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Abstract

We argue that we could make a scenario of deriving quantum me-
chanics, as a random dynamics project, in the sense of it being almost
unavoidable. The basic idea is based on the weak value formulation.
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1 Introduction

Random dynamics - see e.g [2, [IL 8, 5l 4] - is a project of calculations in
which one or several laws of nature are not assumed, but hoped to be derived.
Indeed it would be very nice if we could realize a theory as fundamental as
possible. More fundamental theories should have less conditions supposed at
first. For example, we are usually accustomed to using real actions in many
kinds of theories, but using real actions by itself means imposing on actions
one common restriction that each action has to be real. If we hope for more
fundamental theories, we have to be free of such a restriction. Based on such
insight, the complex action theory (CAT) was initiated [6]. In the CAT, not
only many falsifiable predictions [6, [8, [7, @] but also various topics such as the
Higgs mass[10], quantum mechanical philosophy[I1], [12] T3], some fine-tuning
problems[I4] [T5], black holes[I6], de Broglie-Bohm particles and a cut-off in
loop diagrams[17], the complex coordinate and momentum formalism[I§],
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the momentum relation [19] 20], and the harmonic oscillator model [21]
were studied.

Even if a given action is complex, which means a given Hamiltonian is
non—normaﬂ, we could effectively obtain a Hermitian Hamiltonian after a
long time development[27]. This is a very nice property by which the CAT
could be viable. Here, to say that more accurately, we note that we need
to introduce a modified inner product[28], 27] such that a given non-normal
Hamiltonian becomes normal with regard to it. In this article, however, we
ignore it for simplicity because we do not need it for the main purpose of this
article. We have two types of the CAT. One type is the future-not-included
theory, where only a past state |i(t;)) at the initial time ¢; is given. The
other type is the future-included theory, where not only a past state |i(¢;))
but also a future state | f(tf)) at the final time ¢ is given. Even though the
future-not-included CAT has many intriguing properties[20], it is not favored
from a point of view of Feynman path integral [29]. Therefore, we think that
the future-included theory is more important than the future-not-included
theory.

In the future-included theoryﬁ, we have studied the construction of the
so called weak value [31], 2] of an operator O that is the ratio which would
look in the Heisenberg representation

Oweak Value(t) = %7 (1)

where |i) and |f) are an initial state at the initial time ¢; and a final state
at the final time ¢y, respectively. The weak value has been investigated
in the real action theory (RAT). For details, see Ref.[33] and references
therein. This is the expression, which we used and suggested as giving an
average useful in our complex action theory[6]. Indeed, regarding it as an
expectation value leads to obtaining the Heisenberg equation, Ehrenfest’s
theorem, and a conserved probability current density[34] [35].

Thus the weak value has nice properties, but it has a serious problem:
it is generally not real but complex even for Hermitian O, though it has to
be real if it is expected to work as an observable. To resolve this problem,
in Refs.[30, B7], we proposed a theorem that states that, provided that
an operator O is Hermitian, the weak value of O becomes real and time-
develops under an effectively obtained Hermitian Hamiltonian for the past
and future states selected such that the absolute value of the transition
amplitude from the past state to the future state is maximized. We call
this way of thinking the maximization principle. We proved this theorem

!The Hamiltonian H is generically non-normal, so it is not restricted to the class of
PT-symmetric non-Hermitian Hamiltonians that were studied in Refs.[22] 23] 24] 25| 26].

2Recently, in the context of quantum gravity, an example of the future-included CAT
was derived based on the group field theory coupled to a scalar field, and its possible
implication was discussed|30].



in the case of non-normal Hamiltonians H[36] and in the RAT [37]. The
maximization principle is reviewed in Refs.[38] 39]. We also found, in the
periodic CAT, that a variant type of the maximization principle can select
the period[40)].

The weak value in the Heisenberg representation (Il) is expressed better
in the Schrodinger representation

(flexp(—7 H(t; — t))O exp(— H(t — t:))]i)
(flexp(=4H(ty —t:))[0) ’

where H is a given non-normal Hamiltonian, and the states |i(t)) and
|f(t)) are supposed to time-develop according to the Schrédinger equations
ih%ﬁ(t)) = HJi(t)) and zh%|f(t)> = HT|f(t)), respectively. Rewritten in
functional integral formulation, this weak value becomes, say with the un-
derstood boundary values at the initial and final states,

Oweak value (t)

(2)

_ JO(t) exp(j; S[hist]) Dhist
[ exp(£S[hist])Dhist

Oweak value (t) (3)
where hist stands for the history of the fields and Dhist is the functional
integration measure.

