in the base-d Fourier kernel. Because CPHSjk(α) is a pure-rotor
quadratic Clifford gate, each cross-digit factor in Eq. (7.53) is realized by one rotor–rotor Clifford operation
[26].

Let FM
N denote the standard positive-exponent dr-point Fourier transform in the standard base-d basis of

(M(0)
d )⊗r.
Let UQFT denote the operation induced on the rotor registers by the circuit above, with the reusable

ancilla initialized in |0⟩a and returned to |0⟩a after each local transform. Its action on (M(0)
d )⊗r is

UQFT = REVrF
M
N . (7.54)

Here the register-order reversal is defined by

REVr

r⊗
j=1

|pj⟩Rj
=

r⊗
j=1

|pr−j+1⟩Rj
. (7.55)

Appendix G.3 proves Eq. (7.54) from the base-d phase relation in Eq. (F.9).
Interpreting the output registers in reversed order requires no physical permutation. Restoring the original

physical order requires ⌊r/2⌋ rotor SWAP gates.
The qubit–rotor interface described at the beginning of Sec. 7.3 may be applied separately to each rotor

register when qubit input or output is required.

7.4 Logical resource comparison
To compare the two rotor constructions with the standard qubit circuit, we specialize to

N = dr = 2rs, d = 2s. (7.56)

All three constructions realize the same positive-exponent N -point Fourier matrix using different encodings
and logical operations. The standard binary construction acts on rs qubits, the angle–momentum construction
maps A⊗rd toMd(f)

⊗r, and the compiled momentum-code construction acts within (M(0)
d )⊗r.

Table 3 compares the operations internal to the three encoded Fourier transforms; the qubit–rotor interface
is counted separately in Table 7.

Table 3: Logical structure of three code-space constructions of the same N = dr = 2rs Fourier matrix. The
rows list the local and cross-block logical operations used by each construction.

Construction Encoding map Local transform on each
block

Cross-block phase
operations

Binary qubit
construction

(
C2
)⊗rs −→ (

C2
)⊗rs

r s-qubit QFTs s2
(
r
2

)
binary

controlled-phase gates
Angle–momentum
construction

A⊗rd −→Md(f)
⊗r r angle-to-momentum

Fourier operations

(
r
2

)
mixed

angle–momentum phase
operations

Compiled
momentum-code
construction

(M(0)
d )⊗r −→ (M(0)

d )⊗r r compiled one-rotor d-point
QFTs

(
r
2

)
CPHS gates
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Each QFT on an s-qubit block contains s Hadamard gates and
(
s
2

)
controlled-phase gates. The standard

binary construction therefore uses rs Hadamard gates andÇ
rs

2

å
= r

Ç
s

2

å
+ s2
Ç
r

2

å
(7.57)

controlled-phase gates. The first term counts phases internal to the r blocks, and the second counts phases
coupling distinct blocks. Counting each Hadamard and controlled-phase gate once, the binary construction
has total instruction count

Nbin = rs+

Ç
rs

2

å
= Θ((rs)2). (7.58)

The angle–momentum construction uses one local angle-to-momentum Fourier operation per rotor and
one mixed angle–momentum phase per pair of rotors. In the compiled momentum-code construction, the
cross-block Fourier factor that requires s2 binary controlled-phase gates is implemented by one CPHS gate.

Each compiled one-rotor transform uses s sequential Fourier stages, the internal binary bit reversal
constructed in Appendix G.2, and one reusable ancilla qubit. The same ancilla may be reused for all r local
transforms. Detailed counts are collected in Table 7. Using the logical-instruction counting convention of
Appendix G.4, these counts give

Nd = 6s+ 5
⌊s
2

⌋
− 1, Nrot = rNd +

Ç
r

2

å
= O(rs+ r2). (7.59)

For r ≥ 2, the smallest cross-register phase angle in both rotor constructions is

2π

dr
=

2π

N
. (7.60)

The binary QFT contains controlled-phase rotations at the same scale. Approximate QFT circuits can reduce
the binary count by truncating small-angle rotations [54]; the same truncation principle applies to the small
conditional-phase and CPHS angles in the rotor decomposition. Table 3 compares the transforms.
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8 Physical implementation considerations
The logical operations used above require different physical controls in native rotors and finite-code im-
plementations. A native rotor supplies the periodic angle and integer momentum directly. A finite-code
implementation reproduces selected rotor operations on a spectral subspace of another system.

8.1 Native-rotor and finite-code routes
Native-rotor route. Superconducting phase–charge degrees of freedom directly realize a periodic phase and
integer-valued conjugate charge. A flux-tunable Cooper-pair-box HamiltonianHCPB = 4EC(n̂−ng)2−EJ cos ϕ̂
contains the drift and cosine terms used in the universal-control construction [33]. After division by 4EC and
removal of an additive constant, its charging term has the form of Eq. (4.6), with ℓ̂ = n̂ and ξ = −2ng, while
tuning EJ supplies the cosine control. A stable offset bias ng /∈ 1

2Z realizes the nonresonance condition ξ /∈ Z
used in Sec. 4. At a different operating point, ng = 0, the rescaled Hamiltonian is the Mathieu operator in
Eq. (6.31), with λ = EJ/(4EC). The same phase–charge variables also appear in proposals for rotor codes
[9], and in recent superconducting implementations of compact U(1) gauge fields coupled to matter [7].

Trapped planar rotors provide a direct realization of the U(1) degree of freedom, with a periodic angle and
integer-valued angular momentum [3–5]. Molecular ions and ultracold molecules have larger rotational state
spaces, but resolved angular-momentum manifolds and coherent internal-state control allow selected levels to
be used as finite rotor codes [1, 55, 56]. Coherent translation on a momentum lattice, another operation used
in the constructions above, has also been demonstrated in atom-optics kicked rotors and momentum-space
quantum walks [57, 58].

Finite-code route. Oscillator platforms can reproduce selected rotor operations on finite codes. Dispersive
cavity and trapped-ion controls provide number-selective qubit operations, conditional displacements, and
nonlinear bosonic interactions [21, 34, 35]. Trapped-ion implementations of trigonometric continuous-variable
gates also include the periodic cosine control used in Sec. 4 [36]. In this setting, the rotor is represented only
on a chosen finite spectral subspace; the full oscillator need not reproduce the rotor algebra outside that code.
The additional requirements are preparation of the encoded states, spectrally selective control within the
code, and suppression of leakage outside it.

8.2 Physical requirements for the gate set
Table 4 summarizes the physical capabilities associated with the logical operations used throughout the paper.

Table 4: Physical requirements and main uses of the logical operations in the paper.
Logical operation Required physical capability Main use

Momentum shifts and
momentum-diagonal phase
gates

Integer translations of rotor momentum and evolution
generated by ℓ̂ or ℓ̂2

Rotor Clifford circuits; gauge
dynamics

Periodic angle potentials Evolution generated by V (θ̂), including the cosine gate
used in the universal-control construction

Universal control; gauge
dynamics

Momentum-lattice
automorphisms UA

Integer linear transformations of the rotor momentum
coordinates

Multirotor Clifford synthesis

Γc,j and MQR Qubit operations conditioned on rotor parity or on
selected momentum values or residue classes

Mixed Clifford gates;
coherent transfer; QFT
compilation

CShift and OU Qubit-conditioned momentum shift or target
operations conditioned on rotor momentum

Gauge hopping; phase
estimation; coherent transfer

CPHSij(α) Evolution generated by an interaction proportional to
ℓ̂iℓ̂j

Cross-register Fourier phases

Code preparation and
readout

Preparation of finite momentum superpositions and
measurement of rotor momentum or angle

Phase estimation; encoded
Fourier processing
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Momentum-resolved qubit control gives an oscillator analogue of MQR [20, 21, 34], and conditional
displacements implement the qubit-to-mode control used by CShift [35]. The two-rotor interaction required
by CPHS is proportional to ℓ̂iℓ̂j ; its oscillator analogue is a number–number or cross-Kerr interaction [59, 60].

8.3 Control scales and finite-window diagnostics
For the compiled QFT, the code size d = 2s fixes both the momentum range and the phase resolution. We
use the momentum code

M(0)
d = span{|0⟩R, . . . , |d− 1⟩R}, d = 2s.

Every intermediate momentum reached by the circuit remains in {0, . . . , d − 1}. The Fourier stages use
qubit-controlled shifts with distances at most 2s−1 and MQR operations that resolve individual binary digits
of the momentum label. The binary-reversal circuit also uses MQR operations conditioned on selected two-bit
patterns. The smallest local conditional phase used in the compilation is 2π/d. For r rotor registers, with
N = dr, the smallest cross-register CPHS angle is

2π

N
=

2π

dr
.

Table 5 gives an illustrative example with r = 2, s = 3, d = 8, and N = 64. The instruction counts follow
Eq. (7.59) and the convention of Appendix G.4.

Table 5: Illustrative control requirements and instruction counts for the compiled two-rotor N = 64 QFT
with r = 2, s = 3, and d = 8. Counts follow the logical-instruction convention of Appendix G.4.

Requirement Target

Momentum range per rotor ℓ = 0, . . . , 7
Maximum CShift distance 4
Momentum selectivity (MQR) Individual bits and selected two-bit

patterns of ℓ ∈ {0, . . . , 7}
Smallest local conditional phase used π/4
Cross-register CPHS phase π/32
Compiled-QFT instruction count Nd = 22 per rotor; Nrot = 45 total

The phase-estimation protocol imposes a different finite-range requirement. For a probe with finite
momentum support, the largest occupied |ℓ| fixes the largest controlled power U−ℓ that must be implemented.
Increasing the support therefore increases the range of controlled powers required by the protocol.

For the angle-code QFT construction, the relevant finite-code errors are those associated with the
realization of the mixed angle–momentum phase. The code-space error and leakage are bounded by Eqs. (F.3)
and (F.4), respectively. Both bounds are controlled by the weight of the angle-code wavefunctions outside
their assigned angular cores.

The gauge calculation uses the hard-wall electric-flux cutoff |Ee| ≤ L. The link-averaged boundary
occupation p∂L in Eq. (D.24) measures the weight on the flux states where the projected shift differs from
the full rotor shift. Its decrease with L therefore provides a direct diagnostic of the finite-flux truncation.

9 Conclusion and outlook
This paper has treated the U(1) rotor as a computational register in its own right, coupled directly to qubits.
The Clifford theory that results is directional but constructive: rotor momentum parity may control qubit
Pauli operations while the reverse is forbidden, every commutation-preserving phase-space action has an
explicit finite circuit realization, and the mixed part of that circuit has an exact minimal gate count. The
same analysis gives complete Clifford criteria for the momentum- and angle-dependent gate families used
throughout the paper. Adding two non-Clifford controls promotes the local Clifford operations to universal
control on the full Hilbert space in the strong operator topology.
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The applications use this structure in different ways. For compact U(1) gauge–matter dynamics, we
constructed an exact full-space realization of gauge-covariant hopping and studied the effect of a hard-wall
electric-flux cutoff on ground-state and real-time observables. For rotor phase estimation, we used the duality
Z←→ T to convert phase kickback into a translation of the measured angle distribution; this removes the
need for a coherent inverse QFT on the phase register and turns probe preparation into an optimization
problem under momentum-support or mean-energy constraints. For Fourier processing, we gave both an
angle-to-momentum code construction and an explicit gate-set compilation within a finite momentum code,
in which quadratic rotor interactions implement the cross-register Fourier phases.

We also identified the physical capabilities these logical constructions require. A native phase–charge
rotor supplies the integer momentum, periodic angle, quadratic drift, and cosine potential directly. A
finite-code implementation can reproduce the same logical operations through momentum-selective qubit
control, conditional displacements, and nonlinear interactions on a chosen spectral subspace. In both routes
the rotor enters through its full phase-space structure, not only as a large code space.

Two limitations remain. Strong-operator density is an existence statement and yields no bound on circuit
length or control time. The Fourier resource counts are logical instruction counts, not physical gate counts;
they assign unit cost to MQR, CShift, conditional-phase, CPHS, and Hadamard operations, and they exclude
state preparation, spectral selectivity, interaction time, phase resolution, readout, and leakage. Sec. 8 identifies
where these requirements enter the two implementation routes, but does not fix their quantitative cost.

The main remaining problem is therefore quantitative compilation. Finite-window synthesis bounds for
CShift, MQR, and OU would connect the strong-density result to circuit length and control time, and would
determine whether the logical compression of the cross-register Fourier phases survives once spectral selectivity
and small interaction angles are assigned physical costs. A second problem is algebraic: hard-wall projection
makes the rotor shift nonunitary while preserving the finite Gauss-law basis, while cyclic completion restores
unitarity at the price of changing the shift relation at the boundary, so the Clifford and normalizer structures
of these finite models need not coincide with those of the full rotor. Understanding that change bears directly
on gate synthesis and on the boundary between classically simulable hybrid normalizer circuits and circuits
containing additional non-Clifford operations. Beyond U(1), compact Abelian groups are the next setting
for the structural theory, followed by non-Abelian compact groups, where continuous group variables are
accompanied by discrete representation data.
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A Proofs for the hybrid Clifford classification
This appendix gives the block calculation underlying the hybrid phase-space classification in Theorem 2.3 and
computes the one-qubit–one-rotor symplectic group and Clifford quotient. The explicit unitary realization,
the kernel of the induced Clifford action, and the classification of mixed blocks under separate qubit and
rotor Clifford operations are proved in the main text.

A.1 Block classification of hybrid phase-space transformations
Set V = F2n

2 , and let ρ2 : Zr → Fr
2 denote reduction modulo two. Let S : Kn,r → Kn,r be a group

automorphism preserving ω. With respect to the decomposition Kn,r = V ⊕Zr⊕Tr, write S in block form asÑ
q′

m′

ϕ′

é
=

Ñ
SV V SV Z SV T
SZV SZZ SZT
STV STZ STT

éÑ
q
m
ϕ

é
. (A.1)

Each row specifies a target component, and each column specifies a source component. We first use the group
structures of V , Zr, and Tr to determine the possible nonzero blocks, and then impose preservation of ω.