Now the main point of this manuscript is to call attention to that if we
took the action S|hist] to be purely imaginary, so that iS[hist] was purely real,
then the weak value in the functional integral formulation could be considered

an ordinary probability formula for the average of the variable O(t). If we
let

Z|O(t) = 0"){0(t) = O] (4)

be the sum over a set of products of eigenstates with the eigenvalues of O(t)
being O’, then this operator would be a projection operator on the eigen-
states of O(t). For example, in the Heisenberg picture, the “probability” for
the eigenvalue of O(t) being O, Po(y—=or, would be

Pow=or = L{f1O(t) = O){O(t) = O']i). (5)

For the weak value being a good replacement for the usual quantum me-
chanics average of an operator formula, these weights should be positive
or zero. We have not yet shown that, but we made some theorems about
reality[36, [37], which we explained above. To deduce that this distribution
should at least be real is not obvious at all to start with. If we took ¢
to be real as our playing assumption which is of course not true, then we
could ensure the reality easily for any Hermitian O’. So, in this absurd
case, the weak value would look like a probability formula, except that the
probabilities could be negative. But the crux of the matter is that the weak
value formally looks like a probability distribution. So, if we achieved some



speculative model providing us some probability distribution - from some
graph theory or whatever -, we could claim that now we want to write that
as a weak value theory formally, and then we could play in the CAT to
describe our world under the wild assumption that S is purely imaginary.
We consider some system of dynamical variables such as fields that makes
up a complete set of variables, and have some theory for their distribution.
Even though our theory has no quantum mechanics, we can just declare the
exponentiated purely imaginary action exp(+S[hist]) to give distribution in
the quantum mechanics lacking theory we start with. So, if one could in-
vent a model-speculation that could provide complex numbers to come into
the probability, then we might be able to derive the weak value quantum the-
ory. Of course, it looks too wild to hope to find such a scenario. But, if one
could, it would be using the weak value to “derive” quantum mechanics, and
one needs strongly some derivation from very little of quantum mechanics
in random dynamics.

This manuscript is organized as follows. In section 2, we explain some
mild assumptions that we make in a general model based on the random
dynamics, and define a specific “action” Sp[q]. In section 3 we give a phe-
nomenological example of the “action” Sp[g] and argue that a favorable
path could fit the cosmology. In section 4 we introduce a beating “clock” in
a subsystem, and argue that, by the beating “clock”, a kind of interference
could be caused in the other subsystem. In section 5, after briefly explain-
ing the CAT and the weak value, we argue that the effect of the “clock”
could give us the weak value complex path integral. In addition, we discuss
how we could add a phase to the logarithm of the action so that our gen-
eral formalism matches the weak value expression. Section 6 is devoted to
discussion.

2 Formulation of general model via random dy-
namics
We start from the formulation of general model via random dynamics. We

do not put in say quantum mechanics, but do not exclude it either. Such a
formulation is a rather empty framework as described below:

e Variables and time
A lot of dynamical variables are described for short as just one
qa = (q1.42, - qn); (6)

which is taken as functions of time

qt) = (a1(t),q2(t),...,an(t))- (7)
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Figure 1: Various paths

Here N may be infinite or finite or even the ¢’s could be fields. N
could be Card(R).

e Probability distribution for paths

We assume that details of the theory should give us a functional prob-
ability distribution P on the space of all histories ¢ : {time} — R
thinkable:

Plq] = probability distribution on sets of functions q.  (8)

Plq] gives probabilities for paths g.

Hoping to obtain quantum mechanics, we make very mild assumptions:
0.) We shall make very mild assumptions, mostly mathematically almost al-
ways assumed by physicists. The assumptions are about the “distributional”
P such as continuity, differentiability, Taylor expandability, and that sort of
things.

1.) In addition we make a little less general assumption: P is exponentially
strongly varying, as if of the form

Pl = o (jSela)) )

1
with — ~ very large.