The group Tr is divisible. The groups V and Zr contain no nonzero divisible subgroups. In addition, V is
torsion and Zr is torsion-free. Hence

Hom(Tr, V ) = 0, Hom(Tr,Zr) = 0, Hom(V,Zr) = 0. (A.2)

Every homomorphism Zr → V factors through ρ2; every homomorphism V → Tr has image in {0, π}r. The
remaining blocks therefore have the formÑ

q′

m′

ϕ′

é
=

Ñ
M Cρ2 0
0 A 0
πG B α

éÑ
q
m
ϕ

é
, (A.3)

or, in component form,

q′ =Mq + Cm̄,

m′ = Am,

ϕ′ = α(ϕ) +Bm+ πGq.

(A.4)

Here M , C, and G are matrices over F2, A is an integer matrix, and B has entries in T.
The subgroup Tr is the unique maximal divisible subgroup of Kn,r and is therefore preserved by S. In

the quotient Kn,r/Tr, the subgroup V is precisely the torsion subgroup and is also preserved. It follows that
S induces automorphisms on the three diagonal components, so

M ∈ GL(2n,F2), A ∈ GL(r,Z), α ∈ Aut(Tr). (A.5)

We now impose preservation of ω on four types of inputs.

Qubit–qubit inputs. For q, p ∈ V , preservation of ω on (q, 0, 0) and (p, 0, 0) gives

MTJnM = Jn. (A.6)

Thus M ∈ Sp(2n,F2).

Torus–integer inputs. For ϕ ∈ Tr and k ∈ Zr, preservation of ω on (0, 0, ϕ) and (0, k, 0) gives
exp
(
iα(ϕ)TAk

)
= exp

(
iϕTk

)
for all k ∈ Zr. Taking k to be the standard basis vectors of Zr gives ATα(ϕ) = ϕ

in Tr. Therefore
α(ϕ) = A−Tϕ. (A.7)
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Qubit–integer inputs. For q ∈ V and k ∈ Zr, ω
(
(q, 0, 0), (0, k, 0)

)
= 1. Preservation of ω therefore requires

MTJnC +GTĀ = 0. Since Ā is invertible over F2, this gives

G = Ā−TCTJnM. (A.8)

Integer–integer inputs. For m, k ∈ Zr, preservation of ω on (0,m, 0) and (0, k, 0) gives

ATB −BTA = πCTJnC. (A.9)

Define Θ = ATB. Then B = A−TΘ and Eq. (A.9) becomes Eq. (2.23).
For every v ∈ Fr

2, A−T(πv) = πĀ−Tv in Tr. Substitution of Eqs. (A.7), (A.8), and (A.9) into Eq. (A.4)
gives Eq. (2.22).

The pairing is already trivial on V × Tr and Tr × Tr, both before and after applying S. Reversing the
order of the two inputs only inverts the resulting phase. The four cases above therefore cover all pairs
of components. Conversely, direct substitution shows that M preserves the qubit–qubit term, α = A−T

preserves the torus–integer term, the block G cancels the qubit–integer terms, and Eq. (2.23) cancels the
extra integer–integer term. Hence every map in Eq. (2.22) satisfying Eq. (2.23) preserves ω.

Such a map is invertible. From (q′,m′, ϕ′), the input is recovered successively as

m = A−1m′, q =M−1(q′ − Cm̄), ϕ = ATϕ′ −Θm− πCTJnMq. (A.10)

All maps whose domains are V or Zr are continuous because these groups are discrete. The formula α = A−T

and the inverse above show that S and S−1 are continuous.
Finally, the action of S on inputs supported in each of the three components determines M , C, A, B, G,

and α uniquely, and Θ = ATB. This proves Theorem 2.3.

Composition and inverse. With the convention S1S2 = S1 ◦ S2, direct substitution gives, for Si =
SMi,Ai,Ci,Θi ,

M12=M1M2, A12= A1A2,
C12=M1C2 + C1Ā2, Θ12= Θ2 +AT

2Θ1A2 + πĀT
2C

T
1 JnM1C2.

(A.11)

The inverse has parameters

M̃=M−1, Ã= A−1,‹C=M−1CĀ−1, ‹Θ= −A−TΘA−1 + π‹CTJn‹C. (A.12)

A.2 The one-qubit–one-rotor quotient
Proposition A.1 (One-qubit–one-rotor symplectic group). For one qubit and one rotor,

Sp(K1,1, ω) ∼= T× S4 × Z2. (A.13)

Consequently, Cl1,1 /P1,1
∼= T× S4 × Z2.

Proof. For n = r = 1, the parameters in Theorem 2.3 reduce to M ∈ Sp(2,F2) = GL(2,F2), c ∈ F2
2, ϵ ∈

{±1}, θ ∈ T. Since the form defined by J1 is alternating, cTJ1c = 0. The constraint on θ is therefore
automatically satisfied for every θ ∈ T. Using the convention S1S2 = S1 ◦ S2, the composition law is

(M, c, ϵ, θ)(N, d, δ, η) =
(
MN, c+Md, ϵδ, θ + η + πcTJ1Md

)
. (A.14)

Define ν : F2
2 → F2 by ν(0) = 0, ν(c) = 1(c ≠ 0). Every M ∈ GL(2,F2) permutes the three nonzero vectors,

and direct calculation gives

ν(Mc) = ν(c), ν(c) + ν(d) + ν(c+ d) = cTJ1d in F2. (A.15)

Define the shifted torus coordinate θ̃ = θ + πν(c). With this redefined parameter, the final phase term in
Eq. (A.14) is absorbed, and the product becomes

(M, c, ϵ, θ̃)(N, d, δ, η̃) =
Ä
MN, c+Md, ϵδ, θ̃ + η̃

ä
. (A.16)

The pair (M, c) has the product law of AGL(2,F2). Its action on the four points of F2
2 is faithful, and

|AGL(2,F2)| = 4|GL(2,F2)| = 24. Hence AGL(2,F2) ∼= S4. Equation (A.16) proves Eq. (A.13), and
Corollary 2.5 gives the Clifford quotient.
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B Proofs of the gate-family criteria
This appendix proves the classification results for momentum-diagonal phase gates and momentum-dependent
qubit gates. Both proofs use conjugation of the elementary momentum shift. In the first case, this gives a
scalar finite-difference equation; in the second, it gives an operator-valued finite-difference equation. The
remaining Clifford criteria in Sec. 3 are proved directly in the main text.

B.1 Momentum-diagonal phase gates
Proof of Proposition 3.1. Let ej be the jth standard basis vector of Zr. Conjugating the corresponding
momentum shift gives

GuXR(ej)G
†
u|ℓ⟩ =

u(ℓ+ ej)

u(ℓ)
|ℓ+ ej⟩. (B.1)

If Gu is Clifford, the coefficient multiplying the shift must, up to a constant phase, be a character of Zr.
Hence there exist ρj ∈ T and rj ∈ Tr such that

u(ℓ+ ej)

u(ℓ)
= eiρj+irTj ℓ. (B.2)

We now compare the value of u(ℓ+ ei + ej) obtained by applying Eq. (B.2) first in the ei-direction and
then in the ej-direction with the value obtained in the reverse order. This gives (rj)i = (ri)j in T. Thus the
matrix R = (r1, . . . , rr) is symmetric.