2.) Furthermore, we make a mild assumption: There exists weak “interac-
tion” with roughly periodically moving “clock”.

Even almost empty assumptions and formulations may have drastic im-
plications. Our formulation is so general that it also would accept a theory
in which one has laws for what shall happen at some moment of time. It
allows the future to be guiding for what happens or the past, as it seems to
be in reality. If we wish, we could impose that every initial conditions would
be equally likely; but in reality we have some ideas about the initial state
(big bang, inflation, etc.). But making P[g] or +Sp[q] = In(P[g]) some nice
smooth function might guide us towards getting such “initial state predic-
tions” not coming from a single moment but being some compromise coming
in a bit at all times.

3 Phenomenological example of the specific form
of Sp

3.1 Our formalism determines a favored path

In functional integrals for quantum mechanics we have an action in the
exponent

“Functional integral” = / exp (%S [q]> Dq. (10)
The introduction of Sp in Eq.(@) tells us that it is not Sp but —iSp that
corresponds to an action S[g]. We can put in our own favorite action for

—iSplg] = S[q] and get our own equations of motion, but let us consider
some system of particles as a typical example of the specific form of Sp:

_iSplg = / L((t), q(t))dt
- / (K (d) — V(q(t)))dt, (11)

where K(¢) and V(q(t)) could be usual kinetic and potential energies re-
spectively, say e.g.,

K(¢) = Z%midf, (12)

V(q(t)) = “potential”(that could have peaks and valleys etc.). (13)
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Figure 2: Inflaton potential with two peaks

When one seeks the path (= history) ¢max with the highest probability
P[gmax], one gets that the variation for it there, i.e., the functional derivative
of the action, is zero, and derives an equation of motion (classically at least).
We note that an overall sign or a constant multiplying the whole action
does not change the equation of motion. But the relative weight of different
paths (= histories) is violently influenced. Thus, our formalism determines
a favored path to be realized.

3.2 Does the favorite path fit the cosmology?

For simplicity, we restrict ourselves to the uppermost V-potential favored
case. Then the best path stands on the highest mountain. But, if there
is a so broad distribution of path around the one with very highest Splq]
that they cannot all just stand on the peak, then there will be a flow down.
Among the flow down paths the most favorable one for getting high Sp
would go up to another peak quickly.

Let us consider the behavior of the inflaton field in the inflation universe
model by supposing a generic potential as drawn in Fig[2] for the inflaton
potential. We discuss it as follows:

e Waiting on an almost highest peak till it falls down by accident.

The inflaton field is standing on a peak in the potential so long that
the physicists consider the famous long-staying problem: “the slow roll
problem”.

e [t seeks quickly to find up to another similar peak to convert kinetic
energy to potential energy.



The Universe did after inflation expand with an enormous Hubble-
Lemaitre constant, meaning that it brought quickly massive or mass-
less particles away from each other, so that, in Newtonian gravity say,
the gravitational potential energy should begin to raise as quickly as
possible.

e It should stay again long on the next peak.

The Hubble-Lemaitre has slowed down and the time scale of the de-
velopment is now huge, compared to the one in the beginning (just
after inflation stopped).

We speculate that the above picture could be one of solutions to the slow

roll problem. See also Ref. [41].

4 Introducing a beating ‘“clock”

In this section we discuss mainly how interference, which is one of the im-
portant properties of quantum mechanics, could be realized by considering
a beating “clock” in our formalism.

4.1 A beating “clock” and interference

We begin with considering a couple of important properties of quantum
mechanics. They are summarized as follows:

e The system/ the particle can be several places at a time.

We already have that in our formalism from the point of view of the
path integral.

e When it can go two (or more) ways, the probability is not just additive,
but depending on each phase, it could be bigger or smaller. This is an
interference.

We obtain a kind of interference by speculating a “clock” interacting with
the system. In the following we discuss how quantum interference is realized
in our formalism.

Sometimes there are deviations from determinism, i.e., an optimal path
could be separated into two paths as drawn in Figl3l In addition, even if
there is a beating “clock” on a path and it is disconnected as drawn in
Figll it does not matter. But, if the “clock” goes faster on one of the
separated tracks than on the other one, as drawn in Fig[l what happens?
Really, there could be no separation then. Next, what happens in case of
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different beating rates in the two separate ways? Remembering that the
deterministic (classical) tracks really represent narrow bundles of tracks -
narrow because the coefficient % is very small -, one must imagine that
small deviations from the best “classical” path just have a lower probability
than the best classical track itself. So, at least small problems of the “clock”
not beating consistently would lead to such probability decrease. But, if the
difference of the times on the two tracks is just a shift by an integer number
times the beating period, there would be no decrease. This sounds like
interference. We expect that it gives an imaginary term in the exponent
of the functional integral, even though it might look tricky. It would be
interesting to calculate the suppression of probabilities from more or less
consistent matching of the “clock” beating on various tracks.

4.2 Local version of the “clock” and a charged particle

To see that we hopefully are on the right track towards a realistic model, we
could make the “clock” be replaced by a separate little clock in each point of
space. The model with only one of these “clock”s would not be truly local, so
having clocks distributed all over space would be better from such a principle
of locality. We have had in mind that these “clock”s run so fast that we
shall not be able to consider it for us achievable knowledge where they are
in their cyclic running. Now let us imagine a pattern of “clock”s all over in
space, and for simplicity, a system just with the degrees of freedom of a non-
relativistic particle. If we say that we only have access to the difference in
progression along different paths in space time between the same two events
but not to how far the different clocks have reached at given moments,
we have strong similarity to the knowledge of electromagnetic fields, while
not knowing the gauge. In other words we propose to look at a system of
infinitely many “clock”s (one at every space point) developing a little bit
differently here and there, as representing a possibility of different behaviors
just in correspondence with electromagnetic fields in space time.

It is not difficult to prove that, if the different phase deviations for the
many different loops of curves in Minkowski space shall be consistent in
the sense that, when one loop is composable from two, of course the phase
deviation for that loop must be the sum of those of the two components, then
we can find electromagnetic fields describing the phases for the various loops.
The simplest realization of the just mentioned idea would be to simply call
the rate of running of the “clock” clock(zx) at position x for Ap(x), meaning
identifying it with the electric potential. Then we could look at a gauge
transformation in a purely electrostatic theory which is an addition of the
same constant to Ao(x) at every point x in space, as a general increase
in the running speeds of the small clocks. Well, the idea we seek here to
put forward is that there is hope for getting the mysterious ¢ in quantum
mechanics connected with clocks that really are connected with the electric

10



properties of the particle. But if so, we might think that, if we had chargeless
particles, which would typically be Majorana particles, then we should have
real wave function for them. That is indeed true that single particle wave
functions for Majorana fermions are real.

5 The weak value and our general formalism

5.1 Weak value

Our formalism with P[g] = exp(3Sp|g]) was originally inspired from and
also is most easily connected to the formalism of quantum mechanics by
means of the weak value:

(Flo@®)]i)
{f12)

where one is so to speak to know or put in some information on the initial
state |i) given at the initial time ¢; and on the final state | f) given at the final
time t. O is an operator, say Hermitian. In the Schrédinger representation,
the weak value is expressed as

(flexp(—7 H (ty — t))O oxp(— 4 H (t — t:))li)
(flexp(=7H(ty —t:))3)

where H is a given Hamiltonian, and the states |¢) and |f) are supposed to
time-develop according to the Schrédinger equation for a state |1): ih% |) =
Hp).

Weak value is the most useful when we have complex action and in prin-
ciple know even the future. We worked on such complex action theories, and
the weak value formalism seemed very natural for the hypothesis we worked
on that the action was complez. Indeed, in the Wenzel-Dirac-Feynman func-
tional integral expression, the weak value of ¢;(t) is symbolically expressed
as

Oweak value(t) (Heisenberg representation) (14)

Oweak value (t) ( 1 5)

J exp(3:Sla)) * a:(t)Dg
[exp(3S[g)Dg

which is much simpler than the expression of the usual expectation value of
qi(t)-

Our great result was that we would get similar equations of motion as
for real action, but only in addition to getting some predictions about the
“initial conditions”. We could say that complex action unites equations of
motion with “initial conditions”.

qi weak value (t) (16)

11



5.2 Our maximizing overlap assumption and classical inter-
pretation

The choice of the final state |f) and initial state |i) will in most cases with
complex action be determined by requiring that the absolute value of the
transition amplitude from the initial state to the final state is maximized:

|(f|é)] is maximal. (Heisenberg) (17)

|(f|exp <—%H(tf - tl)> |i)| is maximal. (Schrodinger) — (18)