From the definition of fR in Eq. (2.30),

fR(ℓ+ ej)− fR(ℓ) = rTj ℓ+Rjj . (B.3)

Set λj = ρj −Rjj and define
h(ℓ) = u(ℓ)e−iλ

Tℓ−ifR(ℓ). (B.4)

Eqs. (B.2) and (B.3) imply h(ℓ + ej) = h(ℓ) for every ℓ ∈ Zr and every j. Replacing ℓ by ℓ − ej gives the
same equality for a shift by −ej . Since any two points of Zr are connected by such unit shifts, h is constant
on Zr. Writing h(0) = eiγ gives

u(ℓ) = eiγ+iλTℓ+ifR(ℓ). (B.5)

Conversely, if u has the form in Eq. (B.5), then Gu = eiγZR(λ)QR. The gates ZR(λ) and QR are pure-rotor
Clifford gates by Sec. 3.1. Therefore Gu ∈ Cl0,r.

B.2 Momentum-dependent qubit gates
Proof of Proposition 3.2. For brevity, write U = V. Conjugating the elementary rotor shift gives

U(I ⊗XR(1))U
† =

∑
ℓ∈Z

Vℓ+1V
†
ℓ ⊗ |ℓ+ 1⟩⟨ℓ|. (B.6)

If U is Clifford, the right-hand side must be proportional to a hybrid Weyl operator with momentum shift 1.
Its qubit part must therefore be a fixed Pauli operator. Its scalar dependence on ℓ must be a character of Z.
Hence there exist c ∈ F2n

2 and µ, α ∈ T such that

Vℓ+1V
†
ℓ = eiµ+iαℓPc. (B.7)

Applying Eq. (B.7) successively gives

Vℓ = eiµℓ+iαℓ(ℓ−1)/2P ℓ
c V0. (B.8)

For negative ℓ, the same formula follows by solving Eq. (B.7) for Vℓ in terms of Vℓ+1.
Set λ = µ− α. Then

Vℓ = ei[λℓ+αℓ(ℓ+1)/2]P ℓ
c V0. (B.9)
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It remains to show that V0 is a qubit Clifford operator.
For every qubit Pauli operator Pb,

U(Pb ⊗ IR)U† =
∑
ℓ∈Z

VℓPbV
†
ℓ ⊗ |ℓ⟩⟨ℓ|. (B.10)

Since U is Clifford, this operator must be proportional to a hybrid Weyl operator. It preserves each momentum
subspace, so its rotor-shift component must be zero. Evaluating the qubit block at ℓ = 0 shows that V0PbV

†
0

is proportional to a Pauli operator. This holds for every Pb, and hence V0 normalizes the qubit Pauli group.
Therefore V0 ∈ Cln,0.

Conversely, suppose that Eq. (B.9) holds with V0 ∈ Cln,0. Let Q(α) be the one-rotor quadratic gate
corresponding to the 1× 1 matrix R = (α). Acting on each momentum subspace gives

V =
[
IQ ⊗ ZR(λ)Q(α)

]
Γc,1(V0 ⊗ IR). (B.11)

Here ZR(λ)Q(α) is a pure-rotor Clifford gate, Γc,1 is a mixed Clifford gate, and V0 is a qubit Clifford gate.
Therefore V ∈ Cln,1.

C Proofs for universal control
As in Sec. 4.1, all strong closures below are taken in U(H). Multiplication and inversion are continuous in
the strong operator topology on U(H), so the strong closure of a unitary subgroup is again a subgroup.

C.1 Finite-window approximation and strong density
Let PL and HL be as in Lemma 4.2.

Lemma C.1 (Finite-window unitary approximation). For every V ∈ U(H), every finite set of vectors
ψ1, . . . , ψs ∈ H, and every δ > 0, there exist L and VL ∈ U(HL) such that

∥VLPLψj − PLV ψj∥ < δ, j = 1, . . . , s, (C.1)

and
∥(I − PL)ψj∥ < δ, ∥(I − PL)V ψj∥ < δ. (C.2)

Proof. Let S = span{ψ1, . . . , ψs}. Since S and V S are finite-dimensional and PL → I strongly, the convergence
is uniform on the unit spheres of both subspaces. Hence, for sufficiently large L, the restrictions of PL to S
and V S are injective.

Define
TL : PLS −→ PLV S, TL(PLx) = PLV x. (C.3)

This map is well defined because the restriction of PL to S is injective. The uniform convergence on S and
V S implies ∥∥∥T †LTL − IPLS

∥∥∥ −→ 0. (C.4)

Let TL = QL|TL| be the polar decomposition of TL. Since TL is an invertible map from PLS onto PLV S,
the operator QL is unitary between these two subspaces. Moreover,

∥QL − TL∥ =
∥∥|TL| − IPLS

∥∥ −→ 0. (C.5)

The subspaces PLS and PLV S have the same dimension. Their orthogonal complements in HL therefore
also have the same dimension, so QL extends to a unitary VL ∈ U(HL). For each j, ∥VLPLψj − PLV ψj∥ =
∥(QL − TL)PLψj∥, which is smaller than δ for sufficiently large L. Increasing L further if necessary also gives
Eq. (C.2).

47



Proof of Lemma 4.2. Fix V ∈ U(H), vectors ψ1, . . . , ψs ∈ H, and ϵ > 0. Set

M = max{1, ∥ψ1∥, . . . , ∥ψs∥}, δ =
ϵ

8M
. (C.6)

Choose L and VL ∈ U(HL) from Lemma C.1. By the hypothesis of Lemma 4.2, there exists W ∈ G
s

preserving HL and satisfying ∥W |HL
− VL∥ < δ. Since W and V are unitary,

∥(W − V )ψj∥ ≤ ∥(I − PL)ψj∥+ ∥WPLψj − VLPLψj∥+ ∥VLPLψj − PLV ψj∥+ ∥(I − PL)V ψj∥

< 3δ + δ∥ψj∥ ≤ 4δM =
ϵ

2
.

(C.7)

Because W ∈ G s
, there exists g ∈ G such that ∥(g −W )ψj∥ < ϵ/2 for every j. Therefore ∥(g − V )ψj∥ < ϵ

for every j, proving that G is strongly dense in U(H).

C.2 Spectral conditions for single-rotor universal control
For Hb in Eq. (4.6), the domain in the momentum basis is

D(Hb) =

{
ψ =

∑
ℓ∈Z

ψℓ|ℓ⟩ :
∑
ℓ∈Z
|ℓ2 + ξℓ|2|ψℓ|2 <∞

}
. (C.8)

The control operator cos θ̂ is bounded and self-adjoint, with matrix elements

⟨k| cos θ̂|ℓ⟩ = 1

2
(δk,ℓ+1 + δk,ℓ−1) . (C.9)

Thus the momentum states form a complete eigenbasis of the drift, and the control couples only neighboring
momentum states.

To match the notation of Ref. [28], set Ac = −iHb, Bc = −i cos θ̂, and take the control values in a fixed
interval [0, δ]. Since cos θ̂ is bounded and self-adjoint, Hb +u cos θ̂ is self-adjoint on D(Hb) for every u ∈ [0, δ].
Its restriction to finite linear combinations of momentum states has this operator as its self-adjoint closure.
These facts verify the basis and domain assumptions of the cited controllability theorem [28, 61].

The drift eigenvalues are εℓ = ℓ2 + ξℓ. If εℓ = εk, then (ℓ− k)(ℓ+ k+ ξ) = 0. For distinct integers ℓ and k,
the second factor cannot vanish because ξ /∈ Z. Hence the spectrum is nondegenerate.