In real action case we get from this (7)) still an undetermined set of states
but we get

|{f|%)|lmaz = 1 for usual real action case.
(Heisenberg)

|(f|exp <—%H(tf - tl)> |i)|maz = 1 for usual real action case.
(Schrodinger)

One would wonder how we can think classically in complex action and
weak value. It is summarized as follows:

e With complex action, typically all that happens in universe at all
times gets predestined (because it is a theory also for the “initial con-
ditions”).

e In the large % approximation only one or very few classical paths are
realized, and the one with highest probability wins.

e Paths have a few times where they split up into two or more.

e If we arrange by the “clock” story to make “interference”, it can mod-
ify the total probability of the path with the splitting that has the
“interference” correction.

e Such “interference” corrections may cause an otherwise winning path
to get beaten by a slightly less probable competing path. (Presumably
we shall imagine a sample of near competitors clear to take over if a
path gets too much destructive interference.)

e For a dominant path, i.e., in the classical approximation, the weak
value for an operator is simply the value of the corresponding dynam-
ical variable at the time ¢.

e So we can look at the weak value as just a way to extract the classical
path, which is determined by our imaginary part of the action.

12
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e Different (bunches of) paths have different probabilities; a path with
highest probability is the likeliest to be realized as our history.

5.3 Interpreting the effect of the “clock” as giving us the
weak value with complex path integral

Now we want to formulate the result of our general formulation including
the “clock” to lead to that expectation value of one of the ¢ variables or a
combination of them being the weak value

q; weak Value(t) = <Qi (t)> = f e)}pijli[g]s)f[;z;(;;)pq : (19)
h

If the probability density P[q] contains much information on the initial and
final states, it will not be so serious to ignore the boundary conditions,
because this information will then be transfered into S[g] used in this formula
(I6).

We compare our general formulation with the weak value in quantum
mechanics. An average of one of the g-variables ¢;(¢) at time ¢ is expressed
as

Qi(t)weak value — <QZ(t)> = fe}}pe(}ii[zg[;?;()iqu’ (20)
h

<Qi(t)>our formalism — %7 (21)

where the denominator [ P[g]Dq is just a normalization. This will not be
needed if P[q] is already normalized.

13
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We see an important difference: the weak value consists of complex in-
tegrals, while in our formalism everything is real numbers. The similarity
gets even bigger formally when we remember that we want to assume as a
helping assumption that Sp[g| is supposed rather smooth, so that the form

Pl = oo (Sela) (22)

is called for. Remember also that ¢ stands for a set of functions, so it really
means what we would call a track, a path, or a history of the universe.
But, to make the agreement between the two expressions, we would need to
provide our expression with an artificially invented phase.

Remembering the ¢ variables are supposed real by themselves, we see
that, if only one history or track ¢ dominates, then weak value becomes real
for the different ¢; which are assumed real/ Hermitian as operators, because,
for a single dominating path, there is a reality theorem for the weak value.
Even if we have a history with some separation from time to time, but we
ask for the weak value for ¢;(t) at a time outside the separation period,
then the weak value for this ¢;(¢) will be real. Thus the weak value gives
perfect description in classical case, meaning one track or history dominates.
If physicists make double slit experiments where a particle goes through
two slits simultaneously, the weak value still gives averages, but now the
average will usually be complez, as we know that asking a stupid question like
“Through which slit did the particle go?” in an interference experiment gives
a stupid / complex answer. On the other hand, our formalism - before we
modify it very artificially - cannot give complex answer, because it is made
so, as if it never heard about complex numbers. Therefore, our formalism

14



gives a priori real numbers even for the average while the particle is passing
through the double slit experiment.