The control couples the transitions |ℓ⟩ ←→ |ℓ+1⟩, whose transition frequencies are |εℓ+1−εℓ| = |2ℓ+1+ξ|.
Suppose that two such frequencies are equal: |2ℓ+ 1+ ξ| = |2k+ 1+ ξ|. Either 2ℓ+ 1+ ξ = 2k+ 1+ ξ, which
gives ℓ = k, or 2ℓ+ 1 + ξ = −(2k + 1 + ξ), which requires ℓ+ k + 1 + ξ = 0. The latter is impossible because
ξ /∈ Z. Therefore the nearest-neighbor transition frequencies are pairwise distinct.

These nearest-neighbor transitions connect all momentum states |ℓ⟩, ℓ ∈ Z, and hence form a nonresonant
connectedness chain in the sense of Ref. [28, Definition 2.5]. The nondegenerate spectrum also makes
the condition on degenerate energy levels automatic. Thus the hypotheses of Theorem 2.11 in Ref. [28]
are satisfied. The conclusion of that theorem is approximate simultaneous controllability in the sense of
Ref. [28, Definition 2.10], namely approximation of a prescribed unitary on any finite set of states. The
phase-adjustment argument uses the unbounded-spectrum case of Ref. [28, Lemma 6.3], and the present drift
spectrum εℓ = ℓ2 + ξℓ is unbounded.

D Gauge-model calculations

D.1 Gauge invariance and the Pauli form of hopping
Gauge invariance. For the oriented link e = (a, b), temporarily omit the factor ζab and define the forward
hopping operator

Tab = σ+
a SabUabσ

−
b . (D.1)

The required commutators are

[n̂a, σ
+
a ] = σ+

a , [n̂b, σ
−
b ] = −σ

−
b , [Eab, Uab] = Uab. (D.2)
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By construction, the Jordan–Wigner string Sab contains neither endpoint and therefore commutes with n̂a
and n̂b. The background charge bn and external charge qextn are scalar terms and do not contribute to the
commutators.

The link e = (a, b) enters the Gauss-law generator with sign +1 at a and sign −1 at b. Hence

[Ga, Tab] = [Eab − n̂a, Tab] = Tab − Tab = 0,

[Gb, Tab] = [−Eab − n̂b, Tab] = −Tab + Tab = 0.
(D.3)

Every other Gauss-law generator commutes with Tab, and the same calculation applies to T †ab. Therefore
[Gn, HK,ab] = 0 for every n.

The electric and mass terms are functions of the mutually commuting operators Ee and n̂n, and hence
commute with every Gn. For the magnetic term, a plaquette operator changes the link fluxes by the oriented
boundary of the plaquette. The incidence and boundary matrices satisfy DBT = 0, so the plaquette operators
also commute with every Gauss-law generator. Consequently, [Gn, H] = 0 for every n.

Pauli form of the hopping term. With the occupation convention in Eq. (5.4), σ+ = X+iY
2 , σ− = X−iY

2 .

Substituting these expressions together with ζab = eiδab and Uab = eiθ̂ab gives

ζabTab + ζ∗abT
†
ab =

1

2

[
cos(θ̂ab + δab)(XaSabXb + YaSabYb) + sin(θ̂ab + δab)(XaSabYb − YaSabXb)

]
. (D.4)

Multiplying by κ/2 gives Eq. (5.15).

D.2 Full-space hopping realization

Consider first the controlled shift using the qubit at site a as the control: V (a)
ab = |0⟩⟨0|a ⊗ Ie + |1⟩⟨1|a ⊗ U†e .

With the occupation convention used here, σ+
a = |0⟩⟨1|a, σ−a = |1⟩⟨0|a. Direct multiplication gives

V
(a)
ab σ

+
a V

(a)†
ab = σ+

a ⊗ Ue, V
(a)
ab σ

−
a V

(a)†
ab = σ−a ⊗ U†e . (D.5)

Alternatively, using the qubit at site b as the control gives V (b)
ab = |0⟩⟨0|b ⊗ Ie + |1⟩⟨1|b ⊗ Ue, and

V
(b)
ab σ

−
b V

(b)†
ab = σ−b ⊗ Ue, V

(b)
ab σ

+
b V

(b)†
ab = σ+

b ⊗ U
†
e . (D.6)

The Jordan–Wigner string Sab acts only on the sites between a and b in the chosen ordering. It therefore
commutes with both V (a)

ab and V (b)
ab . Substitution into Eq. (5.19) gives Eq. (5.21) for either choice of control

qubit.
For δab = 0, define P1 = XaSabXb and P2 = YaSabYb. At sites a and b, the Pauli operators X and Y

anticommute. The two minus signs cancel, and the Pauli factors on all other sites are identical. Hence
[P1, P2] = 0. The qubit exchange Hamiltonian therefore becomes H(q)

ab (0) = κ
4 (P1 + P2).

Let Ra(δ) = eiδZa/2. Its action on the qubit raising and lowering operators is

Ra(δ)σ
+
a Ra(δ)

† = eiδσ+
a , Ra(δ)σ

−
a Ra(δ)

† = e−iδσ−a . (D.7)

Consequently, H(q)
ab (δ) = Ra(δ)H

(q)
ab (0)Ra(δ)

†. Since P1 and P2 commute,

e−iτH
(q)
ab (δab) = Ra(δab)e

−iτκP1/4e−iτκP2/4Ra(δab)
†, (D.8)

which proves Eq. (5.22).

D.3 Projected and cyclic shifts
For the projector ΠL in Eq. (5.23), the projected shift acts as

Ue,L|ℓ⟩ =
®
|ℓ+ 1⟩, −L ≤ ℓ < L,

0, ℓ = L.
(D.9)
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Its adjoint acts as

U†e,L|ℓ⟩ =
®
|ℓ− 1⟩, −L < ℓ ≤ L,
0, ℓ = −L.

(D.10)

Computing U†e,LUe,L and Ue,LU
†
e,L gives Eq. (5.24).

The operator ‹Ue,L in Eq. (5.26) cyclically permutes the 2L+ 1 momentum states and is therefore unitary.
For every nonboundary momentum state,

[Ee,L,‹Ue,L]|ℓ⟩ = ‹Ue,L|ℓ⟩, −L ≤ ℓ < L. (D.11)

For the boundary state |L⟩,
[Ee,L,‹Ue,L]|L⟩ = −2L| − L⟩. (D.12)

Since
Ä‹Ue,L − (2L+ 1)| − L⟩⟨L|

ä
|L⟩ = −2L| − L⟩, these relations give Eq. (5.27).

A finite-dimensional controlled shift defined using ‹Ue,L agrees with the full rotor shift for −L ≤ ℓ < L,
but maps the boundary state according to |L⟩ 7−→ | − L⟩.

D.4 Finite Gauss-law basis and numerical details
For the geometry in Fig. 3, the sites are numbered as 1 = (0, 0), 2 = (1, 0), 3 = (2, 0), 4 = (0, 1), 5 = (1, 1),
and 6 = (2, 1). The oriented links, listed from tail to head, are e1 = (1, 2), e2 = (2, 3), e3 = (4, 5), e4 = (5, 6),
e5 = (1, 4), e6 = (2, 5), and e7 = (3, 6). The Jordan–Wigner snake order is 1 ≺ 2 ≺ 3 ≺ 6 ≺ 5 ≺ 4. With sites
and links in these orders, the incidence matrix is

D =


1 0 0 0 1 0 0
−1 1 0 0 0 1 0
0 −1 0 0 0 0 1
0 0 1 0 −1 0 0
0 0 −1 1 0 −1 0
0 0 0 −1 0 0 −1

 . (D.13)

Ordering the plaquettes as (p1, p2) gives

B =

Å
1 0 −1 0 −1 1 0
0 1 0 −1 0 −1 1

ã
=

Å
bTp1

bTp2

ã
, DBT = 0. (D.14)

Set qextn = 0. For occupation eigenvalues o = (on)n, defined by n̂n|o;E⟩ = on|o;E⟩, the finite physical
basis is

BL = {|o;E⟩ : on ∈ {0, 1}, |Ee| ≤ L, DE = o− b} . (D.15)

For each allowed o, choose one integer solution E0(o) of DE0 = o−b. On the open 2× 1 strip, every solution
can be written as

E = E0(o) +BTh, h ∈ Z2, |Ee| ≤ L. (D.16)

The two integer components of h are enumerated subject to the final flux bounds.
The diagonal terms act by

HE |o;E⟩ =
g2

2

(∑
e

E2
e

)
|o;E⟩, (D.17)

HM |o;E⟩ = m0

(∑
n

ηnon

)
|o;E⟩. (D.18)

Let bp = (Bpe)e denote the oriented flux vector around plaquette p. The magnetic term acts as

HB |o;E⟩ =
Np

g2a2lat
|o;E⟩ − 1

2g2a2lat

∑
p

(|o;E + bp⟩+ |o;E − bp⟩) , (D.19)
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where a state is omitted when any final flux lies outside the window.
For e = (a, b), let Iab be the sites strictly between the two endpoints in the Jordan–Wigner ordering and

set
sab(o) = (−1)

∑
m∈Iab

om . (D.20)

When oa = 0 and ob = 1, the forward hopping rule at ζab = 1 is

HK,ab|o;E⟩ ⊃
κ

2
sab(o)|oa←b;E + δe⟩. (D.21)

Here δe is the unit flux vector on link e, and oa←b moves one matter occupation from b to a. For oa = 1 and
ob = 0, the reverse rule is

HK,ab|o;E⟩ ⊃
κ

2
sab(o)|ob←a;E − δe⟩. (D.22)

Terms whose final flux leaves the window are omitted. The two rules are adjoints and preserve the finite
Gauss-law basis.

The finite-flux cutoff calculation uses the parameters and cutoffs listed in Sec. 5.4. For L = 1, 2, 3, 4, 6,
the dimensions of the physical basis are 90, 302, 634, 1086, and 2350. The L = 1 matrix was diagonalized with
scipy.linalg.eigh; for L ≥ 2 we used the shift-invert solver scipy.sparse.linalg.eigsh with tolerance
2× 10−11. Over the full scan, the largest residual of the two computed eigenpairs satisfies

max
k
∥Hψk − Ekψk∥2 ≤ 6.51× 10−10. (D.23)

The numerical environment used Python 3.11.4, NumPy 2.4.6, SciPy 1.17.1, and Matplotlib 3.10.9.
The processed data also record the link-averaged boundary occupation

p∂L =
1

Nℓ

∑
e

〈
1{|Ee|=L}

〉
. (D.24)

Its maximum over the scan decreases from 1.05× 10−2 at L = 4 to 6.72× 10−4 at L = 6. Taking L = 6 as
the largest available cutoff, the maximum absolute differences between L = 4 and L = 6 are 2.25× 10−2 for
W , 1.57× 10−1 for ∆, and 5.79× 10−1 for ⟨E2⟩link; all three maxima occur at g−2 = 10. On the sampled
interval g−2 ≤ 1, the corresponding maxima are 1.34× 10−8, 4.69× 10−10, and 7.23× 10−9.

The plaquette expectation values use the same projected shifts as Eq. (D.19); the remaining observables
are diagonal in the flux basis. These data give the three panels in Fig. 4.

For Fig. 5, the initial state is |o = b;E = 0⟩. The projected Hamiltonian was exponentiated on the finite
Gauss-law basis for L = 1, 2, 3, 4, g−2 = 1, and 0 ≤ t ≤ 8 using 241 equally spaced time points. Across all
reported calculations, the maximum norm error was 5.67× 10−13 and the maximum total-matter-number
error was 1.70× 10−12.

Table 6: Real-time cutoff comparison on the 241 equally spaced sample times in 0 ≤ t ≤ 8. The first six
rows compare the successive cutoffs L = 2, 3, 4; the final two rows report the largest link-averaged boundary
occupation at L = 3 and L = 4.

Diagnostic Maximum over the sampled times

|W 2(t)−W 3(t)| 1.33× 10−2

|C12,2(t)− C12,3(t)| 1.18× 10−2

|IM,2(t)− IM,3(t)| 4.72× 10−3

|W 3(t)−W 4(t)| 9.99× 10−5

|C12,3(t)− C12,4(t)| 2.28× 10−4

|IM,3(t)− IM,4(t)| 3.54× 10−5

p∂L(t) at L = 3 7.60× 10−5

p∂L(t) at L = 4 2.84× 10−7
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E Calculations for rotor quantum phase estimation

E.1 Fejér kernel and weak convergence for direct-angle readout
For ∆ /∈ 2πZ, the finite geometric series satisfies

d−1∑
ℓ=0

e−iℓ∆ = e−i(d−1)∆/2 sin(d∆/2)

sin(∆/2)
. (E.1)

The angle-state convention in Sec. 2.1 gives

⟨θ|χd(φ)⟩R =
1√
2πd

d−1∑
ℓ=0

eiℓ(θ−φ). (E.2)

Taking the squared modulus and using Eq. (E.1) gives Eq. (6.12).
The density is normalized because ∫ 2π

0

ei(ℓ−k)θ dθ = 2πδℓk. (E.3)

Therefore ∫ 2π

0

pd(θ | φ) dθ =
1

d

d−1∑
ℓ,k=0

δℓk = 1. (E.4)

The numerator of Eq. (6.12) vanishes when θ − φ = 2πm
d (mod 2π),m ∈ Z. The closest nonzero choices

are m = ±1, so the first zeros occur at circular distance 2π
d from the central maximum at θ = φ.

Moreover,
2πpd(θ | φ) = Kd−1(θ − φ), (E.5)

where Kd−1 is the periodic Fejér kernel of order d− 1. A standard property of the Fejér kernels gives, for
every continuous 2π-periodic function f ,

lim
d→∞

∫ 2π

0

f(θ)pd(θ | φ) dθ = f(φ). (E.6)

Thus the probability distribution becomes concentrated at θ = φ as d increases.