5.4 Adding a phase to P(q) in our formalism

To have our general formalism match the weak value, we have to provide our
expression with an artificially invented phase, i.e., we need to add a phase
formally to our P[g] to make it look like the integrand in the Feynman-
Dirac-Wentzel functional integral. For this purpose, we define a “clock”
delay ratio for any path/history ¢ at any moment of time ¢:

dlg,t] = “time delay ratio in period”
_ C standard [q’.t] B C[Q7 t] ’ (23)
period
Whereﬁ
C standard [Qa t] =t, (24)
clg, t] = the stand of the “clock”on path ¢ at time ¢. (25)
Then we are first suggested to put
iS[q] = Splq] +idlq, ). (26)

Remember that S,[q] is the logarithm of the probability in our model for-
mulation and thus of course real, while we like the complex action theory
(CAT), in which S]g] is complex - while in usual theory real -. By putting in
the real d[g, t] with an i, we obtain the right hand side of (26]) being complex
with both a real and an imaginary part.

We imagine the “clock” to have very short “period”, so the time of the
clock is not so important if we use some average period or one about the
time ¢. In fact, we expect the probability for a path with a split time, as
represented by a double slit experiment, to be somewhat reduced, because
of the interaction of the other degrees of freedom with the “clock” by means
of the action Splg| that is purely imaginary from a usual point of view in
our formulation, i.e., because of the not matching of the “clock” and the rest
of the system. We hope to have our model give quantum mechanics such
that this reduction turns out to be equal to the effect of having the phase
addition as we suggested. So, in order not to have it doubled, we improve
our suggestion to

ZS[C]] = SP [Q] |With “clock” removed 1 i(;[% t]- (27)

35 and the ¢’s are functionals of ¢, but functions of ¢.

15



Here Sp[q]with “clock” removed 18 @ modified Sp[g] in our model where we hope
that the “clock” is removed, and so only the rest is left.

We hope to calculate that removing “clock” and adding the phase just
cancel each other. For two numerically equally high probability paths during
the separation seems likely by the probability proportional to |1 + em]2 x
cos?(3A), where A is an average of d[g,t] over separation. We will argue
for that, at least being right in the small deviation between the delay in the

two separate paths case.

6 Discussion

We have put up a very general formalism, in which we may reproduce rather
usual classical actions although it comes with the ¢ missing relative to the
usual functional integral. But for the action in classical physics an overall
sign as e.g. an ¢ does not matter. In the very general model just having
probability density P[q] as a functional that we can adjust phenomenolog-
ically, describing the probability density for all histories a priori still to be
evaluated by the Taylor expansion and the like, we have one property of
quantum mechanics already:

e The system/the world can go through different paths, so the state at
a moment ¢ is not quite unique.

e Only after assuming the exponent Sp|g], when Plg] = exp(Sp[q]) is
very large, we obtain classical physics: only one path is realized with
high probability.

The weak value for a quantity (= dynamical variable) and the expecta-
tion value in our general formalism with P[g] = exp(+Sp[q]) only deviate by
an 1, as seen by comparing the weak value expression and our expectation
value one:

_ Jexp(38pla))O(q(t))Dg
J exp(5pla)) Dy

_ [exp(4S]q)O(a(t))Dg

(O(q(1))) (Our average), (28)

<O(Q(t))>weak value — 7 (The weak Value),
J exp(5S[a))Dq
(29)
provided we identify the “actions” as follows:
Sp = iS. (30)
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We note that classical equations of motion are not sensitive to this 7. The
classical approximation or equations of motions for both of them become
the same in spite of the i separating them. However, our general formalism
has a very strong - and not shared by the weak value with the 7 - prediction
about the initial state conditions.

The features being favored by our formalism may be matched with the
very strongest features of cosmology: slow inflation, huge expansion in the
beginning after the “reheating”, and much slower expansion in the long
run. But we have the problem that our model tends to make a decision
about the initial conditions. We proposed a way to - by not quite finished
calculations - obtain a relation between our general formulation and the
weak value formulation of quantum mechanics, especially in the case of an
action being complex, i.e., our complex action theory. In the short run, we
could easily arrange by choosing Sp that one would not notice in short terms
the tendency of the model to give information on the initial conditions (and
possibly also on the future being selected). But the interference needed an
extra story: the “clock”. We shall hopefully prove that with this“clock”
we can obtain the usual quantum mechanics with its mysterious complex
numbers. The density operator that we introduced in the future-included
CAT [42] would be useful for the study. As a by-product - but may be
most interesting - we found that the path favored in probability had some
similarities in general properties of escaping as fast as possible not being at
the maximal potential energy. This could be interpreted as a model behind
slow roll and fast Lemaitre-Hubble expansion in the beginning.
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