E.2 Finite-support probe optimization
Let

ΠL :=

L∑
ℓ=−L

|ℓ⟩⟨ℓ|, XR,L := ΠLXR(1)ΠL. (E.7)

Conjugation by ZR(ϕ) gives
ZR(ϕ)

†XR,LZR(ϕ) = e−iϕXR,L. (E.8)

The phase of ⟨η|XR,L|η⟩ can therefore be removed without changing the momentum support. With both
maxima taken over normalized states in ΠLH0,1,

max
∥η∥=1

|⟨η|XR,L|η⟩| = max
∥η∥=1

〈
η

∣∣∣∣∣XR,L +X†R,L

2

∣∣∣∣∣ η
〉
. (E.9)

In the ordered basis | − L⟩, . . . , |L⟩, the Hermitian operator on the right is the path matrix with 1/2 on its
first off-diagonals. Its largest eigenvalue and a normalized eigenvector are

cos

Å
π

2(L+ 1)

ã
,

1√
L+ 1

L∑
ℓ=−L

cos

Å
πℓ

2(L+ 1)

ã
|ℓ⟩. (E.10)
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This proves the fixed-support optimality of Eq. (6.23) and the value of Rcos used in Eq. (6.25).
Set α = π/[2(L+ 1)]. The energy of the cosine-window probe is

Ecos =
1

L+ 1

L∑
ℓ=−L

ℓ2 cos2(αℓ). (E.11)

Using cos2 t = (1 + cos 2t)/2 and differentiating the Dirichlet kernel gives

L∑
ℓ=−L

ℓ2 =
L(L+ 1)(2L+ 1)

3
,

L∑
ℓ=−L

ℓ2 cos(2αℓ) = (L+ 1)
[
L+ 1− csc2 α

]
. (E.12)

Substitution gives Eq. (6.27). The expansion

csc2 α = α−2 +
1

3
+
α2

15
+O(α4) (E.13)

then gives Eq. (6.28), and combining this result with Eq. (6.25) proves Eq. (6.29).

E.3 Fixed-energy probe asymptotics
For large λ, the ground state of Eq. (6.31) is localized near θ = 0. Expanding the potential gives

−λ cos θ = −λ+
λ

2
θ2 +O(λθ4), (E.14)

so the leading local Hamiltonian is

Hλ + λ ≃ ℓ̂2 + λ

2
θ2. (E.15)

The ground-state variances in this local quadratic approximation satisfy

⟨ℓ̂2⟩ ∼
…
λ

8
, ⟨θ2⟩ ∼ 1√

2λ
. (E.16)

Writing ER = ⟨ℓ̂2⟩ gives λ ∼ 8E2
R and ⟨θ2⟩ ∼ 1/(4ER). Since 1− cos θ ∼ θ2/2 on the localized ground state,

V⋆(ER) ∼
1

8ER
, ∆⋆ ∼

1

2
√
ER

. (E.17)

The localization width tends to zero as λ grows, so periodic-boundary corrections do not change the leading
terms.
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F Angle–momentum construction of the rotor QFT

F.1 Code-space realization of the mixed angle–momentum phase

Let ψx(θ) := ⟨θ|x⟩ and ΠA :=
∑d−1

x=0 |x⟩⟨x|. Choose pairwise disjoint measurable angular cores Cx and a
bounded real periodic function g satisfying g(θ) = x on Cx. Write Mg for multiplication by g and define

ηx :=

∫
T\Cx

|ψx(θ)|2 dθ, ∆x := ess sup
θ/∈Cx

|g(θ)− x|. (F.1)

The xth column of (Mg −DA)ΠA is (g− x)ψx. The operator norm is bounded by the Hilbert–Schmidt norm,
and hence

δg :=
∥∥(Mg −DA)ΠA

∥∥ ≤ (d−1∑
x=0

∆2
xηx

)1/2

. (F.2)

Thus the error is controlled by the weight of the orthonormalized codewords outside their assigned cores. If
0 ≤ g ≤ d− 1, then δg ≤ (d− 1)(

∑
x ηx)

1/2.
Let Π := ΠM,j ⊗ΠA,k. The Duhamel formula and ∥DM∥ = d− 1 give∥∥[eiβDM,j⊗Mg,k − Λjk(β)]Π

∥∥ ≤ |β|(d− 1)δg. (F.3)

Since the logical operation preserves the code space, the same estimate bounds leakage:∥∥(I −Π)eiβDM,j⊗Mg,kΠ
∥∥ ≤ |β|(d− 1)δg. (F.4)

For the CPHS realization in Eq. (7.39), take fn = δn0. Then

CPHSjk(β)|p⟩Rj |x⟩Rk
= eiβpx|p⟩Rj |x⟩Rk

. (F.5)

Conjugating by Tk proves Eq. (7.39). For the general residue-class code,

CPHSjk(β)|p⟩Rj
|x⟩Rk

=
∑

n,m∈Z
fnfme

iβ(p+nd)(x+md)|p+ nd⟩Rj
|x+md⟩Rk

. (F.6)

The n,m-dependent phases generally prevent the codeword from acquiring a uniform logical phase eiβpx.

F.2 Base-d Fourier phase identity
For digits xk, pj ∈ {0, . . . , d− 1}, write x = (x1, . . . , xr) and p = (p1, . . . , pr), and define

X(x) =

r∑
k=1

xkd
r−k, Prev(p) =

r∑
j=1

pjd
j−1. (F.7)

Expanding the product in Eq. (F.7) gives

X(x)Prev(p)

dr
−

∑
1≤j≤k≤r

pjxk
dk−j+1

=
∑
j>k

pjxkd
j−k−1 ∈ Z. (F.8)

Consequently,

exp

ï
2πiX(x)Prev(p)

dr

ò
= exp

2πi ∑
1≤j≤k≤r

pjxk
dk−j+1

 . (F.9)

If yj = pr−j+1, then Prev(p) =
∑r

j=1 yjd
r−j , and

r⊗
j=1

|pj⟩Rj
= REVr

r⊗
j=1

|yj⟩Rj
. (F.10)

Hence REVr relates the physical and standard digit orders.
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F.3 Proof of the angle–momentum factorization
Consider the angle-code basis state

|x⟩ =
r⊗

k=1

|xk⟩Rk
, x =

(
x1, . . . , xr

)
. (F.11)

Write X(x) for the associated input integer in Eq. (F.7).
When processing register Rj , the local angle-to-momentum transform gives

FA→M
d,j |xj⟩Rj

=
1√
d

d−1∑
pj=0

exp

Å
2πi

d
pjxj

ã
|pj⟩Rj

. (F.12)

For each k > j, the operation Λjk(2π/d
k−j+1) contributes

exp

Å
2πi

dk−j+1
pjxk

ã
. (F.13)

The total contribution associated with pj is therefore

exp

2πipj r∑
k=j

xk
dk−j+1

 . (F.14)

Multiplying the contributions from all r register steps gives

UAM|x⟩ =
1√
dr

d−1∑
p1,...,pr=0

exp

2πi ∑
1≤j≤k≤r

pjxk
dk−j+1

× r⊗
j=1

|pj⟩Rj
. (F.15)

The local transforms give the terms j = k in the exponent of Eq. (F.15), and the mixed angle–momentum
phases give the terms j < k. Eq. (F.9) identifies their product with the standard dr-point Fourier phase and
gives the register-order reversal. Comparing Eq. (F.15) with the definition of FA→M

N now gives

UAM|x⟩ = REVrF
A→M
N |x⟩. (F.16)

Since the states |x⟩ form a basis of A⊗rd , Eq. (F.16) proves Eq. (7.37).
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G Gate-set compilation of rotor QFTs

G.1 Verification of the one-rotor momentum-code QFT
To verify Eq. (7.50), write p =

∑s−1
k=0 2

kpk, with pk ∈ {0, 1}, and consider the jth stage Fj = BjS
†
jCj(Ha ⊗

IR)SjB
†
j . Immediately before this stage, the downward-induction invariant is

ℓj =

j∑
k=0

2kpk +

s−1∑
k=j+1

2kck. (G.1)

The positions 0, . . . , j retain the corresponding input bits, while the higher positions contain the output bits
already generated. Removing bit pj gives uj = ℓj − 2jpj , whose jth binary digit is zero.

The gates B†j and Sj extract pj into the ancilla and remove that bit from the rotor momentum. The
Hadamard and the conditional phase produce the superposition over cj , after which S†j writes cj into the
vacant position and Bj resets the ancilla. Their combined action is

Fj

(
|0⟩a ⊗ |ℓj⟩R

)
=
|0⟩a√
2
⊗

1∑
cj=0

(−1)cjpjeiαjcjuj |uj + 2jcj⟩R. (G.2)

For j = 0, the integer u0 is even and α0 = π, so C0 acts trivially on every state reached in that stage and
may be omitted.

The invariant holds initially because ℓs−1 = p. Equation (G.2) replaces pj by cj and leaves all other
binary positions unchanged, producing the invariant for stage j − 1. Moreover,

(−1)cjpjeiαjcjuj = exp

[
2πicj

j∑
k=0

pk
2j−k+1

]
, (G.3)

because the terms containing previously generated bits are integer multiples of 2π in the exponent. Downward
induction therefore gives

F0F1 · · ·Fs−1
(
|0⟩a ⊗ |p⟩R

)
=
|0⟩a√
d
⊗

1∑
c0,...,cs−1=0

exp

2πi s−1∑
j=0

cj

j∑
k=0

pk
2j−k+1

 ∣∣∣∣∣∣
s−1∑
j=0

2jcj

∫
R

. (G.4)

After the internal binary reversal, set y =
∑s−1

j=0 2
s−1−jcj . Expanding py/d shows that the omitted terms

are integers and hence

e2πipy/d = exp

2πi s−1∑
j=0

cj

j∑
k=0

pk
2j−k+1

 . (G.5)

The map from (c0, . . . , cs−1) to y is a bijection, so‡BREVsF0F1 · · ·Fs−1
(
|0⟩a ⊗ |p⟩R

)
=
|0⟩a√
d
⊗

d−1∑
y=0

e2πipy/d|y⟩R = |0⟩a ⊗ FM
d |p⟩R. (G.6)

This proves Eq. (7.50).
The Fourier-stage sequence remains inside M(0)

d . Each Sj removes one occupied binary digit and each S†j
writes into the vacant position, so no borrow or carry occurs.

G.2 Binary bit reversal within one rotor momentum code
For 0 ≤ µ < ν < s, let

Pµν
10 =

∑
0≤p<d

pµ=1, pν=0

|p⟩R⟨p|R, Pµν
01 =

∑
0≤p<d

pµ=0, pν=1

|p⟩R⟨p|R. (G.7)
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Define the momentum-dependent ancilla rotations

Rµν
10 = (−iYa)⊗ Pµν

10 + Ia ⊗ (IR − Pµν
10 ), Rµν

01 = (iYa)⊗ Pµν
01 + Ia ⊗ (IR − Pµν

01 ). (G.8)

These are MQR operations used in the gate-set compilation. With ∆µν = 2ν − 2µ, set

Sµν = Rµν
10CShifta→R(−∆µν)R

µν
01CShifta→R(∆µν)R

µν
10 . (G.9)

A direct check of the four patterns 00, 01, 10, 11 shows that Sµν exchanges bits µ and ν, returns the ancilla to
|0⟩a, and never leaves the code.

The complete binary reversal exchanges the disjoint pairs (0, s− 1), (1, s− 2), . . .. Define‡BREVs =

⌊s/2⌋−1∏
µ=0

Sµ,s−1−µ. (G.10)

If z =
∑s−1

µ=0 2
µzµ, then revs(z) =

∑s−1
µ=0 2

s−1−µzµ, and‡BREVs

(
|0⟩a ⊗ |z⟩R

)
= |0⟩a ⊗ |revs(z)⟩R = |0⟩a ⊗ BREVs|z⟩R. (G.11)

For s = 1, the product is empty and acts as the identity on |0⟩a ⊗M(0)
2 . The operation count is recorded in

Appendix G.4.

G.3 Verification of the compiled base-d QFT
We suppress the reusable ancilla from the notation, since it is initialized in |0⟩a and returned to |0⟩a after
each compiled one-rotor transform.

For x =
(
x1, . . . , xr

)
, p =

(
p1, . . . , pr

)
, write

|x⟩R :=

r⊗
k=1

|xk⟩Rk
, |p⟩R :=

r⊗
j=1

|pj⟩Rj . (G.12)

When register Rj is processed, the local transform FM
d,j contributes the phase exp

Ä
2πipjxj

d

ä
. At that point,

every register Rk with k > j still carries its input digit xk. Hence CPHSjk
(

2π
dk−j+1

)
contributes exp

Ä
2πipjxk

dk−j+1

ä
.

Multiplying all local and cross-register phases gives

UQFT|x⟩R =
1√
dr

∑
p∈{0,...,d−1}r

exp

2πi ∑
1≤j≤k≤r

pjxk
dk−j+1

 |p⟩R. (G.13)

The terms with j = k are generated by the local transforms FM
d,j , and the terms with j < k are generated by

the CPHS gates.
By Eq. (F.9), the phase in Eq. (G.13) is

exp

2πi ∑
1≤j≤k≤r

pjxk
dk−j+1

 = exp

ï
2πiX(x)Prev(p)

dr

ò
. (G.14)

The same derivation shows that the physical ordering of the digits p1, . . . , pr differs from the standard base-d
output ordering by REVr. Since p 7−→ Prev(p) is a bijection from {0, . . . , d− 1}r to {0, . . . , dr − 1}, it follows
that

UQFT|x⟩R = REVrF
M
N |x⟩R. (G.15)

The states |x⟩R form a basis of (M(0)
d )⊗r. Linearity therefore gives Eq. (7.54).
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G.4 Logical instruction counts
Each CShift by an arbitrary integer amount, MQR, conditional-phase, CPHS, and Hadamard gate is counted
as one logical instruction. Set fs = ⌊s/2⌋.

At stage j = 0, the reduced momentum is even and α0 = π. The gate C0 = Cca,1(π) therefore acts
trivially on every state reached in that stage, leaving s− 1 nontrivial conditional-phase gates.

Table 7: Logical instruction counts for the explicit momentum-code QFT compilation. Each CShift of
arbitrary size, MQR, conditional-phase, CPHS, and Hadamard gate counts as one instruction.

Operation Logical instruction count

One compiled d-point rotor QFT FM
d (2s+ 3fs) MQR +(2s+ 2fs) CShift +s Hadamard gates +(s− 1)

conditional-phase gates Cj

Compiled base-d QFT on r rotor
momentum codes

r applications of FM
d +

(
r
2

)
CPHS

Qubit–momentum-code transfer, one
direction, r registers

rs MQR +rs CShift
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